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Abstract: This paper introduces the concept of n-refined neutrosophic module as a new 
generalization of neutrosophic modules and refined neutrosophic modules respectively and as a 
new algebraic application of n-refined neutrosophic set. It studies elementary properties of these 
modules. Also, This work discusses some corresponding concepts such as weak/strong n-refined 
neutrosophic modules, n-refined neutrosophic homomorphisms, and kernels. 


Keywords: n-Refined weak neutrosophic module, n-Refined strong neutrosophic module, 
n-Refined neutrosophic homomorphism. 


1. Introduction 


In 1980s the international movement called paradoxism, based on contradictions in science and 
literature, was founded by Smarandache, who then extended it to neutrosophy, based on 
contradictions and their neutrals. [30] 


Neutrosophy as a new branch of philosophy studies origin, nature, and indeterminacies, it was 
founded by F. Smarandache and became a useful tool in algebraic structures. Many neutrosophic 
algebraic structures were defined and studied such as neutrosophic groups, neutrosophic rings, 
neutrosophic vector spaces, and neutrosophic modules [1,2,3,4,5,6,7,8,9,10,11,12,13,14,15]. In 2013 
Smarandache proposed a new idea, when he extended the neutrosophic set to refined [n-valued] 
neutrosophic set, i.e. the truth value T is refined/split into types of sub-truths such as (T1, T2, 

...,) similarly indeterminacy I is refined/split into types of sub-indeterminacies (li, L, ...,) and the 
falsehood F is refined/split into sub-falsehood (F1, F2,..,) [17,18]. 

Recently, there are increasing efforts to study the neutrosophic generalized structures and spaces 
such as refined neutrosophic modules, spaces, equations, and rings [5,14,21,22,23,24]. Smarandache 
et.al introduced the concept of n-refined neutrosophic ring [20], and n-refined neutrosophic vector 
space [19] by using n-refined neutrosophic set concept. Also, neutrosophic sets played an important 
role in applied science such as health care, industry, and optimization [25,26,27,28]. 

In this paper we give a new concept based on n-refined neutrosophic set, where we define and study 
the concept of n-refined neutrosophic modules, submodules, and homomorphisms as a 
generalization of similar concepts in the case of neutrosophic and refined neutrosophic modules 


[13,14]. Also, we discuss some elementary properties. 
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For our purpose we use multiplication operation (defined in [20]) between indeterminacies 
[y.fy....2, as follows: 

Lands = finin psy 

All rings considered through this paper are commutative. 


2. Preliminaries 


Definition 2.1: [20] 


Let (R,+,*) be a ring and /;;1 = * =m" ben indeterminacies. We define 


A, (D={a@) + af +" + a,/,, 1 a; © A} to be n-refined neutrosophic ring. 
Definition 2.2: [20] 


(a) Let F,,(I) be an n-refined neutrosophic ring and P= Efp Fl; ={a, + a,] ++ agl,:a; € Fh, 
where F; is a subset of R, we define P to be an AH-subring if 7; is a subring of R for all . 
AHS-subring is defined by the condition 7; = F; forall i.j. 

(b) P is an AH-ideal if #; is an two sides ideal of R for all «, the AHS-ideal is defined by the condition 
P/ =F foralli.j. 

(c) The AH-ideal P is said to be nullif F; =A or F = {0} for alli. 


Definition 2.3 :[10] 


Let (V,+,.) bea vector space over the field K then ( V(I) , +,. ) is called a weak neutrosophic vector 
space over the field K , and it is called a strong neutrosophic vector space if it is a vector space over 
the neutrosophic field K(D). 


Definition 2.4: [13] 

Let ( M,+,.) be a module over the ring R then (M(I),+,.) is called a weak neutrosophic module over the 
ring R, and it is called a strong neutrosophic module if it is a module over the neutrosophic ring R(I). 
Elements of M(I) have the form x + yI:x,v € M, i.e M(I) can be written as MU) = M + MI. 
Definition 2.5: [13] 

Let M(I) be a strong neutrosophic module over the neutrosophic ring R(I) and W(I) be a non empty 


set of M(I), then W(I) is called a strong neutrosophic submodule if W(I) itself is a strong neutrosophic 
module. 
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Definition 2.6: [13] 


Let U(I) and W(I) be two strong neutrosophic submodules of M(I) and let f:9(/) = WC), we say 


that f is a neutrosophic vector space homomorphism if 


(a) FU) = 2. 
(b) * isa module homomorphism. 


3. Main concepts and results 


Definition 3.1: 
Let (M,+,.) be a module over the ring R, we say that 


M,W) =M+MI,te4 MI, = fe, 4+ x",], + + x,1,; x; €.M?} is a weak n-refined neutrosophic 


module over the ring R. Elements of M,,{) are called n-refined neutrosophic vectors, elements of R 
are called scalars. 


If we take scalars from the n-refined neutrosophic ring #,,“/), we say that MM,,U) is a strong 


n-refined neutrosophic module over the n-refined neutrosophic ring M,,(J). Elements of M,,(/) are 


called n-refined neutrosophic scalars. 
Remark 3.2: 


If we take n=1 we get the classical neutrosophic module. 


Addition on M,,(J) is defined as: 

EP jad; + Et bd; = Epa; + bei 

Multiplication by a scalar m € # is defined as: 

m. Mig al; = MfLo(m. a; Mi. 

Multiplication by an n-refined neutrosophic scalar ™ = Nip my; € B,C) is defined as: 
EE gm; - 27.9 al; = Fol; a Mil}. 


Where a; € Mm; € BR. 2:1) = [min jy. 


Theorem 3.3: 
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Let (M,+,.) be a module over the ring R. Then a weak n-refined neutrosophic module MM,,\J) isa 
module over the ring R. A strong n-refined neutrosophic module is a module over the n-refined 
neutrosophic ring 4,,(1). 


Proof: 
It is similar to that of Theorem 5 in [9]. 


Example 3.4: 


Let f = 2, be the finite module of integers modulo 2 over itself, we have: 
(a) The corresponding weak 2-refined neutrosophic module over the ring #; is 


MW) ={0,1,0,..0,+f.1+1,+ 1.1 +4,14+ 151 
Definition 3.5: 


Let M,Z) be a weak n-refined neutrosophic module over the ring R, anonempty subset ij, (J) is 


called a weak n-refined neutrosophic module of ‘“, (I) if WW) isa submodule of M,,{!) itself. 
Definition 3.6: 


Let M,,W bea strong n-refined neutrosophic module over the n-refined neutrosophic ring 4,,(!), a 
nonempty subset I, (J) is called a strong n-refined neutrosophic submodule of 4,7) if W,) isa 


submodule of M,,{/) itself. 
Theorem 3.7: 


Let Jf,,() be a weak n-refined neutrosophic module over the ring R, 1%; (J) be anonempty subset 
of M,Z). Then i, is a weak n-refined neutrosophic submodule if and only if: 


xty EWU). mx EW) forall xy EW). me R. 
Proof: 
It holds directly from the fact that is i;, (J) is a submodule of //,, Cr). 


Theorem 3.8: 


Let M,,W) be a strong n-refined neutrosophic module over the n-refined neutrosophic ring 7,,(/), 


iM, (2) be anonempty subset of M,,W). Then 1, 2) is a strong n-refined neutrosophic submodule if 


and only if: 


Sankari, Abobala n-Refined Neutrosophic Modules 


Neutrosophic Sets and Systems, Vol. 36, 2020 5 


xty EWU) mx EW) forall xy EWU) meR,(D. 
Proof: 


It holds directly from the fact that is \\;, (J) is asubmodule of “i, (I) over the n-refined neutrosophic 


ring AC). 
Example 3.9: 


if = R° isa module over the ring R, } == (0.1) > isa submodule of M, 


RU} = {(e,b) + Gn. s)l, + Ck. t)1,:0,5,m,s,k,t € 2} is the corresponding weak/strong 2-refined 
neutrosophic module. 


WU) = tay + al, + apf.) = (0.") + (Oy), + 0. 2)I,:x,¥,2 € R} is a weak 2-refined neutrosophic 
submodule of the weak 2-refined neutrosophic module Rz(I) over the ring R. 

WLW) = fay + al, + a,l,} = {(0,x) + CO.y)l, + (0. 2):x,9,.2 € R} is a strong 2-refined 
neutrosophic submodule of the strong 2-refined neutrosophic module F: (J) over the n-refined 


neutrosophic ring 7;(/). 
Definition 3.10: 


Let “f,(/) be a weak n-refined neutrosophic module over the ring R, x be an arbitrary element of 
iM, (2), we say that x is a linear combination of {% 42% .0.%—,} = MCP) is 


X= a,¥,+0,¥,+:'"+a,%,: a; € Aix; € M,(!). 


Example 3.11: 


Consider the weak 2-refined neutrosophic module in Example 3.11, 


x = (0,2) + (1,3)1, € R3(D) we have 
x = 2(0,1) +1.0.,0),+3(0,1V, 


i.e x is a linear combination of the set {{0,1),(1,0.7,,(0,1)1,) over the ring R. 


Definition 3.12: 
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Let /,,(/) be a strong n-refined neutrosophic module over the n-refined neutrosophic ring #,,(/), x 
be an arbitrary element of /“/,,(/), we say that x is a linear combination of {"4.% 2.005%} = M,(2) is 


r= Q,X, + a,x 7 liane! 5 Boy Xt Gy E Ay (0.2; E My). 


Example 3.12: 


Consider the strong 2-refined neutrosophic module 


RU) = {(e,b) + Gmvs)l, + Ck. t)l,:a,5,m,s,k,t € 2} over the 2-refined neutrosophic ring 72(/), 


=(1 + 1,01, + 1,@Q.)1, = (1), + G1), + G01, = x, hence x is a linear x = (3.2, + (1.1), 
combination of the set 
{(2,1)F,,0.,1)1,} 

over the 2-refined neutrosophic ring #3(/). 


Definition 3.15: 


Let 1 = [,...,%,,} bea subset of a weak n-refined neutrosophic module ““!,,(1) over the ring R, X is 


a weak linearly independent set if ye) O;x; = Oimplies a; = 0; a; € R. 
Definition 3.16: 


Let 1 = [x,...,%,,} be a subset of a strong n-refined neutrosophic module “f,,(1) over the n-refined 
neutrosophic ring 4,,(/), X is a weak linearly independent set if 
hm a,x; = Oimplies a; = 0; a; € R, (I). 


Definition 3.17: 


Let M,,W0. 1) be two strong n-refined neutrosophic modules over the n-refined neutrosophic 


ring #,(1), let fs, 0) + U,(2) be a well defined map. It is called a strong n-refined neutrosophic 
homomorphism if: 
f(a.xt+b.y) =a.f(x) +b. f(y) forall xy EM, (D.ab € R,(D). 


A weak n-refined neutrosophic homomorphism can be defined as the same. 


Definition 3.18: 
Let f:Al,, (2) ~ U,(1) be a weak/strong n-refined neutrosophic homomorphism, we define: 
(a) Ker (f) = {x e M,@): FG) =01. 
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(b) Im(f) = {fy € UU): dx € M, Wand y = flx)1. 
Theorem 3.19: 


Let fs, (2) ~ U1) be a weak n-refined neutrosophic homomorphism. Then 
(a) er(f) isa weak n-refined neutrosophic submodule of “!,,(I). 


(b) Im(f) is a weak n-refined neutrosophic submodule of U,,(/). 
Proof: 


(a) # isamodule homomorphism since /,, UW). U,,0% are modules, hence Ker (f} is a submodule of 


the module “I,(/), thus Ker (jf) is a weak n-refined neutrosophic submodule of ““!,, Wr). 


(b) Holds by similar argument. 
Theorem 3.20: 


Let fri, (2) ~ U1) be a strong n-refined neutrosophic homomorphism. Then 
(a) Ker (f) is a strong n-refined neutrosophic submodule of //,,(I). 


(b) im (Ff) isa strong n-refined neutrosophic submodule of 4, (/). 
Proof: 


(a) f isamodule homomorphism since “I, (1), U.,02) are modules over the n-refined neutrosophic 
ring #,(/), hence Ker(f) isa submodule of the module “I,,(/), thus Ker (jf) is a strong n-refined 


neutrosophic submodule of Mé,,“/). 


(b) Holds by similar argument. 
Theorem 3.21: 


Let Ff: (2) ~ U,(/) be a strong n-refined neutrosophic homomorphism. Then 
(a) Ker(f) is a strong n-refined neutrosophic submodule of “!,,(1). 


(b) Im(f) isa strong n-refined neutrosophic submodule of U,,(/). 


Proof: 
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(a) # isamodule homomorphism since ‘\,, W),U,,0P) are modules over the n-refined neutrosophic 
ring #,,(/), hence Ker(f) isa submodule of the module “I,,(/), thus Ker (jf) is a strong n-refined 


neutrosophic submodule of Jé,,“/). 


(b) Holds by similar argument. 
Example 3.22: 


Let RFU) = fe, + xy, + xq)gt xp.Xp%2E RL RI) = fy + velit volar vo vi-% € R7} be two weak 
2-refined neutrosophic modules over the ring of real numbers R. Consider f :AZ(0) + R30), where 


Flte.b) + Omall, + (ks),] = (e,0,0) + Gn. 0.01, + (4.0.0, fF is a weak 2-refined neutrosophic 
homomorphism over the ring R. 


Ker (fF) = (10,5) + (O.n), + (.sil:b.ns € Rt. 


Im(f) = {(a,0,0) + Gn, 0.0), + OO p:a,m,k € RY. 
Example 3.23: 


Let #200 =< (0,00, >= {9¢.(.0Qa)lpa € Rg ERD 

ULW) =< (0,102, >= fg.(0,a,0)J,:a € R;q € A, (I)} be two strong 2-refined neutrosophic modules 
of the strong 2-refined neutrosophic module FJ) over 2-refined neutrosophic ring 4-(I). Define 
f:W,W) + U,@); flg@.0, a)1,] =9(0.a0My q € R2(!). 

F isa strong 2-refined neutrosophic homomorphism: 

Let A = q,(0,.0,a)1,,8 = q,(0,0,5)1, € WU): qy.g, € RC), we have 

A+B=(9,+9,))/0.00+ 5), f(A + B) = @, +92). 0.0 +5, 0), = FCA) + FUR). 

Let m=e+al,+el,€,(/) bea 2-refined neutrosophic scalar, we have 
maA=c.9,(00a)!,+¢4.q,00.0a)1,1, +2.9,0.0, aol, =9,(0.0catdatealy, 


Fm. A) = 9,(0.c.a+d.a+e.a,0)], =m. f(A), hence f is a strong 2-refined neutrosophic 
homomorphism. 


Ker (fF) = (0,0,0) + (0,0,0)/, + (0,0.01,. 


Sankari, Abobala n-Refined Neutrosophic Modules 


Neutrosophic Sets and Systems, Vol. 36, 2020 9 


Im(f) = UZ) 


5. Conclusion 


In this paper, we continuo the efforts about defining and studying n-refined neutrosophic 
algebraic structures, where we have introduced the concept of weak/strong n-refined neutrosophic 
module. Also, some related concepts such as weak/strong n-refined neutrosophic submodule, 
n-refined neutrosophic homomorphism have been presented and studied. 

Future research 
Authors hope that some corresponding notions will be studied in future such as weak/strong 
n-refined neutrosophic basis of n-refined neutrosophic modules, and AH-submodules. 
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Abstract: This research paper presents a neutrosophic mathematical representation of the elements of the digital 
image by dividing the points of the digital picture matrix into neutrosophic sets (PNS - Picture Neutrosophic 
Set), and studying the degree of connection between the points of the digital image for us to reach to the 
connected neutrosophic sets. We have also introduced many mathematical theories and results to calculate the 
difference and dissimilarity between the neutrosophic sets, which contributes practically in the comparison 
between digital images and their different uses. Our results help mainly to upgrade and create new neutrosophic 


algorithms for searching inside images and videos databases. 


Keywords: Neutrosophic set; connected neutrosophic set; picture neutrosophic set (PNS); difference measure; 


dissimilarity measure. 


1. Introduction 


The neutrosophic logic, which resulted in a revolution in the mathematical logic world, was first 
introduced by Florentin in 1995 [1, 2]. It is a generalization of intuitionistic fuzzy logic. Several papers 
have been published in this field by Florentin and Salama et al [3-15]. It is necessary to take advantage 
of the features of this logic in various applied sciences. 

Having studied researches related to digital image processing [16-18], we have noted that 
applied sciences researchers are interested in the use of fuzzy logic, first introduced by Lotfi Zadeh 
[19], for digital image processing because of its flexibility and appropriate features to deal with 
different forms of digital images. Moreover, the neutrosophic logic is a generalization and extension 
of fuzzy logic. It has provided many additional methods and tools, which we can be used to study 
digital images with greater accuracy and comprehensiveness than before. 

Digital image processing is mainly based on mathematical concepts [20-26], such as 
mathematical logic, linear algebra (matrices), topology, statistics (especially Bayes’ theory), Shannon 


information theory, and Fourier transform in different representations along with neural networks. 
Several researchers have performed studies specifying methods to measure the dissimilarity, 
difference and distance between NSs. Salama, Smarandache, & Eisa, (2014) [27] have introduced image 


processing via neutrosophic techniques. Mohana & Mohanasundari (2019) [28] have studied some 


Mouhammad Bakro, Reema Al-Kamha and Qosai Kanafani, A Neutrosophic Approach to Digital Images 


Neutrosophic Sets and Systems, Vol. 36, 2020 13 


similarity measures of single valued neutrosophic rough sets. Sinha & Majumdar (2019) [29] have 
studied an approach to similarity measure between neutrosophic soft sets. Das, Samanta, Khan, 
Naseem & De (2020) [30] also have a study on discrete mathematics: sum distance in neutrosophic 
graphs with application. 

We have organized this paper into 4 sections. In section 2, we discuss preliminaries about digital 
images and the neutrosophic set. In section 3, we have introduced new neutrosophic concepts, such 
as K;(a@) (the extent to which the series of points (a) belongs to the neutrosophic set S), and Cs(p, q) 
(the connection strength between the points p,q € S), based on which we have deduced connected 
neutrosophic sets. In addition, we have presented our vision in the field of distance and dissimilarity 


measures in neutrosophic sets. In section 4, we have concluded our paper. 
2. Preliminaries 


2.1. Digital Image:[31] It is a representation of a two-dimensional image in the form of a matrix of 
small squares, each image consists of thousands or millions of small squares, each of which is called 
the elements of the image or pixels. 

When the computer starts drawing the image, it divides the screen or printed page into a grid of 
pixels. Then the computer uses the stored values of the digital image to give each pixel its color and 
brightness. The images posted on websites or by mobile phone are examples of digital images. For 


example, the small picture (Felix) can be represented in Figure 1: 





Figure 1: Image of Cat Felix [31] 


With an array (35 x 35), its elements are composed of numbers 0 and 1. Each element indicates 
the color of the pixel. It takes the value (0) for the black pixel and the value (1) for the white pixel. 


Note that digital images using two colors are called binary or Boolean images. 
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Figure 2: Matrix representing the image of Cat Felix [31] 


The grayscale images are represented by a matrix, each element of which specifies the 


corresponding pixel intensity. For practical reasons, most of the current digital files use integers 
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enclosed between zero-0 (for black pixels, very low color) and 255 (for the white pixel, the color is 
super hard). 

2.2. Neutrosophic Logic:[2] Was created by professor Florentin Smarandache in 1995. It is a 
generalization of (fuzzy, intuitionistic, paraconsistent) logic. For any logical variable x in the 
neutrosophic logic A, itis described by (t,i, f), where: 

t = T,(x): Truth membership function: a degree of membership function, for any x in the 
neutrosophic set A, and its values range in the open interval non-standard, where: 

T,(x): A > ]0-,17| 

i = I[,(x): Indeterminacy membership function: a degree of indeterminacy, for any x in the 
neutrosophic set A, and its values range in the open interval non-standard, where: 

I,(x): A > ]07,17*[ 

f = F,(x): Falsity membership function: a degree of non-membership, for any x in the neutrosophic 
set A, and its values range in the open interval non-standard, where: 

F,(x): A > J0-,17[ 


3. Neutrosophic Digital Image 


Let M be the digital image matrix A, so any pixel (point) of image A that is expressed by the 


element p (x,y) of the matrix M has four horizontal and vertical adjacent points (x + 1,y) and 


(x,y + 1) and four diagonal adjacent points (x + 1,y + 1), so any point or pixel is surrounded by 
eight adjacent points (8-adjacent), noting the cases where the point P is present on the border of the 


matrix M.[18] 
3.1. Connected Neutrosophic Sets: 


Definition 3.1: Let S be asubset of M. For any p, q from S, they are connected in S if you finda 
path of points from S that connects p with q as follows: 

Qs P = Por Pr) P2r-++++Pn-1»Pn = 4 - 

Where p; is adjacent to p;_, (1 <is<n). 

We denote the connection relationship between p,q by ppq. 

Obviously, the relationship (p) represents an equivalence relationship: 


Reflexive: |ppp| & Symmetric: [peq > qpp| & Transitive: |ppq &qoz > ppz| 


Remark 3.1: By introducing the concept of non- member function and the function of indeterminacy 
to the neutrosophic logic, it has got more accuracy than fuzzy logic in different cases, such as an equal 
degree of membership. Thus, we can introduce the order relation (<) between any two elements in 


the neutrosophic set: 


Definition 3.2: V p,q € S, (S_is neutrosophic set), then: 


n Ts(p) < Ts(q) 
psq © j (or) Fs(p) Fs(q) ; Ts(p) = Ts(q) 


> 
(or) I;(p) = Is(q) ; Ts(p) = Ts(q),  Fs(p) = Fs(q) 
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Remark 3.2: The order relation (<) maintains its consistency with fuzzy logic in the case 


of Ts(p) # Ts(q), and maintains consistency with intuitionistic fuzzy logic in the case of 
Fs(p) # Fs(q) & Ts(p) = Ts(q). 


Example 3.1: (0,1,1) < (0,0,0) , (1,1,1) < (1,0.5,1) 
(0.9,1,0.8) < (1,0.3,0.1) , (0.7,0,0.4) < (0.7,1,0.3) 


Definition 3.3: [2] V p,q € S, then:[p < gq] © [T;s(p) <Ts(q) , Is(p) =Is(q) and F;(p) = Fs(q)] 


bi <(1,0.0)=1, & Oy =(0,1,1) <p] 


R k3.3: Vp,qEes > 2 < 
emark 3.3: V p,q [p < (1,00) =1y & Oy =(0,1,1) <p] 


Definition 3.4: Let (@: p = Po, D1, Pa, +++» Pn—1» Pn = 4), Series of adjacent points, between the points 
,q : pj ©S (S neutrosophic set). The extent to which the series of points (a) belongs to the 
neutrosophic set S, denote by K;(a): 

K;(a@) =X > @E a) and («<= py t=—01Lacan) 

=> K;(a@) = minz(p;) 


Definition 3.5: The connect strength between the points p,q € S (S neutrosophic set). 
denote by Cs(p,q): Cs(p,q) = Ks(B) i Ks(ai) S Ks(B) (Vai, Bip, ...,9) 
=> Cs(p,q) = maxz(Ks(@;)) 


Theorem 3.1: S neutrosophic set and V p,q € S, then: 


1: Cs(p,p) = p 
2: Cs(p,q) = Cs(q,p) 
Proof: 


1: a; any path, from p top => _ K;(a;)=minz(p;) < p 
On the other hand: 
The point p alone represents a series with a length of 0 from p to p, then: 
da;: Ks(aj) = p 
Thus: Cs(p, p) = maxz(Ks(a;)) = p 


2: Obviously. (by Definition 3.4) 


Theorem 3.2: V p,q € S (S neutrosophic set), then: 

Cs(p,q) S minz(p, q) 
Proof: 
a any path, from p to q:(@:! Pp = Do, Py) +s Pn—1) Pn = ), then: 
K;(a) = minz(p;) < minze(pp,p,) = minz(p,q) ;i=0,1,....,n 
=> Cs(p,q) = maxz(Ks(a@;)) < minz(p, q) 


Definition 3.6: V p,q € S, p and gq isconnectedin S_ iff: Cs(p,q) = minz(p,q). 


Theorem 3.3: S neutrosophic set and V p,q € S, then: 
p and q isconnectedin S © 4@':p = po, Py s)Pn-vPn =O: P €S & P; =>minz(p,q) (forall i) 
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Proof: 

Let a’ pathfrom p to :P; €S & P; = minz(p,q), then: 

Cs(p,q) = maxz(K;(@)) = Ks(a’) = minz(p;) => minz(p, q) 

And (C;(p,q) < minz(p,q) (Theorem 3.2) 

Then: Cs(p,q) = minz(p,q) > p and q isconnected in S 

On the other hand: p and q is connected in _, then: 

da’ pathfrom p to q: Ks(a’) = maxz(K;(a)) = C;(p,q) = minz(p, q) 


Then for all P; on a’, wehave: P; > K;(a') = minz(p, q) 


Corollary 3.1: From the above we note that the relationship of the connection between two points is 
the relationship of: 1: reflexivity, 2: Symmetry, 3: not necessarily transitive. 


Proof: 
1: Cs(p,p) = p = minz(p, p) 


2: minz(p,q) = Cs(p,q) > Cs(q,p) = Cs(p, q) = minz(p, gq) 

3: Let p,q,z three points from neutrosophic set S = [p,q,z| (Matrix 1 x 3): 
q < p =z, then: 

Cs(p,q) = Cs(9,z) =q and Cs(p,z) =q # minz(y,z), thus: 


(p and q isconnected in S) and (q and z is connected in S), but (p and z isnot connected in S) 
Definition 3.7: S neutrosophic set, S is connected iff: [V p,q € S] => [C;(p,q) = minz(p, q)]. 
3.2. Operations on neutrosophic sets: 


We will now in this section, we present our vision of distance and dissimilarity measures 


between two neutrosophic sets. 


Definition 3.8: Let U be the set of points of the matrix M, a representative of the digital image I. 
denote by PNS(U) for set of all neutrosophic sets in U (PNS - Picture Neutrosophic Set). 
For A,B € PNS(U): 


Union: AUB= {u: (Tgp Go); Lage Ds Page @D)); Ue U}, where: 
Taug(u) = max(T,(u), Tp (u)) 
Inug(¥) = min(I, (wu), Ip (u)) 


Faug(u) = min(F, (wu), Fp(u)) 


Intersection: ANB= {u: lane (u), lang (U), Fang (u)); u € U}, where: 
Tang (u) = min(T, (uv), Tz (u)) 
Ing (u) = max(I,(u), Ip (u)) 


Fang (u) = max(F,(u), Fp (u)) 
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Example 3.2: Let us consider the following neutrosophic sets A and B in 
U = {uy,, Uz, U3, U4}, where: 

A = {u,:(0,1,1), uz: (1,0.2,0), uz: (0.7,0.3,1), uy: (0.9,0.3,1)} 

B = {u,: (0.2,1,0.2), wz: (1,0.5,0.3), wz: (1,0.8,1), w4: (0.9,0.8,0.2)} 

Then: 

AUB = {u,: (0.2,1,0.2), uz: (1,0.2,0), wz: (1,0.3,1), uy: (0.9,0.3,0.2)} 

ANB = {u,: (0,1,1), uz: (1,0.5,0.3), uz: (0.7,0.8,1), uy: (0.9,0.8,1)} 


Theorem 3.4: Let A,B € PNS (U), then: (for all u € U) 
ACB & [T,(u) <Tp(u), I,(u) >Ip(u) and F,(u) = Fp(u)| 
Proof: 


ACB & AUB=B 


max(T,(u),Tz(u)) = Tp (u) T,(u) <Tp(u) 
= <min(,(u),J2m%)=hu) © +L) =hW 
min(F,(u), Fp(u)) = Fp(u) Fy(u) = Fe(u) 


Definition 3.9: An operator \: PNS(U) x PNS(U) > PNS(U) 

Is the difference, if it satisfies for all A,B,C € PNS(U), follow properties: 
DIF1: A\B GA 

DIF2: A\@ =A 

DIF3: ACB & A\B=@ 

DIF4: ifBEC =B\ACC\A 


Theorem 3.5: The function \: PNS(U) x PNS(U) > PNS(U) given by: 
A\B = {u: (Taye (uw), Taye (u), Faye(u)) ;u € U}, where: 


T,\p (uw) = max(0, T,(u) — Tg (u)) 

la\B (u) = min(1,1 + U4) — Ip (u))) 

Faye (uw) = min(1,1 + (F,(u) — Fp(u))) 
Is the difference between PNS(U) sets. 


Proof: 
DIF1: A\B CA 
Ta\p(u) = max(0,T,(u) — T(u)) 
vueU > 4 Jeu) = min (1,1 + (Iu) - p@))) 
F,\p(u) = min (1,1 + (F,(w) — Fp(u))) 


[0 < T,(u)] and [O<Tg@u) > Tu) —-TgW) S$ TyW)] 
Hence: T,\p(u) = max(0, T,(u) — Tz (u)) < T,(u) 
Inu) <1 > Ip(u)+1,(u) <14+hLW) 
| => I,(u)<1+ (1,(u) — Ip(u)) 
Hence: I4\,(u) = min(1,1 + U,(u) — Ig(u))) = bu) 
Similarity: Fy\3(u) = min(1,1 + (Fy(u) — Fg(u))) = Fu) 
Thus: A\B © A_ (by Theorem 3.4) 


I,(u) <1 and 
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DIF2: A\® =A 
@ = {u:(0,1,1) ;VueEU} > 
T,\9(u) = max(0,T,(u) — 0) = T,(u) 
VuEU> 4Iag(u) = min(1,1+ (Cu) -1)) = Lu) 
Fa\g(u) = min(1,1 + (F,(u) — 1)) = F,(u) 
Then: A\@ =A 


DIF3: ACB © A\B=@ 


T,(u) < Tp(u) Ta\p(u) = 0 
ACB & 4h) 2 Iglu) od Inyp(u) = 1 = A\B=9 
F,(u) = Fe(u) Fay (u)=1 


DIF4: if BOC =B\ACC\A 


Tg(u) S< Tc (u) Tp(u) — Tau) S Te (u) — T,(u) 
BCC => {Iau =i) => Ip(u) — I,(u) = Ie(u) — I, (u) 
Fp(u) = Fc(u) Fp(u) — Fy(u) = Fe (u) — Fy(u) 


Taya (u) < Tc\a (u) 
= {IpyaQu) 2 Iau) = B-ACC-A 
Fe\a(u) 2 Foya(u) 


Example 3.3: Let U = {u,,uz,u3}, and A,B € PNS(U) : 
A = {u,: (0.8,0.1,0.3), uz: (0.9,0.2,0), wz: (0.9,0.8,1)} 

B = {u,: (0.2,1,0.2), uy: (1,0.5,0.3), wz: (0.9,0.8,1)} 
Then: A\B = {u,: (0.6,0.1,1), uw: (0,0.7,0.7), wz: (0,1,1)} 


Definition 3.10: An operator D: PNS(U) x PNS(U) > ]~0,17[ 

Is the distance measure, if it satisfies for all A,B,C € PNS(U), follow properties: 
DIS1: D(A,B)=0 © A=B 

DIS2: D(A, B) = D(B, A) 

DIS3: D(A,C) < D(A, B) + D(B,C) 


*(0,0,1°) 








Figure 3: A three-dimension representation of a neutrosophic set [27] 
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Theorem 3.6: The function D: PNS(U) x PNS(U) > ]~0,17*[ given by: [27] 





1 n 
D(A,B) = |=— > [tala — To tu)? + (a (us) — ta (ui)? + (Fate) — Fo i). 


Is the distance measure between PNS(U) sets. 
Proof: Obviously: D(A, B) is generalization of the usually used to measure the distance of objects 


in Euclidean geometry 


Example 3.4: Let U = {u,,uz,u3}, and A,B € INS(U) : 


A = {u,: (0.8,0.1,0.3), uw»: (0.4,0.5,0), us: (0.7,0.8,1)} 
B = {u,:(0.7,1,0.5), uo: (1,0.5,0.3), us: (0.9,0.8,0.7)} 


Then: Dy;(A, B) = 2 (0.86 +0.45+0.13) = 144 = 0.16 = 0.4 


Definition 3.11: An operator DM: PNS(U) x PNS(U) > (DM,, DM,, DM;), where: 
DM: denote the degree of dissimilarity. ("0 < DM; < 1°) 

DM;: denote the degree of indeterminate dissimilarity. ("0 < DM, < 17) 

DM;: denote the degree of non-dissimilarity. ("0 < DM; < 1°) 

Is the dissimilarity measure, if it satisfies for all A,B,C € PNS(U), follow properties: 
DISM1: DM(A, A) = (0,1,1) 

DISM2: DM(A, B) = DM(B, A) 

DISM3: AG BEC => DM(A,B) < DM(4,C)&DM(B,C) < DM(4,C) 


Remark 3.4: Let A,B € PNS(U), then: 
(A\B) U (B\A) = {u: (T'(u), I'(u), F’(u)); u € U}, where: 
T’(u) = max(max(0, T,(u) — Tp (u)) ,max(0, Tz(u) — T,(u))) = |T,(u) — Tp(u)| 


I’(u) = min (min (1,1 + (1,(u) — Ip(w))) min (1,1 + (Ip (u) — I,(u)))) = 1-|L,(u) —I,(u)| 


F’(u) = min (min (1,1 + (F,(u) — F,(u))),min (1,1 + (Fz (u) — F,(u)))) = 1—-—|F,(u) — Fp(u)| 


Theorem 3.7: The function DM: PNS(U) x PNS(U) > (DM,,DM,, DM;) 
Given by, V A,B € PNS(U): DM(A,B) = (DM,(A, B), DM, (A, B), DM; (A, B)), where: 


n 


1 
DM,(4,B) == > [ITa(u) — Tou) 


t=1 


n 


1 
DM,(A,B) =— ) [1 — [Ia(tu) — Jou 


t=1 


n 


1 
DM,(A,B) == ) [1 - lF,(u)) - Feu 


t=1 


Is the dissimilarity measure between PNS(U) sets. 
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Proof: 


DISMI1: DM(A, A) = (0,1,1) 
n 


1 1 
DMr(A,A) == ) LlTaCu) — Taal = 


t=1 


[0] = 0 


se 


~, 
II 
_ 


n 


1 1X 
DM,(4,A) =— ) [1 = a@e) — lau —7) [1-0] =1 


t=1 [= 


n 


1 1d 
DM,(4,A) =— > [1 = FC) = Fal) gra [1-0] =1 


t=1 [= 


DISM2: DM(A,B) = DM(B,A) 
n 


1 1 
DM, (A,B) == ) [lTa(u) ~ Toul) = 5 


t=1 


a 


[lT, (ui) — T,(u,)|] = DM7(B, A) 


~, 
HI 
_ 


n 


1 in 
DM,(A,B) = -» [i — [I,(uj) — Ip (u;) |] = =")! [1 — [Jp (u,) — I4(u,)|] = DM, (B, A) 


t=1 


n 


1 1X 
DM, (A,B) =— > [1 |Fa(u)) - Full = “a [1 — |Fq(t4) — Fo(ui)I] = DMp(B, A) 


DISM3: AC BGC = DM(A,B) < DM(A,C) &DM(B,C) < DM(A,C) 
AGCBCC =T,(u) S$ Tg) S Te(u) 
= |T,(u) — Tg) + |Ta(u) — Te) = ITs) — Te) 
= |T,(u) — Tg(u)| S IT4@) — Te(u)| & ITg(u) — Tew) S ITs) — Te) 
= DM,(A,B) < DM,(A,C) & DM,(B,C) < DM,(A,C) 


AGCBEC BSI1,(u) =Ip(u) = I,(u) 


=> |I,(u) — Ig(u)| + Ve (u) — [.(u)| = Wa) — Ie(u)| 
= |I,(u) — Ip(u)| S |, (u) — Ie) & [p(u) — I.) S Iw) — Ie) 
= 1-|,@) -Ip@)| 21-4) -IeW)| &1-e@) - I.) 2 1 - IA) — Ie) 


— DM,(A,B) > DM,(A,C) & DM, (B,C) = DM,(A,C) 


Similarity, DM;(A,B) > DM,(A,C) & DM;(B,C) = DM,(A,C). 


Then: DM(A,B) < DM(A,C)&DM(B,C) < DM(A,C) 
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Example 3.5: Let U = {u,,uz,u3}, and A,B € PNS(U) : 


A = {u,: (0.1,0.1,1), w,: (0,0.2,0.8), wz: (1,1,0)} 
B = {u,: (0.5,1,0.5), wz: (1,0.5,0.2), ws: (0,1,1)} 
Then: 


n 


1 1 2.4 
DM,(A, B) = — > [iTaCus) -T,(u)I] = 5(04+14+1) === 08 


i=1 


n 


1 1 1.8 
DM, (A,B) = -») ft — lau) ~ IpudI] = 50.1 + 0.7 +1) = = 06 


i=1 


n 


1 1 0.9 
DM, (A,B) = -») ft — [Fa (uy) — Fo(u)I] = = (0.5 + 0.4 +0) === 0.3 


t=1 


Thus: DM (A,B) = (0.8,0.6,0.3) 
4. Conclusion 


By combining the concepts of algebraic with the neutrosophic sets, we introduce the 
neutrosophic order relation (<), the connected points, the connection strength between the points 
inside the neutrosophic set and the connected neutrosophic sets. Thus, it became a new and 
interesting research topic on which researchers can do further studies. In addition, in this paper, we 
have defined the basic operations (union, intersection, difference) on the picture neutrosophic set 
PNS(U). We have proposed a new method for dissimilarity measure between PNS(U) sets. These 
measures and operations are used basically in image processing and comparison. In the future, we 


will study the properties of these measures and their applications in practical problems. 
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Abstract: Assignment problem (AP) is well- studied and important area in optimization. In this 
research manuscript, an assignment problem in neutrosophic environment, called as neutrosophic 
assignment problem (NAP), is introduced. The problem is proposed by using the interval-valued 
trapezoidal neutrosophic numbers in the elements of cost matrix. As per the concept of score 
function, the interval-valued trapezoidal neutrosophic assignment problem (IVINAP) is 
transformed to the corresponding an interval-valued AP. To optimize the objective function in 
interval form, we use the order relations. These relations are the representations of choices of 
decision maker. The maximization (or minimization) model with objective function in interval form 
is changed to multi- objective based on order relations introduced by the decision makers’ preference 
in case of interval profits (or costs). In the last, we solve a numerical example to support the 


proposed solution methodology. 


Keywords: Assignment problem; Interval-valued trapezoidal neutrosophic numbers; Score 
function; Interval-valued assignment problem; Multi-objective assignment problem; Weighting 


Tchebycheff program; Decision Making. 


Glossary 


AP: Assignment problem. LP : Linear programming. 


DM: Decision makers. MOLP: Multi-objective linear programming 


FN-LPP: Fuzzy neutrosophic LPP. MOAP: Multi-objective assignment problem 


GAMS: General Algebraic Modeling System. | MOOP: Multi-objective optimization problem. 





IVN : Interval-valued neutrosophic. NAP: Neutrosophic assignment problem. 
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IVINAP: Interval- valued trapezoidal 
neutrosophic assignment. 


1. Introduction 

In important real-life applications, an AP appears such as_ production planning, 
telecommunication, resource scheduling, vehicle routing and _ distribution, economics, 
plant location and_ flexible manufacturing systems, and _ attracts more and more 
researchers’ attention [10, 13, 37], where it deals with the question how to set n number of 
people or machines to m number of works in such a way that an optimal assignment can 
be obtained to minimize the cost (or maximize the profit). 

Following these research objectives, the DM has to make an attempt for the 
optimization of models starting from linear AP to nonlinear AP. In view of this, the linear 
AP is a special kind of linear programming problem (LPP) where the people or machines 
are being assigned to various works as one to one rule so that the assignment profit (or 
cost) is optimized. An optimal assignee for the work is a good description of the AP, 
where number of rows is equal to the number of columns as explained in Ehrgott et al. 
[14]. A new approach was developed to study the assignment problem with several 
objectives, by Bao et al. [4], which was followed with applications to determine the cost- 
time AP problem as multiple criteria decision making problem by Geetha and Nair [16]. 

Few decades ago, a large number of authors and policy makers around the world have 
investigated the basic idea of fuzzy sets. The theory of fuzzy sets was, first, originated by Zadeh [45], 
which has been intensely applied to study several practical problems, including financial risk 
management. Then the fuzzy concept is also represented by fuzzy constraints and / or fuzzy 
quantities. Dubois and Prade [13] suggested the implementation of algebraic operations on crisp 
numbers to fuzzy numbers with the help of fuzzification method. However, AP representing real- 
life scenario consists of a set of parameters. The values of these parameters are set by decision 
makers. DMs required fixing exact values to the parameters that in the conventional approach. In 
that case, DMs do not precisely estimate the exact value of parameters, therefore the model 
parameters are generally defined in an uncertain manner. Zimmermann [46] was the first solved LP 
model having many objectives through suitable membership functions. Bellmann and Zadeh [6] 
implemented fuzzy set notion to the decision-making problem consisting of imprecision as well as 
uncertainty. 

Sakawa and Yano [39] suggested the idea of fuzzy multiobjective linear programming (MOLP) 
problems. Hamadameen [18] derived an approach for getting the optimal solution of fuzzy MOLP 
model considering the coefficients of objective function as triangular fuzzy numbers. The fuzzy 
MOLP problem was reduced to crisp MOLP with the help of ranking function as explained by Wang 
[42]. Thereafter, the problem was solved with the help of the fuzzy programming method. Leberling 
[28] solved vector maximum LP problem using a particular kind of nonlinear membership functions. 
Bit et al. [7] applied fuzzy methodology for multiple objective transportation model. Belacela and 


Boulasselb [5] studied a multiple criteria fuzzy AP. Lin and Wen [29] designed an algorithm for the 
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solution of fuzzy AP problem. Kagade and Bajaj [22] discussed interval numbers cost coefficients 
MOAP problem. Yang and Liu [44] developed a Tabu search method with the help of fuzzy 
simulation to determine an optimal solution to the fuzzy AP. Moreover, De and Yadav [11] 
proposed a solution approach to MOAP with the implementation of fuzzy goal programming 
technique. Mukherjee and Basu [32] solved fuzzy cost AP problem using the ranking method 
introduced by Yager [43]. Pramanik and Biswas [36] studied multi-objective AP with imprecise 
costs, time and ineffectiveness. Haddad et al. [17] investigated some generalized AP models in 
imprecise environment. Emrouznejad et al. An alternative development was suggested for the fuzzy 
AP with fuzzy profits or fuzzy costs for all possible assignments as explained by Emrouznejad et al. 
[15]. Kumar and Gupta [26] investigated a methodology to solve fuzzy AP as well as fuzzy travelling 
salesman problem under various membership functions and ranking index introduced by Yager 
[43]. Medvedeva and Medvedev [31] applied the concept of the primal and dual for getting the 
optimal solution toa MOAP. Hamou and Mohamed [19] applied the branch & bound based method 
to generate the set of each efficient solution to MOAP. Jayalakshmi and Sujatha [21] investigated a 
novel procedure, referred as optimal flowing method providing the ideal and set of all efficient 
solutions. Pandian and Anuradha [34] investigated a novel methodology to determine the optimal 
solution of the problem consisting of zero-point method which was introduced by Pandian and 
Natarajan [33]. 

Khalifa and Al- Shabi [23] studied the multi-objective assignment problem with trapezoidal fuzzy 
numbers. They introduced an interactive approach for solving it and then determined the stability 
set of the first kind corresponding the solution. Khalifa [25] introduced an approach based on the 
Weighting Tchebycheff program to solve the multi- objective assignment problem in neutrosophic 
environment. 

The extension of intuitionistic fuzzy set is the neutrosophic set. The neutrosophic set consists of 
three defining functions. These functions are the membership function, the non-membership 
function, and the indeterminacy function. All these functions are entirely independent to each other. 
A new solution approach for the FN-LPP was proposed with real life application by Abdel et al. [3]. 
Kumar et al. [27] investigated a novel solution procedure for the computation of fuzzy pythagorean 
transportation problem, where they extended the interval basic feasible solution, then existing 
optimality method to obtain the cost of transportation. Khalifa et al. [24] studied the complex 
programming problem with neutrosophic concept. They applied the lexicographic order to 
determine the optimal solution of neutrosophic complex programming. Vidhya et al. [41] studied 
neutrosophic MOLP problem. Pramanik and Banerjee [35] proposed a goal programming 
methodology to MOLP problem under neutrosophic numbers. Broumi and Smarandaache [8] 
introduced some novel operations for interval neutrosophic sets in terms of arithmetic, geometrical, 
and harmonic means. Rizk-Allah et al. [38] suggested a novel compromise approach for many 
objective transportation problem, which was further studied by Zimmermann's fuzzy programming 
approach as well as the neutrosophic set terminology. Abdel- Basset et al. [1] introduced a 
plithogenic multi- criteria decision- making model based on neutrosophic analytic hierarchy process 


in order of performance by similarity to the ideal solution of financial performance. Abdel- Basset et 
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al. [2] evaluated a set of measurements for providing sustainable supply chain finance in the gas 
industry in the uncertain environment. Abdel- Basset et al. [3] proposed an integrated method based 
on neutrosophic set to evaluate innovation value for smart product- service systems. 

In this paper, the assignment problem having interval- valued trapezoidal neutrosophic numbers 
in all the parameters is introduced. This problem is converted into two objectives assignment 
problem, then the Weighting Tchebycheff program with the ideal targets are applied for solving it. 

The outlay of the proposed research article is organized as follows: In the next Section, 
we present some sort of preliminaries, which is essential for the present study. Section 3 
formulate interval-valued trapezoidal neutrosophic assignment problem. Section 4 
proposes solution approach for the determination of preferred solution. A numerical 
example is solved, in Section 5, to support the efficiency of the solution approach. In the 
last, some concluding remarks as well as the further research directions are summarized 


in Section 6. 


2. Preliminaries 


This section introduces some of basic concepts and results related to fuzzy numbers, 


neutrosophic set, and their arithmetic operations. 


Definition 1. A fuzzy set P defined on the set of real numbers R is called fuzzy number 
when the membership function 

s(x): IR > [0,1], have the following properties: 
Ls (x) is an upper semi-continuous membership function; 
P is convex fuzzy set, i.e., [5 (0 x+(1-d)y)= min{us(x), Us (y) } forall x yE€R0<d<1; 
P is normal, i.e., 3 Xo € R for which u5(X9) = 1; 


Supp (P) = {x ER: U(x) > 0} is the support of P , and the closure cl(Supp(P)) is 


Bee ae A 


compact set. 
Definition 2. (Ishibuchi and Tanaka [20). An interval on R is defined as 
A = [a",a®] = {a:,a" <a <a®,ae€ R}, where a’ is left limit and a® is right limit of A. 


Definition 3. (Ishibuchi and Tanaka [20]).The interval is also defined by 
A = (ac, aw) = {atac — aw SAS ac+ aw,aE R}, where ac= = ( a®&+a") is center and aw = 
= (aR —a) is widthof A. 


Definition 4. (Neutrosophic set, Wang et al. [42]). Let X be a nonempty set. Then a neutrosophic set 


Py of nonempty set X is defined as 


Py = {(x;, Tp, lp Fp, )x © Xf, 
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where T5,, Ip,, Fp,:X > ]0_,1"[ define respectively the degree of membership function, the 
degree of indeterminacy , and the degree of non-membership of element x € X to the set Py with 


the condition: 
O0O_< Tp, oF Ibn oe FS = 3", (1) 
Definition 5. (Interval-valued neutrosophic set, Broumi and Smarandache [8]). Let X be a 


—IV 
nonempty set. Then an interval valued neutrosophic (IVN) set Py of X is defined as: 
DY _ fay. [pl pu LU L gu ]\. 
Px = {06 [Ty Tey J [By td Fy Fy] 22% € X} 
LU L WU LU 
where Te, Te |. [re 8 | and FE FE c [0,1] foreach xEX. 


Definition 6. (Broumi and Smarandache [8]). Let 


Py ={c; [Te Te |, [ib 2 |, [Fe Fe] ):x xX} be IVNS, then 


Pn’ PN 


_IV _ 
(i) Py is empty if ve = ime = 0; re = 5 =a aa = Eo = 1, forall x € Py, 


(i1) Let 0 = (x; 0,1,1), and 1 = (x; 1,0,0). 
Definition 7. (Interval-valued trapezoidal mneutrosophic number). Let u3,Vv3,w 3 € [0,1], 


and aj4,a2,a3,a,€ R such that a, < a,< a3< ay. Then an _ interval-valued trapezoidal 


fuzzy neutrosophic number, 
a= ((ay, a2,43, ay); [uz, uy |, [vz, Va |, [w3, Wa ), 
whose degrees of membership function, the degrees of indeterminacy, and the degrees 


of non-membership are 








xX—-a 
usa ( L), fora, <x <a), 
a2—ay4 
Shear Ux, fora, <X < az, 
a ag—X 
ux : fora; <X< ag, 
a4—a3 
0, Otherwise, 
a2—X+vq(x—-a1) 
——__———., fora, =x <ap, 
a2—ayz 
eo Vay fora; <X < az, (2) 
a — X—a3+vq(a4—X) 
+44 — | fora; <x < ay, 
a4—az 
1, Otherwise, 
a2 —X+wa(x—aj) 
——___+—_— ,, fora, =x Sap, 
a2—ay4 
ee Wa, fora, <X < ag, 
a X—a3+w3(a4—X) 
334 = fora; <x < ay, 
a4—az 
1, Otherwise. 


Where, ug, Vg, and wg are the upper bound of membership degree, lower bound of 


indeterminacy degree, and lower bound of non-membership degree, respectively. 
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Definition 8. (Arithmetic operations). Let @ = ((a,,a2,a3, a4); (uk, uy |, [vx,Vv Va val [ws wy |) and 
b = ((by, bo, bz, by); [ug, up |, [vz, Ve |, [we We 1) be two IVN numbers. Then, 
1. A@®b= (a, + by, a2 + by, a3 + b3,a, + b,): A, B,C), 
2. 4Q6b= ((a; — by, az — b3,a3 — bz, a, — b,): A,B,C), 


((a,b,,a,b5,a3b3,a,b,): A, B,C), ifa, > 0,b, > 0, 
3. 4©b= 4 ((a,by,azb3, a3b,a,b,): A, B,C), ifa, <0,b, >0, 
((a,b,4,a3b3, a,b, a,b,): A, B,C), ifa, < 0,b, < 0. 


((a,/b4, a2/b3,a3/b2,a,/b,): A, B,C), ifa, > 0,b, > 0, 
4. A@Mb=4 ((ay/by, a3/b3, a/b, a,/b,): A, B,C), ifa, < 0,b, > 0 
((a,/b 1, a3/b2,a2/b3,a,/b,): A, B, C), ifa, < 0,b, < 0. 


Se pe Legato) luk, uy |, [vx,v2 |, [wa,w? |), ifk > 0 
| (kay, ka3, Kaz, ka, ); [uk, ug 2 |, [viv Va ral [wz, wy 1), k < 0. 


6. = ((1/a4,1/a3,1/az,1/a,); [uy, uy |, [vy, ve |, (wa, we? ]),4 #0. 
Where, A = [min(u§, ug, ), min(ug, up ) |, B = [max(v3, v¢, ), max(v¥, ve ) |, and 
C = [max(w, wk, ), max(w!, we ) 
Definition 9. (Score function, Tharmaraiselvi and Santhi [40]). The score function for the IVN 


number @ = ((a4, a3, a3, a4); (uk, uy |, [vk,Vv Va Y |, [wa, wy |) is defined as 


1 
S(a) =a eae a,+a;+ a4)x[S3t+(1- u.)+(1-@,)]. 


3. Problem statement and solution concepts 
3.1 Assumptions, Index and notation 


3.1.1. Assumption 


We assume that there are n number of jobs, which must be performed by and n 
persons, where the costs are based on the specific assignments. Each job must be 


assigned to exactly one person and each person has to perform exactly one job. 


3.1.2. Index 
i: Persons. 
j Jobs. 


3.1.3. Notation 
(tj), : Interval-valued trapezoidal neutrosophic cost of ith person assigned to jth job. 


xij: Number of jth jobs assigned to ith person. 
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Consider the following interval-valued trapezoidal neutrosophic assignment problem (IVI NAP) 


(IVINAP) Min ZW =>2, TE (Gy), Xij 


Subject to 
yviz1Xy = 1,j = 1,2,...,n (only one person would be assigned the jth job) 
yj=1 Xj = Li = 1,2,...,n (only one job selected by ith person) 


Xij = (0 or 1. 
It obvious that (tj), (i=j=1,2,3,...,n;1,2,3,..,K) are interval-valued trapezoidal neutrosophic 


numbers. 
Based on score function defined in Definition 9, the IVITNAP in converted into the following 


interval-valued assignment problem (IVAP) 


Subject to 
xEX = Pee =) eel OF dj=t Xij =1,i=1,2,..,n; xj =0 or 1}. 


(VAP) Min ZY ayn yh [ch cl] xy 


Definition 10. x € X is solution of problem IVAP if and only if there is no €X° satisfies 
Z(&) <tr Z(x), or Z(X) <cw Z. 
Or equivalently, 
Definition 11. x € X is solution of problem IVAP if and only if there is no 8 € X satisfies that 
Z(&) <pc Z(x). 
The solution set of problem IVAP canbe obtained as the efficient solution of the following MOAP: 
Min (Z8, Z°) 
Subject to xEX. (3) 
Using the Weighting Tchebycheff problem, the Problem (3) is described in the following form 


Min w 
Subject to 
w, [ZR — 28 | <u, (4) 
w.[Z° ee | <u, 
x EX. 


Where w,, w2 = 0; Z®, and Z°© are defined as the ideal targets. 


4. Solution procedure 


The steps of the solution procedure to solve the IVTNAP can be summarized as: 
Step 1: Formulate the IVITNAP 
Step 2: Convert the IVITNAP using the score function (Definition 9) into the IVAP. 
Step 3: Estimate the ideal points Z® and Z° for the IVAP from the following relation 
ZR = Min Z®, 


Subject to x € X, and 
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Z° = MinZ°, 


Subject to x € X. 
Step 4: Determine the value of individual maximum and minimum for every objective function 
subject to given constraints. 
Step 5: Compute the weights from the relation 


_ 2 __z-z 


—R —C 
Here Z ,Z and Z®, Z° are the value of individual maximum and minimum of the Z8, 


and Z°, respectively. 

Step 6: Applying the GAMS software to problem (5) to obtain the optimum compromise solution, 
and hence the fuzzy cost. 

Step 7: Stop. 


The flowchart of the proposed method is presented in Figure 1, below. 





Figure 1: Flowchart of the proposed method 
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5. Numerical example 


Consider the following IVTNAP 


((14, 17, 21, 28); [0.7, 0.9], [0.1, 0.3], [0.5, 0.7]) x1, 
@® (((13, 18, 20, 24)); [0.5, 0.7], [0.3, 0.5], [0.4, 0.6]) x1. 
@ ((20, 25, 30, 35); [0.8, 1.0], [0.2, 0.4], [0.1, 0.3]) x13 
@ ((15, 18, 23, 30); [0.7, 1.0], [0.2, 0.3], [0.2,0.5])x.4 
Min Z(x)¥ = ® ((6, 10, 13, 15); [0.6, 0.8], 0.1,0.4], [0.2,0.6])x55 
@ ((15, 18, 23, 30); [0.7,0.9], [ 0.1, 0.4], [ 0.3, 0.5])xo3 
((13, 18, 20, 24); [0.3, 0.7], [0.1,0.4], [0.3,0.7])x3, 
® ((13, 18, 20, 24); [0.2, 0.7], 0.2,0.5], [0.3, 0.6])x35 
@ ((14, 16, 21, 23); [0.6,0.8], [ 0.3,0.6], [0.2, 0.4])x33 


Subject to 


Ya xy = 1 §/=12,3; Dux = 1 i= 12,3, 
xj = 0 orl. 
Step 2: 
[8.5,11.5]x,, + [6.5625, 9.375]x,. + [14.4375, 18.5625]x,3 


Min Z(x)'¥ = [10.2125, 13.975]x,, + [4.4, 6.875]x,, + [9.675, 13.4375]x53 
[5.625, 10.78125]x3, + [5.15625, 10.3125]x3, + [7.4, 10.6375]x33 


Subject to 


Ya xy = 1 f=12,3; ux =1 i= 12,3, 
xj = 0 orl. 
Step 4: We determine optimal solution for the following problems individually with respect to 
the given constraints: 


11.5x,, + 9.375%. + 18.5625x,3 + 13.975x2, + ey 


aR ; R _ 
Z* = Min Z* = ( 13.4375x53 + 10.78125x3, + 10.3125x3, + 10.6375x3;3 


10x11 + 7.96875x,2 + 16.5x13 + 12.09375x,, + | 


= Mini = ( 
11.55625%x53 + 8.203125x3, + 7.734375%x35 + 9.01875x33 


11.5x4, + 9.375x42 + 18.5625x,3 + 13.975x2, + oo) 


Max Z® = ( 
13.4375x53 + 10.78125x3, + 10.3125x5 + 10.6375%33 


10x11 + 7.96875x,2 + 16.5x13 + 12.09375x 2, + ae) 


Max Z° = ( 
11.55625x53 + 8.203125x3, + 7.734375%x35 + 9.01875x33 


Subject to 


Ya ty = Lf =12,3; Gan = i= 12,3, 
Xj = 0 orl. 
ZR = MinZ® =29.01, Z° = MinZ° =24.66, MaxZ® = 42.85, MaxZ° = 36.33 
Step 5: Calculate the weights 


se 0.542532 Se 0.45747 
ua = jee, 2 oe See 74 
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Step6: Determine the optimal solution of the problem: 
Min w 
Subject to 


11.5x,, + 9.375x,> + 18.5625x,3 + 13.975x>, + 6.875x>> 


13.4375x 3 + 10.78125x3, + 10.3125x3, + 10.6375x33 — 1843210) Sout 


( 10x,, + 7.96875x,5 + 16.5x,3 + 12.09375x,, + 5.6375x>5 


11.55625x>3 + 8.203125x3, + 7.734375x92 + 9.01875x33 — ee! = 22-00) 


xEX. 
The optimal compromise solution is X,;, = 1,X22 = 1, X33 = 1, 
Xy2 = Xy3 = X21 = X23 = X31 = X32 = O, and w = 0.0014. 
So, the interval-valued trapezoidal neutrosophic optimum value is 
Z(x)N = ((34, 43, 55, 66); [0.6, 0.8], [0.3, 0.6], [0.5, 0.7]). 
It is evident that the total minimum assigned cost will be greater than 34 and less than 66 . The 
total minimum assigned cost lies in between 43 and 55, the overall satisfaction lies in between 


60% and 80%. Then, for the remaining of total minimum assigned cost, the truthfulness degree is 


[0.6, 0.8] (— ) for 34 <x < 43, 








43-34 
95(x) x 100 = [0.6, 0.8], for 43 <x <55, 
[0.6, 0.8] (= i, for55 <x < 66, 
66-55 
0, Otherwise, 


Also, the indeterminacy and falsity degrees for the assigned cost are 


See HO CIGESS (epee ee a8 


43-34 
_ Vi, for43 <x <55, 
H@) ~~ ) x—55+[0.3,0.6](66—x) 
———_———————. for 55 < x < 66, 
66-55 
1, Otherwise, 


eT SONOS?) fr Ae SA 


43-34 
= W3, for43 <x <55, 
P) ~ ) x—55+4[0.5,0.7](66—x) 
————_—————., for55 <x < 66 
66-55 
1, Otherwise. 


Thus, the DM _ concludes that the total interval-valued trapezoidal neutrosophic 
assigned cost lies in between 34 and 66 with truth, indeterminacy, and falsity degrees 
lies in between [0.6,0.8],[0.3,0.6],and [0.5,0.7], respectively, and also he is able to 


schedule the assignment and constraints under budgetary. 


6. Concluding remarks and further research directions 
The present research article addressed a novel solution methodology to the assignment problem 
with objective function coefficients characterized by interval-valued trapezoidal neutrosophic 


numbers. The problem is transformed to the corresponding interval—valued problem, and hence 
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into the multi-objective optimization problem (MOOP). Then, the so obtained MOOP is 
undertaken for the solution by using the Weighting Tchebycheff problem beside the GAMS 
software. The advantage of this approach is more flexible than the standard assignment problem, 
where it allows the DM to choose the targets he is willing. 

For further research, one may incorporate this concept in transportation model. Also, one may 
consider the stochastic nature in assignment problem and develop the same methodology to 
solve the problem. Additionally, one possible extension might be explored by considering the 
fuzzy-random, fuzzy-stochastic, etc. In addition, the proposed solution methodology may be 
applied in different branches (viz. management science, financial management and decision 


science) where the assignment problems occur in neutrosophic environment. 
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Abstract: In this paper, we first define the Neutrosophic tree using the concept of the strong cycle. We 
then define a strong spanning Neutrosophic tree. In the following, we propose an algorithm for detecting 
the maximum spanning tree in Neutrosophic graphs. Next, we discuss the Connectivity index and related 
theorems for Neutrosophic trees. 


Keywords: Neutrosophic trees; totally and partial Connectivity indices; maximum spanning tree; strong 
spanning tree; strong cycle; strong edge 


1. Introduction 

In recent years, neutrosophic graphs as one of the new branches of graph theory has been welcomed 
by many researchers and a lot of work has been done on the features and applications of this particular 
type of graph [1, 2, 4-6, 17-25]. One of these is finding the spanning tree in neutrosophic graphs. In an article 
by S.Broumi et al. [7], an algorithm for finding the minimum spanning tree is presented. Using the score 
function, they calculated a rank for each edge, then constructed a minimum spanning tree based on the 
lowest score. Other people, including I.Kandasamy [13], also provided algorithms for the minimum 
spanning tree in the Double-Valued neutrosophic graph. 

What we present here is an algorithm for finding the maximum spanning tree in neutrosophic graphs. 
Our proposed algorithm is similar in appearance to the algorithm presented in [7] but differs from it. First, 
the algorithm is presented for graphs that have weighted edges, while our algorithm includes the general 
state of the neutrosophic graphs. The second difference is in how you choose to build the tree. In [7], the 
score function is used and we use the strength function. The strength function has the advantage of having 
amore realistic view of indeterminacy-membership (I). In fact, in this function, we have improved the effect 
of effect indeterminacy-membership (I). In [7, 16], the effect of falsity-membership (F) and indeterminacy- 
membership (I) was the same, which does not seem very appropriate due to the different nature of falsity- 
membership (F) and indeterminacy-membership (I). 

The definition of a neutrosophic tree used in this paper is similar in structure to the definition given 
in [12]. The difference between the two definitions stems from the difference in the definition of the strength 
of connectivity between the two vertices. 


2. Preliminaries 
In this section, some of the important and basic concepts required are given by mentioning the source. 
Definition 1. [3] A single-valued neutrosophic graph on a nonempty V is a pair G = (N,M). Where N is 
single-valued neutrosophic set in V and M single-valued neutrosophic relation on V such that 
Ty (uv) S min{Ty (u), Ty()5, 
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Iy(uv) S min{ly(u), In), 
Fy (uv) S max{Fy(u), Fy (v)}, 


For all u,v €V. N is called single-valued neutrosophic vertex set of G and, M is called single-valued 
neutrosophic edge set of G, respectively. 


Definition 2. [12] A connected SVN-graph G = (N,M) is said to be a SVN-tree if it has a SVN spanning 
suberaph H = (N,B) which is a tree, where for all edges uv not in H satisfying 


Ty (uv) < Ts° (uv), Iy(uv) > Ip (uv), Fy (uv) > Fs°(uv). 
3. Neutrosophic tree 

In this section, the types of edges are first classified and defined in terms of edge strength. Then we 
will provide some other definitions depending on the type of edges. Based on the strength of connectivity 
between the end vertices of an edge, edges of neutrosophic graphs can be divided into two categories as 
given below. 
Definition 3. An edge uv in a neutrosophic graph G = (N, M) is called 

a. A weak edge if CONN(g_yy) (u,v) = CONN,(u,v) and CONN,(u,v) # M(uv), 


b. A neutral edge if CONNG_y,)(u,v) = CONN, (u,v) and CONN, (u,v) = M(uv), 


c. AI-—strong edge if CONN G_ yy) (u,v) < CONN, (u,v) and, 
CONN, (u,v) = (Ty (uv), Iy (uv), Fy(uv)) = M(uv), 


d. AIIl— strong edge if CONNg_yy) (u,v) < CONN,(u,v) and, CONN,(u,v) # M(uv). 


Example 1. Consider the neutrosophic graph G = (N,M) on V = {a,b,c,d,e, f} as shown in figure 1. 


a (0.2, 0.3, 0.5) b (0.3, 0.4, 0.7) c 





Figure 1. A neutrosophic graph 


Table 1. The strength of connectedness between each pair of vertices u and v. 
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(0.3, 0.3, 0.5) 
(0.6, 0.4, 0.5) 
! | 
( 


As can be seen in Table 1, edge bc and cf are weak, be, bf and ce are! — strong edges, and ac, ad, bd 
and de are II — strong edge. 





0.7, 0.3, 0.5) (0.3, 0.4, 0.7) (0.7, 0.3, 0.5) 


Definition 4. A path in a neutrosophic graph is called a I — strong path if all its edges are I — strong and 
called a II — strong path if all its edges are II — strong. Also is said to be a strong path if all its edges are 
either I — strong edge or II — strong edge. 


Definition 5. Let G = (N, M) be a neutrosophic graph and C be a cycle in G. C called strong cycle if all its 
edges are either I — strong edge or II — strong edge. 


Definition 6. Let G = (N, M) be aneutrosophic graph. G called a neutrosophic tree if it has no strong cycle. 


Example 1. Consider a neutrosophic graph G = (N,M) and H = (A,B) as shown in figure 2. 





ss (0.2, 0.3, 0.5) b (0.3, 0.4, 0.7) Cc 


a. G isnot aneutrosophic tree 
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= (0.3, 0.3, 0.5) b (0.2, 0.5.0.7) : 


(0.5, 0.3, 0.4) 


b. H is aneutrosophic tree 
Figure 2. a. G is not aneutrosophic tree and b. H is a neutrosophic tree 


It is clear from fig 1 that G is not a neutrosophic tree. Since G contains strong neutrosophic cycles. 
Cycles such as abda, abeda, abceda, ect. are strong neutrosophic cycles in G. But H is a neutrosophic 
tree, H has no strong neutrosophic cycle. 


Definition 7. Let G = (N,M) be a connected neutrosophic graph and T, is a neutrosophic spanning 
subgraph of G that T spanned by the vertex set of G and T* is a tree. If the edges of T are selected from 
G such that for each edge uv of T, uv is either I — strong edge or II — strong edge. Then T called a 
strong spanning tree and denoted by (SST). 


Definition 8. Let G = (N,M) be a connected neutrosophic graph with at least one strong spanning 
tree. Then the strength of strong spanning tree in G is defined and denoted by 


S(T) = ». S(uv) = » i Mi i 


UuUveT UuUveT 


Also, F called maximum spanning tree if S(F) = S(T) for any strong spanning tree T. 


Theorem 1. Let G = (N,M) be a connected neutrosophic graph. Then G is a neutrosophic tree if and 
only if the following conditions are equivalent for any u,v € V. 

a. uvisal—strong edge 

b. (CONN (u,v), CONN ¢(u, v), CONNgg(u, v)) = (Ty (uv), Iy (uv), Fy (uv)). 


Proof. This theorem can be easily proved by defining a strong edge. 














Definition 9. Let G = (N,M) be the Neutrosophic Graph. The partial connectivity index of G is 
defined as 
PCG) = ». Ty (u)Ty (v)CONNy,(u, v), 


u,v EN 


PCI(G) =) Iy(u)Iy(v)CONN, (u,v), 
PCIp(G) = 3 Fy (u)Fy(v)CONNg,.(u, v), 
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Where CONN,,(u,v) is the strength of truth, CONN,,(u,v) is the strength of indeterminacy and 
CONN;, (u, v) is the strength of falsity between two vertices u and v. we have 


CONN,, (u,v) = max{minTy(e) |e € P and P is a path between u and v}, 
CONN, (u,v) = min{maxIy(e) |e € P and P is a path between u and v}, 
CONN;,,(u,v) = min{max Fy(e) |e € P and P is a path between u and v}, 


Also, the totally connectivity index of G is defined as 


4 + 2PCI>(G) — 2PCIp(G) — PCI,(G) 


TCI(G) = r 


3.1. Maximum spanning tree 
In this section, a version of the maximum spanning tree discussed on a graph by strength of edges. 


In the following, we propose a neutrosophic maximum spanning tree algorithm, whose computing 
4+2T y(uv)—-2Fy(uv)—-Iy(uv) 
6 


steps are described below. Note that the strength function S(uv) = is used to 


label here. 


The algorithm for finding the maximum spanning tree (MST) 
Here, the input is adjacency matrix M = [(Tu (u;u;), Iu (uu; ), Fy (ujuj))| of the neutrosophic 
eraph G = (N,M), and output is a tree F with weighted edges. 
Step 1. Input matrix M; 
4+2T y(uju;)—2F y(uju;s)—Im(ujuy;) 
6 


Step 2. Using the strength function S(uju;) = convert the 


neutrosophic matrix into a strength matrix S = |S (ujuj)| ; 

Step 3. Iterate steps 4 and 5 until all n — 1 elements of 5 are either labeled to 0 or all the nonzero 
elements of the matrix are labeled; 

Step 4. Find the M either column or row to compute the unlabeled maximum element S(u;w;), 
which is the value of the corresponding are e(u;u;) € M; 

Step 5. If the corresponding edge e(u,;u,;) € M of chosen S produce a cycle whit the previous 
labeled entries of the strength matrix S than set S (u;u;) = 0 else label S (u;u;) ; 

Step 6. Design the tree F including only the labeled elements from the S which will be computed 
MST of G; 

Step 6. Stop (end algorithm). 


Example 3. Consider a neutrosophic graph G = (N,M) on V = {uy, Uz, U3, Ug, Us, Ug} aS Shown in Figure 3. 


Masoud Ghods and Zahra Rostami, Connectivity index in neutrosophic trees and the algorithm to find its maximum spanning tree 


Neutrosophic Sets and Systems, Vol. 36, 2020 42 


u; — (0.4, 0.5, 0.6) uy = (0.8,0.2,0.2) uy — (0.4, 0.3, 0.5) 





(0.4, 0.3, 0.5) 


(0.6, 0.5, 0.7) 


ug = (0.6,0.5, 0.7) uz, = (0.7,0.43,0.2) up = (0.5, 0.4, 0.6) 


Figure 3. a neutrosophic graph G on V = {uy, U2, U3, U4, Us, Us } 


And 
0 (0.4, 0.5, 0.6) 0 (0.4, 0.5, 0.7) 0 0 
(0.4, 0.5, 0.6) 0 (0.4, 0.3,0.5) (0.6,0.5,0.7) (0.7,0.3,0.3) (0.5, 0.4, 0.6) 
= 0 (0.4, 0.3, 0.5) 0 0 (0.4, 0.3,0.5) (0.4, 0.4, 0.6) 
(0.4,0.5,0.7)  (0.6,0.5, 0.7) 0 0 (0.7, 0.3, 0.2) 0 
0 (0.7,0.3,0.3) (04,0.3,0.5) (0.6, 0.5, 0.7) 0 0 
0 (0.5,0.4,0.6) (0.4, 0.4, 0.6) 0 0 0 
Using the strength function S(u;u;) = feet) Pha re) tee we have 
0 0.517 0 0.483 0 0 
0.517 0 0.583 0.550 0.750 0.567 
= 0 0.583 0 0 0.583 0.533 
S(utj)=lo.493 0550 0 0 0550 oO f 
0 0.750 0.583 0.550 0 0 
0 0.567 0.533 0 0 0 


uy = (0.4, 0.5, 0.6) wa = (0.8, 0.2, 0.2) ug = (0.4,0.3,0.5) 






wa = (0.6, 0.5, 0.7) Ws (0.7, 0.3, 0.2) ug = (0.5, 0.4, 0.6) 


Figure 4. A neutrosophic graph G whit strength of edges 
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Now search the matrix S to find the maximum value and select the edge corresponding to the row and 
column of that element. The following figure edge uzus is highlighted. 


0 0517 O 0.483 0 0 
0.517. O 0.583 0.550 0.750 0.567 
_| 0 0583 0 0 0.583 0.533 
S(uiuj) = 0.483 0.550 0 0 0550 oO F 
0 0.750 0.583 0.550 0 0 
0 0.567 0.533 O 0 0 
u, — (0.4.0.5, 0.6) uy — (0.8, 0.2.0.3) ug — (0.4,0.3,0.5) 





ug = (0.6, 0.5, 0.7) us = (0.7,0.3,0.2) ug = (0.5, 0.4, 0.6) 
Figure 5. An edge uzus is highlighted 
The next maximum element 0.583 is marked and corresponding edges u,u3 and u3us, but the 


simultaneous selection of these two edges causes the formation of a cycle, so we choose one of these two 
edges arbitrarily and ignore the other. 


0 0517 O 0483 0 0 
0.517. O 0.583 0.550 0.750 0.567 
_| 0 0583 0 0 0.583 0.533 
S(uiuj) = 0.483 0.550 0 0 0550 oO Ff 
0 0.750 0.583 0.550 0 0 
0 0.567 0.533 O 0 0 


uy = (0.4, 0.5, 0.6) ug = (0.8, 0.2,0.3) ug = (0.4,0.3,0.5) 






\0.533 
, ‘, 
~ \ 
a \ 
. \ 
a us = (0.7,0.3,0.2) ug = (0.5, 0.4, 0.6) 


Figure 6. An edge u2u3 is highlighted 


Masoud Ghods and Zahra Rostami, Connectivity index in neutrosophic trees and the algorithm to find its maximum spanning tree 


Neutrosophic Sets and Systems, Vol. 36, 2020 44 


Continuing this process, edges uzU.¢, UzU,, and uzuU, are selected, respectively. The maximum 
spanning tree is obtained as figure 8. 


uy = (0.4.0.5, 0.8) oy = (0.8, 021.3) oy = (0.40.3, 0.5) u, = (04,05, 0.6) o, = (0.8, 020.3) wu, = (0.40.3, 0.5) 





(0.6, 05,07) we, = (0.7,0.5, 0.2) ng = (0.5, 0.4, 0.6) 


=| 
Pos 


ny — (06,05, 0.7) ws, = (0.7,0.3, 0.2) wy — (0.6, 0.4, 0.6) 


Figure 7. The edges uzu, and uzu, are highlighted 


u; — (0.4, 0.5, 0.6) uy = (0.8, 0.2.0.3) uy — (0.4,0.3,0.5) 





= 
i] 


ug — (0.6, 0.5, 0.7) 


(0.7, 0.3,0.2) ug — (0.5, 0.4, 0.6) 


Figure 8. Maximum spanning tree (MST) 


As it was observed, the selection of the maximum spanning tree was not unique, so neutrosophic 
eraph G = (N,M) is not a neutrosophic tree, also G contains a strong neutrosophic cycle. 


Note. Obviously, if G = (N,M) has a unique strong spanning tree, it will also have a unique maximum 
spanning tree, but the conversely is not necessarily true. 


3.2. Partial connectivity index in the neutrosophic tree 
In this section, the results of examining the Partial connectivity index and totally connectivity index 
on the neutrosophic trees are presented and proved. 


Theorem 2. Let G = (N, M) be aneutrosophic graph. Then TCI(G — uv) = TCI(G) if and only if either uv is 
a weak edge or neutral edge. 


Proof. The proof of this theorem is clear using definition 8. 














Corollary 1. Let G = (N, M) be aneutrosophic graph and, uv is an edge in G, uv is a bridge if and only if uv 
is either I — strong edge or II — strong edge. 
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Corollary 2. Let G = (N, M) be aneutrosophic graph. Then for any uv, TCI(G — uv) # TCI(G) if G* is a tree. 


Theorem 3. Let G = (N, M) be a connected neutrosophic graph whit strong spanning tree (SST) T. for any 
uv € M, where uv is an edge of T, then either 
PCI;(G — uv) < PCI;(G) 
or 
[((PCI,(G — uv) > PCI,(G)) V (PCI-(G — uv) > PCI; (G))| 
Hence we have TCI(G — uv) < TCI(G). 


Proof. Suppose G = (N,M) be a connected neutrosophic graph whit strong spanning tree (SST) T. Since T 
is SST then any edge of T is either I — strong edge or II — strong edge. By Corollary 1, for each uv € M, uv 
is a bridge. Then PCI;(G — uv) < PCI7(G) or [(PCI,(G — uv) > PCI;(G)) V (PCI-(G — uv) > PCI; (G))]. 














Theorem 4. Let G = (N,M) be a connected neutrosophic tree and G* is not a tree. Then there exists at least 
one edge uv € M* such that TCI(G — uv) = TCI(G). 


Proof. Let G = (N,M) be a neutrosophic tree and G* is not a tree. Hence there is at least one cycle in G*. As 
respects a tree is a connected forest, there exist uv € M" so that at least one of the following 


Ty (uv) < CONN rG-uv) (U, Vv), 
Iy(uv) > CONN i(G-uv)(U, Vv), Fy (uv) > CONN» (G-uv) (U, v)) 
Then 
PCI;(G — uv) = PCI;(G) and PCI,(G —uv) = PCI,(G) and PCI;(G — uv) = PCI;(G) 
Therefore, TCI(G — uv) = TCI(G). 














Theorem 5. Let G = (N,M) be a connected neutrosophic graph then G is a neutrosophic tree if and only if 
G has a unique strong spanning tree. 


Proof. Suppose G = (N,M) is a connected neutrosophic graph with only one strong spanning tree T. Then 
G has no strong edges except the edges of T. hence G has no strong cycle. Therefore by definition 6, G is a 
neutrosophic tree. Conversely, assume that G is a neutrosophic tree. Again according to definition 6, G lacks 
a strong circle. Therefore, there is only one strong path between the two arbitrary vertices of G. then the 
strong spanning tree of G is unique. 














Theorem 6. Let G = (N,M) be a connected neutrosophic graph and T the corresponding SST of G. Then 
TCI(T) = TCI(G) if and only if T is the unique strong spanning tree of G. 


Proof. Suppose G = (N,M) is a connected neutrosophic graph and T the corresponding SST of G. And 
TCI(T) = TCI(G). Now, shown that T is a unique strong spanning tree of G. Proof of this is easily possible 
using Theorem 5. Conversely, assume that T is the unique strong spanning tree of G. It is clear that to obtain 
the connectivity index of G, only the strong paths will be the same paths of T. then TCI(T) = TCI(G) 














Corollary 3. Let G = (N, M) be aneutrosophic tree with the unique strong spanning tree (T) and the unique 
maximum spanning tree (F). Then TC](T) = TCI(G) = TCI(F). 
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Theorem 7. Let G = (N,M) be a connected neutrosophic graph and uv € M*. Then TCI(G — uv) < TCI(G) 
for any uv and (CONN r¢ (u,v), CONN, (u,v), CONNgg (u, v)) = (Ty (uv), Iy (uv), Fy (uv)) if and only if G* is 
a tree. 

Proof. Suppose G = (N,M) is a connected neutrosophic graph and G”* is a tree. It is clear TCI(G — uv) < 
TCI(G). Since G* is a tree, for any uv € M*, G—uv is not connected. Also for any uv €G we have 
(C ONN rg (u,v), CONN, (u, v), CONNgg (u, v)) = (Ty (uv), Iy (uv), Fy(uv)). Conversely assume that for each 
uv, TCI(G —uv) <TCI(G) and (CONN;,¢(u,v), CONN, (u,v), CONNgg(u, v)) = (Ty (uv), Iy (uv), Fy (uv)), 
then both uv is a neutrosophic bridge and a I — strong edge. By theorem 1, G is a tree. Since, for each uv, 
TCI(G — uv) < TCI(G), G* is a tree. 














Theorem 8. Let G = (N, M) be aconnected neutrosophic graph such that G* is a star graph. If v, is the center 
vertex and for any uv € M", 


Ty (uv) = min{Ty(u),Ty(v)}, Iy(uv) = min{ly(u), Iy(v)}, Fy (uv) = max{Fy (u), Fy (v)$. 


AlsoVj = 2,t, Stj,i, St, and f, = f; where t; = Ty(v,), ij = In (¥;) and fj = Fy (1) for j = 1,2,...,n. Then 
n-1 n 


PCI,(G) = i> Cj > tr, 


j=l k=j+1 
n-1 n 
j=l k=jt+1 
n-1 n 
PCG) =f) fir >. fe 
j=l k=j+1 


Proof. Let G = (N,M) be a neutrosophic graph such that G* is a star graph and v, is the center vertex. 
Therefore for any vertex v;, we have 


CONN re (v,,0,) = Ty (v19;) = min{Ty (v4), Ty(v,)} = Ty(1), 
CONN ¢(v, ¥;) = Iu (v1.0; ) = min{Iy(v,), In (v;)} = In(¥,), 
CONN g¢ (11,4) = Fy (v,;) = max{Fy(v,), Fy(v;)} = Fy(v,). 
Then 


n 


> Ty (01) Ty (Vp, CONN yg (Vy, Ve) = (Ty (v1)? ». Ty (Vp) = tf >» Cx, 
k=2 k=2 


k=2 


Too for any j,k # 1, we have CONNr, (vy, Vi) = Ty(v,) = t,. Hence 
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PCIp(G)= > Ty(u)Ty(v) CONN, (u,v) 


=) Tyrr)Tu(ve)CONN rg (Yy,%4) +.) Tw(Y2)Ty He)CONN (V2, Ye) + * 

+ Ty (na) (Mp ICONN rg (p1%m) 

= (Ty(v)) Y eed + MODY THETA +: + Ty(¥1)TuUn-a)Tw On) 

= (Ty(vs))° Y Fain) +9609 9 THC) y Ty (Ue) = Sy 3 te 
k=jt+1 J=1 k=jt+1 


Using a similar proof, we can show that PCI;(G) = i, Wei} i; Yee jarte and PCIp(G) = fy Let fy Uha jar Se. 














Theorem 9. Let G = (N,M) be a connected neutrosophic graph such that G* = C,. Then the following are 
equivalent. 

a. TCI(G —uv) =TCI(G) for any uv. 

b. M is aconstant function. 

c. G has n strong spanning tree whit S(T) = y that y is a constant value. 


Proof. Suppose G = (N, M) be aneutrosophic graph with G* = C,,. 

a > b Assume that TCI(G — uv) = TCI(G) for any uv. This means that deleting each edge will not 
change the value of the connectivity index. Therefore, the membership function will be the same for all 
edges. 

b > c Assume that M is a constant function. Hence all the edges of G are | — strong edge. Since 
removing each edge from the cycle will result a new tree of G. then the number of strong spanning trees of 
G will be n and strength of any strong spanning tree is a constant value. 

ca Assume that G has n strong spanning tree whit S(T) = y that y is a constant value. It is clear for 
each edge of G we have TCI(G — uv) = TCI(G). 














4. Conclusion 
In the paper, deals with a maximum spanning tree (MST) and a strong spanning tree (SST) problem 
under the neutrosophic graphs. Also, the Partial connectivity index and totally connectivity index in 
neutrosophic trees was presented here and some results obtained from the study of this index in trees were 
presented and proved. It should be noted that the results obtained in this article can be generalized to 
directed neutrosophic graphs, bipolar neutrosophic graphs and interval-valued neutrosophic graph, in 
eeneral. 
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Abstract: This paper develops a general form of neutrosophic linear fractional programming (NLFP) 
problem and proposed a novel model to solve it. In this method the NLFP problem is decomposed 
into two neutrosophic linear programming (NLP) problem. Furthermore, the problem has been 
solved by combination of dual simplex method and a special ranking function. In addition, the 
model is compared with an existing method. An illustrative example is shown for better 
understanding of the proposed method. The results show that the method is computationally very 
simple and comprehensible. 


Keywords: Triangular neutrosophic numbers; dual simplex method, ranking function, linear 


fractional programming, linear programming 


1. Introduction 
Liner fractional programming (LFP) problem is a special type of linear programming(LP) problem 
where the constraints are in linear form and the objective functions must be a ratio of two linear 
functions. Last few years, many researchers have been developed various methods to solve LFP 
problem in both classical logic and fuzzy logic [1-8]. These methods are interesting, however, in 
daily life circumstances, due to ambiguous information supplied by decision makers, the 
parameters are often illusory and it is very hard challenge for decision maker to make a decision. In 
such a case, it is more appropriate to interpret the ambiguous coefficients and the vague aspirations 


parameters by means of the fuzzy set theory. 
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In this manuscript a real life problem was presented, having vague parameters. Perhaps the 
best task given to mankind is to control the earth inside which they live. Anyway, some guidance’s 
have been given and, limits have been set with the end goal that some law of nature ought not to be 
abused. During the time spent controlling nature, humanity has developed extremely incredible 
instruments that permit them to have control of some significant spots like the ocean, air, and 
eround. For instance, and as a genuine circumstance, an infection called Covid-19 was recognized 
first in the city of Wuhan China, which is the capital of Hubei territory on December 31, 2019. In the 
wake of appearing the pneumonia without an unmistakable reason and for which the antibodies or 
medicines were not found. Further, it is indicated that the transmission of the infection differs from 
Human to Human. The case spread Wuhan city as well as to different urban areas of China. 
Moreover, the disease spread to other area of the world, for example, Europe, North America, and 
Asia. It is obscure to all whether the infection will be spread all world or constrained to some nation. 
In this point, what is the amount of the affected related to the number of the individuals? It's 
absolutely blind in regards to everybody and the information's are uncertain. Whether or not it was 
impacted to each age social occasion or some specific get-together? Everything is questionable and 
uncertain. Hence, from the above real-life conditions, the values are incomplete and ambiguous. 
This type of problem can be handled by way of fuzzy sets. 

The thought of fuzzy logic was setup by Zadeh [16] and from that point forward it has discovered 
enormous applications in different fields. When applied the LFP problem with fuzzy numbers, it is 
termed as fuzzy LFP (FLFP) problem. As yet, exceptional sorts of FLFP problem have already been 
interpreted within many articles to resolve such kind of problems. Li and Chen [9] developed an 
approach for solving FLFP problem via triangular fuzzy numbers, inspired by them, a 


multi-objective LFP problem with the fuzzy strategy is viewed via Luhandjula [10]. Meher et al. [20] 
proposed an idea to compute an (Q@, f) optimal solution for finding FLFP problem. Subsequently, 


Veeramani and Sumathi [15] examined a FLFP problem with triangular fuzzy number by way of 
multi-objective LFP problem and changed into a single objective linear programming problem. A 


eoal programming approach used to be delivered to solve FLFP problem via Veeramani and 
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Sumathi [6]. However, Das et al. [11] solved the FLFP problem using the concepts of simple ranking 
approach between two triangular fuzzy numbers. Das and Mandal [14] introduced a ranking 
method for solving the FLFP problem. A method was introduced by Pop and Minasian [2] for 
solving fully FLFP (FFLFP) problem where the cost of objective, constraints and the variables are 
triangular fuzzy numbers. Later on, some of the mathematicians [3-4,17-19,21-23] proposed a 
different methods for solving FFLFP problem. A new method of lexicographic optimal solution 
was proposed by Das et al. [12]. 

The drawback of fuzzy sets, whence its incapacity to successfully symbolize facts as its only take 
into consideration the truth membership function. To conquer this trouble, Atanassov [24]presented 
the concept of intuitionistic fuzzy sets (IFS) which is a hybrid of fuzzy sets, he took into 
consideration both truth and falsity membership functions. However, in real-life situations it’s still 
facing some difficulty in case of decision making. Therefore, new set theory was introduced which 
dealt with incomplete, inconsistency and indeterminate informations called neutrosophic set (NS). 

Neutrosophic logic was introduced by Smarandache [27] as a new generalization of fuzzy logic 
and IFSs. Neutrosophic set may be characterized by three independent components i.e. (i) 
truth-membership component (T), (ii) indeterminacy membership component (J), (ili) falsity 
membership component (F). 

The decision makers in neutrosophic set want to increase the degree of truth membership and 
decrease the degree of both indeterminacy and falsity memberships. The truth membership function 
is exactly the inverse or in the opposite side of the falsity membership function, while the 
indeterminate membership function took some of its values from the truth membership function 
and other values of indeterminacy are took from the falsity membership function, that is mean the 
indeterminate membership is in the middle position between truth and falsity. For solving practical 
problems, a single value neutrosophic set (SVNS) was introduced by Wang et al. [45]. Some authors 
[46-48] considered the problem of SVNS in practical applications like educational sector, social 
sector. The basic definitions and notions of neutrosophic number (NN) were set up by 


Samarandache [37]. Recently, Abdel-Basset et al. [38] presented a novel technique for neutrosophic 
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LP problem by considering trapezoidal neutrosophic numbers. Edalatpanah [34] proposed a direct 
model for solving LP by considering triangular neutrosophic numbers. A new method to find the 
optimal solution of LP problem in NNs environment was proposed by Ye et al. [43]. The field of 
solving LP problem with single objective in NNs environment with the help of goal programming 
introduced by Banerjee and Pramanik [42]. Again, Pramanik and Dey [41] have solved the problem 
of linear bi-level-LP problem under NNs. Maiti et al. [39] introduced a strategy for multi-level 
multi-objective LP problem with NNs. Huda E. Khalid [54] established a new branch in 
neutrosophic theory named as neutrosophic geometric programming problems with their newly 
algorithms , and novel definitions and theorems. 

Here, we consider NLFP problem in which all the parameters, except crisp decision variables are 
considered as triangular neutrosophic numbers. We emphasize that there are few manuscripts have 
used triangular neutrosophic numbers in LFP problems. Recently, an interesting method was 
proposed by Abdel-Basset et al. [28] for solving neutrosophic LFP (NLFP). The NLFP problem is 
transformed into an equivalent crisp multi-objective linear fractional programming (MOLFP) 
problem, where the authors have transformed the crisp MOLFP problem is reduced to a single 
objective LP problem which can be solved easily by suitable LP technique. However, the above 
mentioned method has a drawback where the solutions are obtained does not satisfy the 
constraints, more constraints arise step by step. 

In this paper, the NLFP problem is decomposed in two NLP problem. The NLP problem is 
transformed into crisp LP problem by using ranking function. By using dual simplex method, the 
crisp LP problem was solved. Consequently, the adequacy of the applied procedure is shown 
through a numerical example. 

The remain parts of this paper were orchestrated as follow: some basic definitions and 
arithmetical operation with respect to the neutrosophic numbers are introduced in Section 2. The 
strategy of the proposed technique was contained in Section 3. In section 4, the proposed system 
applied with representation numerical guide to explain its appropriateness. The article reaches a 


conclusion containing the finishing up comments introduced in Section 5. 
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2. Preliminaries 


In this section, we present the basic notations and definitions, which are used throughout this paper. 
Definition 1. [28] 


Assume X is a universal set and xE€X. A neutrosophic set N may be defined via three membership 


functions for truth, indeterminacy along with falsity and denoted by Ly (x) : if N (x) and F N (Xx) 


ss eh 
These are real standard oor real nonstandard _ subsets’. of 10 a i That is 


Ty (x): X > ]0,1"| Ly (a): X > |0,1] and Fy (x): X >] or]. There is no restriction 


on the sum of ie (x), ls (Xx) and i (X),so0 < sup i (x)+sup Li (x) +sup ae (x) <3. 


Definition 2. [38] 


A single-valued neutrosophic set (SVNS) N over X is an _ object having the form 


N= ea Le (x), I N (x), ig N (x) } : where X be a space of discourse, 


T, (x): X > [0,1], 2, (x): X [0,1 and F(x): X [0,1] ath 


OST (x) tly (x) + Fy (x) $3, VxEX. 


Definition 3 [34]. A triangular neutrosophic number (TNNs) is_ signified via 


N =< (al ,a,,a);(gi,4,+G,) > 18 an extended version of the three membership functions for the 


truth, indeterminacy, and falsity of x can be defined as follows: 


(x-a/) 


l l 

Ts a, I< a, , 

(a; ~<a; ) 

i X=), 

Ty(2)=) 
- =a) 
7 a ar eS a, SxX<a,, 
l l 
(a3 — 43 
0 something else. 
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l f 
a ae a. SX Gy; 
(a; ~<a; ) 
X =a; 
=i. 
Iy(2) = | 
(x—a;) 
a, SX<a,, 
l l 
(a; =a, 
0 something else. 
l 
(a; - x) 
= OG, PNG, 
(a; -<a1) 
0 X =a; 
2°? 
F(x) = | 
(x—a5) 
—a a, SX<a,, 
(43-45 
1 something else. 


Where, 0 < Ty (x) +1, 0) + Fy (x) <3,xEN Additionally, when a, >0, N is called a non 


negative TNN. Similarly, when a} <0, N becomes a negative TNN. 
Definition 4 [28].(Arithmetic Operations) 
Suppose N, =< (ai ,.a,a,)3(G).G5G5) > and N, =< (6) ,b.b):G 675.17) + be two TNNs. Then the 


arithmetic relations are defined as: 
(i)N, ON, =< (a, +b',,a,4+b'5,054+D' (GAR. VIGVG)> 
(ii)N, —N, =< (a', —b',,4', —b,.4, —B)(G AK V4 GVG)> 


(iii)N, @N, =< (aba ,b'5,4 DM AK 5G V 55G AK) > if a’, >0,b', >0, 


<(Ad,,Aa',,Aa's)3(G;54259;)> if A>0 


(W)AN, 2 I [ [ I I ; 
<(Ad',, 20,20, )(9,59549)> if A<0 


l l l 
a a a 

i 2 384 at l l l l l 
(24, 3 =)5 9, AG do V Iy293V 13 (a, >0,b, >0) 
D’, b, b, 


N a EC I I I I I I 
vy =4( (3 Dg Ar. avn. gG:V% \(a,<0,b,>0 
N, bl, bi, pe DAK DVI GV (a; 3 ) 


l 
a 
3 a: l l l l l 
Crm rma eas »9,V1,,90,V 9, (a, <0,b', <Q) 
1 


Definition 5 [28].Suppose N , and N , be two TNNs. Then: 
(1) N, < N, if and only if RN, ) < R(N,). 
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(i1) N,<WN,, if and only if RN, ) < RCN, ). 


Where ‘R(.) is a ranking function. 


Definition 6 [32].The ranking function for triangular neutrosophic number 
N =< (4, ,a,,d;);(q}, Goss) >is defined as: 


OG Ha. ea. 
RN) =1+—2— 3 (qi +(1-g,) + -q)). 


3. Proposed Method 


One of the main aims of this paper is to extend the linear fractional problem into neutrosophic linear 
fractional programming problem. 


The crisp LFP problem can be presented in the following way: 
N(x) 


Max (or Min) z(x)= D(x) 





Subject to (1) 
xeS. 


where N(x) and D(x) are linear functions and the set S is defined as S={x/Ax<b,x>0O}. 


Here Aisafuzzy mxn matrix. 
The problem (1) can be written as: 


max (or min) z(x) N(x) 
S.t. xeS$ 
(2) 


min (or max) z(x) D(x) 


S.t. xeS§ 


Now, we consider the neutrosophic linear fractional programming (NLFP) problem with m 


constraints and ” variables: 


ow oA OxtF 
Max (or min) Z = =———— (3) 
d @x+s 
Subject to 
A@x<b 


x>0,j=1,2,...,7. 
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~ 


where 7 = [A, Teas d’ = [d,,,” Jen and rank (A, b) = rank(A) =m. frand gs El) are 














constants. 
Due to some challenges exists in the crisp methods, these methods cannot be tackling above 
NLFP problem, and to overcome the challenges, another strategy is proposed. The means of the 


proposed technique are described in the following algorithm: 
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Step-I:substituting 1” =[Aj]jonsd” =(0 Irene A =[4y linen ® =F line 5 =F Icy and 6 =[B,] 


mx1 


the above NLFP problem may be rewritten as : 


Subject to (4) 


Step-2:By considering the following triangular neutrosophic numbers: 


n, =(1,m,,n,),(,,.V,.W,),d, =(¢;,4;,f,)3 Mas Var Wa) Gi = (445,555 Ci5)5 Mas Var Wa)» 


j = (Tips Fino 133 ipo V ips Wie) S; = (5 1555995533 Hig Vigo W;,) and D. = (Dj V;);(L,.V,5W,)- 


S2 


the NLFP problem may be written as : 


n 


DM hy w)xs F(T j291 [33 Mine Vine Wir 
~ =i 
max(ormin) Z(x)=— 


etal ans +5 5158 1958533 Migs Vigs Wis) 
j=l 


subject to 
n 
) (Gis IE VW x <(P,.4;. 3 jVj2W; ) 
jal 


x, > 0,1 =1,2,...,m. 


Step-3. To determine the optimal value of the above problem, we take transform the objective 


function into two neutrosophic linear programming problem and the problem may be written as 


follows: 
(E-1) max (ormin) Z(x)= > (Lm, .1;3Mj.V;.W,)X, + (T,,, rin r33 LL;,V;,W,) 
j=l 
subject to 
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nN 
Dj (Gig By, Cy3 My Vj, Wy); S(Pi.4)5%3 Hjs¥)>W;) 
jel 
x, > 0,i =1,2,...,m. 


(E-2) min (or max) Z(x)= QC dp pM pW); +5 1555958533 LisV5,W,) 
= 


subject to 


n 


Dj (Gig By Ciy3 My Vj,W i); (D.Gits 295, ) 


j=l 
x, > 0,1 =1,2,...,m. 


Step-4: Using arithmetic operations, defined in definition 5 and 7, the above NLP problems (E-1) and 
(E-2) are converted into crisp linear programming problems, separately. 
(E-3) max (ormin) Z(x)= ROC, m,.1;3 HjV;.W,)X, + (7,1, Pin Vi33 HyoV;> w,)) 
j=l 


subject to 
RD (a By e344.¥) < (Pi. 4is%3 HjY)>W;) 
72 
X, > 0,1 =1,2,...,m. 
(E-4) — min (or max) Z(x) = RON dy Asem x + (51555955533 HjV;.W;)) 
= 
subject to 
ROD (a Pyne). Dx, $(Prodiorsty.%)-W)) 
= 


x,2 O,i =1,2,...,m. 
Step-5: Now solve the above crisp LP problem (E-3) and (E-4) by using the dual simplex method. 


Step-6: Find the optimal solution of x, by solving crisp LP problem obtained in Step-5. 
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Step-7: Find the fuzzy optimal value by putting x, in both (E-3) and (E-4) and get crisp linear 


fractional programming problem. 

4. Numerical Example 
Here, we select a case of [28] to represent the model alongside correlation of existing technique. 
Example-1 
In Jamshedpur City, India, A Wooden company is the producer of three kinds of products A, B and 
C with profit around 8, 7 and 9 dollar per unit, respectively. However the cost for each one unit of 
the above products is around 8, 9 and 6 dollars respectively. It is assume that a fixed cost of around 
1.5 dollar is added to the cost function due to expected duration through the process of production. 
Suppose the raw material needed for manufacturing product A, B and C is about 4, 3 and 5 units per 
dollar respectively, the supply for this raw material is restricted to about 28 dollar. Man-hours per 
unit for the product Ais about 5 hour, product Bis about3 hour and C is about 3 hour per unit for 
manufacturing but total Man-hour available is about 20 hour daily. Determine how many products 


A, B and C should be manufactured in order to maximize the total profit. 
Let |, and +3; component be the measure of A, B and C, individually to be created. 
Afterprediction of evaluated parameters, the above issue can be defined as the followingNLFPP: 


l l l 
oles a ee One ae Be 


MONO oi re 
8 x,+9 x, +6 x, 4+1.5 


(5) 
Subject to 


4x, +3'x,+5 x, $28 
5x,+3 x, +3 x, $20 


X,5X>,X, 20. 


Here we consider, 
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8 =(7,8,9;0.5,0.8,0.3),7° =(6, 7,830.2, 0.6,0.5),9 = (8,9, 100.8, 0.1,0.4),6° = (4,6,8;0.75, 0.25, 0.1), 
1.5' = (11.5, 2;0.75,0.5,0.25), 4° = (3,4,5;0.4,0.6,0.5),3° = (2,3, 4;1,0.25,0.3),5’ = (4,5, 6;0.3, 0.4, 0.8) 
28' = (25,28, 30;0.4,0.25, 0.6), 20’ = (18, 20, 22; 0.9, 0.2, 0.6) 


Presently the problem is modified as follows: 
(7,8, 9; 0.5, 0.8, 0.3)x, + (6, 7,8; 0.2, 0.6, 0.5)x, + (8,9, 10.8, 0.1, 0.4)x, 


GG NEE eS NE Tee Nie Se cs 
(7,8, 9; 0.5, 0.8, 0.3)x, + (8,9, 10.8, 0.1, 0.4)x, + (4, 6, 8;0.75, 0.25, 0. 1)x, + U, 1.5, 2;0.75, 0.5,0.25) 


Subject to 
(3, 4,5; 0.4, 0.6, 0.5)x, + (2,3, 451, 0.25, 0.3)x, + (4,5, 6; 0.3, 0.4, 0.8).x, < (25, 28, 30; 0.4, 0.25, 0.6) 
(4,5, 6;0.3,0.4,0.8)x, + (2,3, 41,0.25,0.3)x, + (2,3, 4; 1,0.25,0.3)x, < (8, 20, 22; 0.9, 0.2, 0.6) 


X,X,X, 20. 
Utilizing Step 2 the NFP problem can be transformed into two NLP problem as: 


Max Z =(7,8,9;0.5,0.8,0.3)x, +(6, 7,8; 0.2, 0.6, 0.5)x, +(8,9, 10.8, 0.1,0.4)x, 


(E-1) Subject to 
(3,4,5;0.4,0.6,0.5)x, + (2,3, 431, 0.25,0.3)x, + (4,5, 6;0.3,0.4,0.8)x, < (25, 28, 30;0.4, 0.25, 0.6) 
(4, 5,6;0.3,0.4,0.8).x, + (2,3, 4;1,0.25,0.3)x, + (2,3, 41,0.25,0.3)x, < (18, 20, 22;0.9,0.2, 0.6) 


Kis Xo He U: 


Max Z =(7,8,9;0.5, 0.8, 0.3)x, + (8,9, 10.8, 0.1,0.4)x, + (4, 6,8; 0.75, 0.25, 0. 1)x, + 1, 1.5, 2; 0.75, 0.5, 0.25) 


(E-2) Subject to 
(3, 4,5; 0.4, 0.6,0.5)x, + (2,3, 451, 0.25, 0.3)x, + (4,5, 6;0.3, 0.4, 0.8).x, < (25, 28, 30; 0.4, 0.25, 0.6) 
(4,5, 6; 0.3, 0.4,0.8)x, + (2,3, 451,0.25,0.3)x, + (2, 3,451, 0.25, 0.3)x, < (18, 20, 22; 0.9, 0.2, 0.6) 


X,X,X, 20. 


Using Step-3, the ranking function the problem (E-1) and (E-2) can be written as follows: 
Max Z =3.73x, +2.56x, +6.9x, 


(E-1) Subject to 
1.73x, +2.45x, +1.83x, <14.29 
1.83x, +2.45x, +2.45x, <14 
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X,5X>,X, 20. 


Max Z =3.73x, + 6.9x, +4.8x, +1 


(E-2) Subject to 
1.73x, +2.45x, +1.83x, <14.29 
1.83x, +2.45x, +2.45x, <14 
X,5X,X, 20. 
Now solve the problem (E-1) by dual simplex method 


Max Z =3.73x, +2.56x, +6.9x, 


(E-3) Subject to 

1.73x, + 2.45x, +1.83x, <14.29 

1.83x, +2.45x, +2.45x, <14 

Kido dy 2: 

Now the problem (E-3) is solved by dual simplex method and get the optimal solution is as: 
x, =0,x, =0,x,; =5.71and the objective solutionis z=39.42. 

Max Z =3.73x, + 6.9x, +4.8x, +1 
(E-4) Subject to 


1.73x, +2.45x, +1.83x, < 14.29 
1.83x, +2.45x, +2.45x, <14 


Kid ZU. 


Now the problem (E-4) is solved by dual simplex method and get the optimal solution is as: 


x, = 0, x, = 2.65, x, = 3.05 and the objective solutionis z=33.92. 


Finally, the optimum solution of crisp linear fractional programming problem is obtained. 


Thus, 


By comparing the results of objective solutions, we can conclude that our solution is more maximize 


the cost. 
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] 


1 e 16 = <(Proposed Method) > <( Existing Method [28]) — 


By comparing the results of the proposed method with existing method [28] based on ranking 
function and ordering by using Definition 6, we can conclude that our 


result is more effective, because: 
0.208 = <(Proposed Method ) > <( Existing Method [28]) = 0.069 ; 


This example has been solved by the proposed method to show that one can overcome the 
limitations of the existing method [28] by using the proposed method. Earlier this problem was also 
solved by Abel-Basset [28]. Obtained result of the present method has been compared with the 
results of existing method [28]. It is worth mentioning that one may check that the results obtained 
by the existing method may not satisfy the constraints properly where the results obtained by the 
present method satisfied those constraints exactly. Based on the ranking function the proposed 
method is higher optimized the value as compare to the existing method. In the proposed 
methodology the FFLP problem turns into a crisp linear programming problem and that problem is 
solved by using LINGO Version 13.0. 

Result Analysis: 

In this segment, we give an outcome examination of the proposed strategy with existing technique. 
In the above writing perusing, we infer that there is exceptionally less exploration paper for taking 
care of neutrosophic LFP issue. In this manner, we consider the traditional LFP issue and fuzzy LFP 


issue for correlation with our proposed strategy. 

> Our proposed outcomes are better than traditional LFP [22] and fluffy LFP [56] model. The 
objective solution of our proposed technique is 1.16, anyway in the current strategy [22,56] the 
objective solution is 1.09. Obviously our target arrangement is maximized. 

> In real-life problem, the leaders faces numerous issue to take choice as truth, not truth and 


bogus. In any case, in Das et al. [56] the fluffy model the leaders consider just truth work. This is the 
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fundamental downside of Das et al. fluffy model. Taking these points of interest, we proposed new 
technique. 

> Our model is applied in any genuine issue. 

> In the above conversation, we reason that our model is another approach to deal with the 
vulnerability and indeterminacy in genuine issue. 

5. Conclusions 

This paper introduced a novel method for solving NLFP problem where all the parameters are 
triangular neutrosophic numbers except decision variables. In our proposed method, NLFP problem 
is transformed into two equivalent NLP problems and the resultant problem is converted into crisp 
LP problem by using ranking function. Dual simplex method is used for solving the crisp LP 
problem. From the computational discussion, we conclude that with respect to the existing method 
[28], proposed method has less computational steps and the optimum solution is maximize the 
values. The proposed method NLFP problem has successfully overcome the drawbacks of the 
existing work [28]. Finally, from the procured results, it might be derived that the model is capable 


and supportive. 
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Abstract: We define the concepts of neutrosophic & -interior ideal and neutrosophic 
X —characteristic interior ideal structures of a semigroup. We infer different types of semigroups 
using neutrosophic N8-interior ideal structures. We also show that the intersection of neutrosophic 
N-interior ideals and the union of neutrosophic X-interior ideals is also a neutrosophic N-interior 
ideal. 


Keywords: Semi group, neutrosophic & —ideals, neutrosophic N-interior ideals, neutrosophic 
X —product. 


1. Introduction 


Nowadays, the theory of uncertainty plays a vital role to manage different issues relating to 
modelling engineering problems, networking, real-life problem relating to decision making and so 
on. In 1965, Zadeh[24] introduced the idea of fuzzy sets for modelling vague concepts in the globe. 
In 1986, Atanassov [1] generalized fuzzy set and named as Intuitionistic fuzzy set. Also, from his 
viewpoint, there are two degrees of freedom in the real world, one a degree of membership to a 
vague subset and the other is a degree of non-membership to that given subset. 


Smarandache generalized fuzzy set and intuitionistic fuzzy set, and named as neutrosophic set 
(see [4, 7, 8, 14, 19, 22-23]). These sets are characterized by a truth membership function, an 
indeterminacy membership function and a falsity membership function. These sets are applied to 
many branches of mathematics to overcome the complexities arising from uncertain data. A 
Neutrosophic set can distinguish between absolute membership and relative membership. 
Smarandache used this in non-standard analysis such as the result of sports games 
(winning/defeating/tie), decision making and control theory, etc. This area has been studied by 
several authors (see [3, 11, 12, 16-18]). 

For more details on neutrosophic set theory, the readers visit the website 
http://fs.gallup.unm.edu/FlorentinSmarandache.htm 


In [2], Abdel Basset et al. designed a framework to manage scheduling problems using 
neutrosophic theory. As the concept of time-cost tradeoffs and deterministic project scheduling 
disagree with the real situation, some data were changed during the implementation process. Here 


fuzzy scheduling and time-cost tradeoffs models assumed only truth-membership functions dealing 
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with uncertainties of the project and their activities duration which were unable to treat 
indeterminacy and inconsistency. 

In [6], Abdel Basset et al. evaluated the performance of smart disaster response systems under 
uncertainty. In [5], Abdel Basset et al. introduced different hybrid neutrosophic multi-criteria 
decision-making framework for professional selection that employed a collection of neutrosophic 
analytical network process and order preference by similarity to the ideal solution under bipolar 
neutrosophic numbers. 

In [21], Prakasam Muralikrishnal et al. presented the characterization of MBJ — Neutrosophic £ 
— Ideal of 6 — algebra. They analyzed homomorphic image, pre-image, cartesian product and related 
results, and these concepts were explored to other substructures of a 6 — algebra. In [9], Chalapathi et 
al. constructed certain Neutrosophic Boolean rings, introduced Neutrosophic complement elements 
and mainly obtained some properties satisfied by the Neutrosophic complement elements of 
Neutrosophic Boolean rings. 


In [14], M. Khan et al. presented the notion of neutrosophic X-subsemigroup in semigroup and 
explored several properties. In [11], Gulistan et al. have studied the idea of complex neutrosophic 
subsemigroups and introduced the concept of the characteristic function of complex neutrosophic 
sets, direct product of complex neutrosophic sets. 


In [10], B. Elavarasan et al. introduced the notion of neutrosophic N-ideal in semigroup and 
explored its properties. Also, the conditions for neutrosophic X-structure to be neutrosophic X-ideal 
are given, and discussed the idea of characteristic neutrosophic X-structure in semigroups and 
obtained several properties. In [20], we have introduced and discussed several properties of 
neutrosophic N-bi-ideal in the semigroup. We have proved that neutrosophic X-product and the 
intersection of neutrosophic X-ideals were identical for regular semigroups. In this paper, we define 
and discuss the concepts of neutrosophic X-interior ideal and neutrosophic &-characteristic interior 
ideal structures of a semigroup. 

Throughout this paper, X denotes a semigroup. Now, we present the important definitions of 
semigroup that we need in sequel. 

Recall that for any X,,X, EX, X,X,= {abla € X, andb € Xz}, multiplication of X, and X3. 

Let X be asemigroup and @ # xX, © X. Then 

(i) |X, isknownas subsemigroup if X,* © Xj. 
(ii) Asubsemigroup X, is known as left (resp., right) ideal if X,X © X,(resp., XX, © X,). 
(iii) X, is known as ideal if X, is both a left and a right ideal. 
(iv) xX is knownas left (resp., right) regular if foreach r € X, there exists i € X such 
that r = ir*(resp., r = r7i) [13]. 
(v) xX is known as regular if foreach b, € X, there exists i € X suchthat b, = b,ib, 
(vi) xX is known as intra-regular if for each x, € X, there exist i,j € X such that x, = 
ix?j [15]. 


2. Definitions of neutrosophic X - structures 


We present definitions of neutrosophic X —structures namely neutrosophic % —subsemigroup, 


neutrosophic X —ideal, neutrosophic & —interior ideal of asemigroup X 
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The set of all the functions from X to [-1,0] is denoted by 3(X,[-1,0]). We call that an 
element of 3(X,[—1,0]) is 8 —function on X. A NX —structure means an ordered pair (X,g) of 


X and an & —function g on X. 


Definition 2.1.[14] A neutrosophic % — structure of X is defined to be the structure: 


X rT 
= SS 1 eee ee 
Xm (Tm, Im, Fm) Linas IM), Fu(r) i 1, 


where Ty, Im and Fy are the negative truth, negative indeterminacy and negative falsity 
membership function on X (% — functions). 


Itis evident that —3 < Ty(r)+ Iy(r) + Fy(") < 0 forall r €X. 


Definition 2.2.[14] A neutrosophic N— structure Xy of X is called a _ neutrosophic 
X —subsemigroup of X if the following assertion is valid: 
T u(gih,) < Ty (gi) v T y(h;) 
(V gh; © X)\ Iu(gihj) = Iu(gi) A Iu(hj) |. 
Fy(gih;) < Fu(gi) v Fu(h,) 
.Let Xy be a neutrosophic X —structure and y,6,¢ € [—-1,0] with -3 < y+6+e<0. Consider 
the sets: 
Ty = (7, € X|Tu(ri) < ¥} 
Iy = (ri € Xu (rp = 9} 
Fy = (7, © X|Fu(r) < &}. 
The set Xy(y,6,€) :={r; €X|Ty(r) < y% Iuv(r~ = 6, Fu(ri) < €} ~~ =is known - as 
(y, 5, €)-level set of Xy. It is easy to observe that Xy(y,6,€) = Th, 12, 0 F%. 


Definition 2.3.[10] A neutrosophic X —structure Xy of X is called a neutrosophic X —left (resp., 
right) ideal of X if 
T u(gih;) = T y(h;) (resp.,T y(gih;) < Ty(gi)) 
(Vv Girhy © xX) Iy(gih;) > Iy(h,) (resp., Iy(gih;) > IM(gi)) 
Fy(gih;) < Fy(h;) (resp., Fy(gih;) < Fy(gi)) 
Xy isneutrosophic & —ideal of X if Xy is neutrosophic X —left and & —right ideal of X. 


Definition 2.4. A neutrosophic & —subsemigroup Xy of X_ is known as neutrosophic & —interior 
ideal if 
Ty(xay) < Ty (a) 
(Vx,a,yE€X)| Iy(xay) = Iy(a) 
Fy(xay) < Fy(a) 
It is easy to observe that every neutrosophic & —ideal is neutrosophic & —interior ideal, but 


neutrosophic X —interior ideal need not be a neutrosophic % — ideal, as shown by an example. 


Example 2.5. Let X be the set of all non-negative integers except 1. Then X is a semigroup with 
usual multiplication. 


0 2 5 10 otherwise : 
Let Xu = {——__ eee Then Xu 1S 
(—0.9,-0.1,-0.7)’ (—0.4 —0.6,-0.5) ’ (—0.3,—0.8,—0.3) ’ (—0.3,-0.8,-0.1) ° (—0.7,-0.4,—0.6) 


neutrosophic & —interior ideal, but not neutrosophic ® — ideal with Ty(2.5) = —0.3 £ Ty(2). 
Definition 2.6.[14] For any E © X, the characteristic neutrosophic & —structure is defined as 


X 


X88) = Gem xeCDm, Xe(Pm) 
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where 
| -—1ifreE 
Xe(T)u: X> [-1,0], r> lo otherwise, 
| OifreeE 
Xe: X> [1,0], r> = otherwise, 
—-1ifreeE 


Xe(F)m: X> [-1,0], r > to otherwise 


X 


Definition 2.7.[14] Let Xy:= (Ty, Im, Fu) 
M, tM, ©M 


X. Then 
(i) Xy is called a neutrosophicX% — substructure of Xy, denote by XyGXy, if Ty (r) = 
Ty(r), Iv) S In(Y), Fu(r) = Fy(r) for all re X. 
(ii) If Xy © Xy and Xy © Xy, then we say that Xy = Xy. 
(iii) The neutrosophic & — product of Xy and Xy is defined to be a neutrosophic & —structure 
of X, 


and Xy:= be neutrosophic & —structures of 


(Ty, Iv, Fn) 


X h 
kX OX | SS es EX 
- a (Tnom, Inom, FNom) EO) Iyom(h), Fnom(h) | } 


where 


(Ty °oTy)(h) = Tyo (h) /\ tu) v Tu(s)} ifir,s €X suchthath=rs 
N° lm = T nom — 


h=rs 
0 otherwise, 
\V/ tn) AIy(s)} ifiu,v € X suchthath=rs 
Uy oly)CA) = Iyem(h) = hays 
—1 otherwise, 


|\Fn@ vFy(s)} ifiuv € X suchthath=rs 


h=rs 


(Fy : Fy)(h) = Fyom (A) = 
0 otherwise. 


i 


For i€ X, the element aaitieaGh maak simply denoted by (Xy OXy)(i) = 
(Tyom@), Inem(i), Fuem(i))- 


(iii) The union of Xy and Xy aneutrosophic X —structure over X is defined as 
Xy UX = Xyum = (X:T wom, Ivom, Fvum), 
where 
(Ty UTy) iy) = Tyumy) = Ty (hy) 4 Ty (hy), 
Uy VIy) Chi) = Tnum Chay) = Ty Ciy) v In hy), 
(Fy VU Fy)(hy) = Fyum(hy) = Fy(y) 4 Fu (hy) Wh; € X. 
(iv) The intersection of Xy and Xy, aneutrosophic 8 —structure over X is defined as 
Xy OX = Xnom = (Xi T wom, Iwom, Fvom), 
where 
(Ty OT y) iy) = Tromiy) = Ty (hy) v Ty (hy), 
Uy 11m) Chi) = Ivam Cy) = Ini) 0 Iu hy), 
(Fy 0 Fy) (hy) = Fyam (hy) = FyChy) v Fu (hy) V hy € X. 


3. Neutrosophic X —interior ideals 

We study different properties of neutrosophic ® —interior ideals of X. It is evident that 
neutrosophic X — ideal is a neutrosophic XN —interior ideal of X, but not the converse. Further, for 
a regular and for an intra-regular semigroup, every neutrosophic & —interior ideal is neutrosophic 
X —ideal. 


K. Porselvi, B. Elavarasan and F. Smarandache, Neutrosophic X —interior ideals in semigroups 


Neutrosophic Sets and Systems, Vol. 36, 2020 74 


All throughout this part, we consider X, and Xy are neutrosophic NX —structures of X. 
Theorem 3.1. For any L € X, the equivalent assertions are: 
(i) L is an interior ideal, 
(ii) The characteristic neutrosophic X —structure x,(Xy) is aneutrosophic & —interior ideal. 
Proof: Suppose L is an interior ideal and let x,a,y € X. 
If aeELl, then xay €L,so x, (T)y(ay) = -1=7,7)n(@), X.WCn (vay) = 0 = ¥,U)n(@) and 
XLF)n (vay) = -1 = x, (F)n(@). 
It ag lL, then XLT) n(xay) $0 = 7,7) n(@, Xn (ray) = -1 = x,y (@) and 
XL(F)n (vay) $0 = 7, (F)n@). 
Therefore 7,(Xy) is aneutrosophic & —interior ideal. 
Conversely, assume that 7,(Xy) is aneutrosophic X — interior ideal. Let uEL and x,yeEXx. 
Then 
XLT) yxeuy) S ¥,T) ww) = -1, 
XL) nwxuy) 2 x, Ov) = 0, 
XLF)w(cuy) S x1. )n() = -1. 
So xuy EL. Oo 


Theorem 3.2. If Xy and Xy are neutrosophic X — interior ideals, then Xyay is neutrosophic NX — 
interior ideal. 
Proof: Let Xy and Xy be neutrosophic & — interior ideals. For any r,s,t € X, we have 
Tunn (rst) = Ty (rst)vTy (rst) S Ty(S)vTy(s) = Tuan (3), 
Iman (rst) = Iy (rst) aly (rst) = Iy(s) Aly (s) = Iman (3), 
Funn (rst) = Fy (rst)vFy (rst) S Fy(s)vFw(s) = Funn(s). 


Therefore Xyay is neutrosophic X — interior ideal. Oo 


Corollary 3.3. The arbitrary intersection of neutrosophic X — interior ideals is a neutrosophic & — 


interior ideal. 


Theorem 3.4. If X, and Xy are neutrosophic X — interior ideals, then Xyyy is neutrosophic X — 
interior ideal. 
Proof: Let Xy and X, be neutrosophic X — interior ideals. For any r,s,t € X, we have 
Tuyun (rst) = Ty (rst)aTy (rst) < Ty(s)ATy(s) = Tuun(), 
Imun (rst) = Iy(rst)vIy (rst) = Iy(s)vIy(s) = Iuun (3), 
Fuun (rst) = Fy (rst)aFy(rst) < Fy(s)aFy(s) = Fyyn(s).- 


Therefore Xyyy is neutrosophic & — interior ideal. Oo 


Corollary 3.5. The arbitrary union of neutrosophic & — interior ideals is neutrosophic & — interior 
ideal. 


Theorem 3.6. Let X be a regular semigroup. If Xy is neutrosophic X — interior ideal, then Xy is 


neutrosophic X — ideal. 
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Proof: Assume that Xy is an interior ideal, and let u,v €X. As X is regular and u € X, there 
exists r€X such that u=uru. Now, Ty(uv) =Ty(uruv) < Ty(u), Iy(uv) = ly(uruv) = Iy(u) 
and Fy(uv) = Fy(uruv) < Fy(u). Therefore Xy is neutrosophic & — right ideal. 
Similarly, we can show that Xy is neutrosophic & — left ideal and hence Xy is neutrosophic 

X — ideal. oO 
Theorem 3.7. Let X be an intra-regular semigroup. If X, is neutrosophic % — interior ideal, then 
Xm is neutrosophic & — ideal. 
Proof: Suppose that Xy is neutrosophic XN — interior ideal, and let u,v € X. As X is intra regular 
and u€X, there exist s,t € S such that u = su*t. Now, 

Ty (uv) = Ty(suttv) < Ty(u), 

Iy(uv) = Iy(su2tv) = Iy(u) 

Fy (uv) = Fy(su2tv) < Fy(u). 
Therefore Xy is neutrosophic & — right ideal. similarly, we can show that Xy is neutrosophic & — 


left ideal and hence Xy is neutrosophic X — ideal. Oo 


Definition 3.8. A semigroup X is left simple (resp., right simple) if it does not contain any proper left 


ideal (resp., right ideal) of X. A semigroup X is simple if it does not contain any proper ideal of X. 


Definition 3.9. A semigroup X is said to be neutrosophic X —simple if every neutrosophic & — 
ideal is a constant function 

i.e., for every neutrosophic % —ideal Xy of X, we have Ty(i) =TyQ), Iyv@ =IyG) and 
Fy@ = FyQV) forall ij € xX. 


Notation 3.10. If X isasemigroup and s € X, we define a subset, denoted by /, as follows: 
I, = {iE X| Ty) STy(S), Iv@ 2 In(S) and Fy(@) S Fy(s)h. 


Proposition 3.11. If Xy is neutrosophic X — right (resp., % — left, X — ideal) ideal, then /, is right 
(resp., left, ideal) ideal for every s € X. 

Proof: Let s€X. Then it is clear that p#I1,;CX. Let wel, and x € xX. Then ux € |. Indeed; 
Since Xy is neutrosophic X%— right ideal and u,x € X, we get Ty(ux) S Ty(w), Iy(ux) = Iy(u) 
and Fy(ux) < Fy(t). Since u€1,, we get Ty(u) < Ty(s), Inu) = Iy(s) and Fy(u) S Fy(s) which 
imply ux €1,. Therefore /, is a right ideal for every s € X. O 


Theorem 3.12.[4] Forany L © X, the equivalent assertions are: 
(i) L is left (resp., right) ideal, 
(ii) Characteristic neutrosophic % —structure x,(Xyj) is neutrosophic XN —left (resp., right) 
ideal. 


Theorem 3.13. Let X be a semigroup. Then X is simple if and only if X is neutrosophic 


X —simple. 
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Proof: Suppose X is simple. Let Xy be a neutrosophic X— ideal and u,v eX. Then by 
Proposition 3.11, I, is an ideal of X.AsxX is simple, we have I, = X. Since v EI, we have 
Ty(v) S$ Ty), Iy(v) = Iy(u) and Fy(v) < Fy (uv). 

Similarly, we can prove that Ty(u) <Ty(W), Iw) 2=Iy(v) and Fy(u) < Fy). So 
Ty(u) = Ty(v), Iv) = Iy(v) and Fy(u) = Fy(v). Hence X is neutrosophic & — simple. 

Conversely, assume that X is neutrosophic X— simple and / is an ideal of X. Then by 
Theorem 3.12, x;(Xy) is a neutrosophic % — ideal. We now claim that X =/. Let we X. Since X 
is neutrosophic % — simple, we have x;(Xy) is a constant function and x;(Xy)(w) = x;(Xn)(y) for 
every y €X. In particular, we have x;(Ty)(W) = x;(Ty)(d) = -1,  x;Un) Cw) = x1Un)(d) = 0 and 
x(Fy)(w) = x1(Fy)(d) = —-1 for any d €I whichimplies weJ. Thus X €7 andhence X =I. o 


Lemma 3.14. Let X be a semigroup. Then X is simple if and only for every t € X, we have X = 
XtX. 
Proof: Suppose X is simple and let t € X. Then X(XtX) © XtX and (XtX)X © XtX imply that 
XtX is anideal. Since X is simple, we have XtX = X. 

Conversely, let P be an ideal and let ae P. Then X = Xax, XaX © XPX EP which implies 
P =x. Therefore X is simple. O 


Theorem 3.15. Suppose X is a semigroup. Then X is simple if and only every neutrosophic X — 
interior ideal of X is a constant function. 
Proof: Suppose X is simple and s,t € X. Let Xy be neutrosophic X — interior ideal. Then by 
Lemma 3.14, we get X = XsX = XtX. As s € XsX, we have s=atb for a,b€ X. Since Xy is 
neutrosophic X — interior ideal, we have Ty(s) = Ty(atb) < Ty(t), Iy(s) = Iy(atb) = Iy(t) and 
Fy(s) = Fy(atb) < Fy(t). Similarly, we can prove that Ty(t) <Ty(s), Iy(t) = Iy(S) and Fy(t) < 
Fy(s). So Xy is a constant function. 

Conversely, suppose Xy is neutrosophic X— ideal. Then Xy is neutrosophic % — interior 
ideal. By hypothesis, Xy is a constant function and so Xy is neutrosophic X —simple. By Theorem 


3.13, X is simple. O 


Theorem 3.16. Let Xy be neutrosophic & — structure and let y,6,¢ € [—1,0] with-3 < y+éd+e 
0. If Xy is neutrosophic & —interior ideal, then (y,6,¢€)-level set of Xy is neutrosophic X —interior 
ideal whenever Xy(y,6,¢) # @. 


Proof: Suppose Xy(y,6,¢€) # @ for y,d,e € [—-1,0] with -3< y+d+e<0. 


Let Xy be a neutrosophic & —interior ideal and let u,v,w € Xy(y,6,€). Then Ty(uvw) < 
Ty(v) Sa; Iy(uvw) = Illy) = B and Fy(uvw) < Fy(v) < y which imply uvwe Xy(a,B,yv). 
Therefore Xy(y,6,€) is aneutrosophic X —interior ideal of X. Oo 


Theorem 3.17. Let X, be neutrosophic X— structure with a,f,y € [-1,0] such that -3< a+ 
bp+y <0. If Ty, ite and F) are interior ideals, then Xy is neutrosophic X — interior ideal of X 


whenever it is non-empty. 


Proof: Suppose that for a,b,c € X with Ty(abc) > Ty(b). Then Ty(abc) > ty, = Ty(b) for some 
t, €[-1,0). So be T ,*(b) but abc € T ,“(b), a contradiction. Thus Ty(abc) < Ty(b). 
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Suppose that for a,b,c € X with Iy(abc) < Iy(b). Then Iy(abc) < tz < Iy(b) for some tg € 
[-—1,0). So be I,“ (b) but abc € I“ (b), a contradiction. Thus Iy(abc) = Iy(b). 


Suppose that for a,b,c € X with Fy(abc) > Fy(b). Then Fy(abc) > ty = Fy(b) for some 
t, €[-1,0). So be F,“(b) but abc € F,“(b), a contradiction. Thus Fy(abc) < Fy(b). 


Thus Xy is neutrosophic X — interior ideal. Oo 


Theorem 3.18. Let Xy be neutrosophic X — structure over X. Then the equivalent assertions are: 
(i) Xy is neutrosophic X —interior ideal, 
(ii) XyO XyOXy S Xy for any neutrosophic XN — structure Xy. 
Proof: Suppose Xjy is neutrosophic X — interior ideal. Let x € X. For any u,v,w € X such that 
x=uvw. Then Ty(*) =Ty(uvw) <Ty(v) S Ty(W)vTy(v)vTy(w) =which implies Ty(x) < 


Tyomon(X). Otherwise x # uvw. Then Ty(x) S$ 0=Ty.yon(X). Similarly, we can prove that 
Ty (x) = Tyomon(X) and Fy (x) < F yomon(X): Thus XyO XyOXn Cc Xm: 


Conversely, assume that XyO XyOXy © Xy for any neutrosophic X —structure Xy. 


Let u,v,w € X. If x = uvw, then 
Ty(uvw) = Ty (x) S x(n ° Tuo Xx()n D(X) = /\\ {(Xx(T)n ° Ty) 1) vVXx(T)n(w)} 


xX=Tw 


= /\\i /\\ {Xx(T)y (W) v (T)y (v)} v Xx(T)(w)} 


X=rc r=uv 


<XxM) ny T)u)v XxD nw) = Tu), 


Ty(uvw) = Iy(x) S (XxW)n eo Iu ° Xx )(X) = \/ {XxW)n elu )(1) 4 Xx n(w)} 


X=Tw 


= ViV/ {Xx(Dy (Way (v)} 0 xx Dn (w)} 


= Xx DvWaDu@)a xx(Dn(w) = Du), 


and 


Fy(uvw) = Fy (x) S (X%x(P)n ° Fu ° Xx(F)n )(X) = /\ {Xx (F)n ° Fy) (1) v Xx(P)w(w)} 


X=Tw 


= /\\i /\ {1x(F)y (W) v (Fm (v)} v Xx(F)(w)} 


X=rc r=uv 


< Xx(F)wwy (F)uW)v xx(P)nw) = Fu). 
Therefore Xy is neutrosophic & —interior ideal. O 


Notation 3.19. Let X and Z be semigroups. A mapping g:X — Z is said to be a homomorphism if 
g(uv) = g(u)g(v) for all u,v € X. Throughout this remaining section, we denote Aut(X), the set 
of all automorphisms of X. 


Definition 3.20. An interior ideal J of a semigroup X is called a characteristic interior ideal if 
hJ) =J forall h € Aut(X). 
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Definition 3.21. Let X be a semigroup. A neutrosophic N-— interior ideal Xy is called 
neutrosophic X— characteristic interior ideal if T y(h(u)) =Ty(u), I v(h(u)) =Iy(u) and 
Fy(h()) = Fy(u) forall wE€ X andall he Aut(X). 


Theorem 3.22. For any L € X, the equivalent assertions are: 

(i) Lis characteristic interior ideal, 

(ii) The characteristic neutrosophic ® —structure x,(Xy) is neutrosophic & — characteristic 

interior ideal. 

Proof: Suppose Lis characteristic interior ideal and let x € X. Then by Theorem 3.1, x,(Xy) is 
neutrosophic & —interior ideal. If x EL, then y,(T)y(x) = —-1, x,C()u() = 9, and x7, (F)y (x) = 
—1. Now, for any h € Aut(X), h(x) € h(L) =L whichimplies 7,(T)y(h(x)) = -1L, 7, u(x) = 
0, and 7,(F)y(h(x~)) =—-1. If x EL, then xy,(T)yu@) =0,7,0u@) =-1, and x,(F)y(x) = 0. 
Now, for any h € Aut(X), h(x) € h(L) which implies 7,(T)y(h(x)) = 0,7, mu (h(x) = -1, and 
XLF)u(h(x)) = 0. Thus mOMulh(x)) = x1.) u(&), XOulhAC@) = x1.Ou®), and 
x.F)u(h)) =x. )u(&) for all x €Xand hence x,(Xy) is neutrosophic ®& — characteristic 
interior ideal. 

Conversely, assume that x,(Xy) is neutrosophic XN —characteristic interior ideal. Then by 
Theorem 3.1, Lis an interior ideal. Now, let he Aut(X) and xEL. Then y,(T)y(x) = 
—1, x, Dux) = 0 and x, (F)y(x) = -1. Since x,(Xy) is neutrosophic 8 —characteristic interior 
ideal , we have y,(T)M(h(x)) =x7.Mul), x.Ouh@) =xOu@ and yx,(F)u(h(x)) = 
xL.7)m(x) which imply h(x) €L. So hA(L) SL for all hE Aut(X). Again, since h € Aut(X) and 
x EL, there exists y € L suchthat h(y) =x. 

Suppose that y€Ll. Then y,(%)yQ)=9, x,.WuO)=-1 and 7x,(F)uQy) = 0. 
Since ¥,(T)mM(y)) = x1.) uQ), x.OuhO) =x.Ou) and 7,F)uhQ)) =x7.C)uQ), we 
get 1,7) uh) = 9, 1. Wu(hQ)) =-1 and y,(F)u(hWy)) =0 which imply hQ)€L, a 
contradiction. So yEL ie, hy) EL. Thus LChA(L) for all he Aut(X) and hence L is 


characteristic interior ideal. Oo 


Theorem 3.23. Fora semigroup X, the equivalent statements are: 

(i) X is intra-regular, 

(ii) For any neutrosophic X —interior ideal Xy, we have Xy(w) = Xy(w’) forall w EX. 
Proof: (i) > (ii) Suppose X is intra-regular, and Xy is neutrosophic & — interior ideal and w € X. 
Then there exist r,s € X such that w = rw’s. Now Ty(w) = Ty(rw2s) < Ty(w2) < Ty(w) and so 
Ty(w) = Ty(w2), Iy(w) = ly(rw2s) = Iy(w2) = Iy(w) and so Iy(w) = Iy(w2), and Fy(w) = 
Fy(rw2s) < Fy(w2) < Fy(w) and so Fy(w) = Fy(w2). Therefore Xy(w) = Xy(w2) forall w EX. 
(ii) > (i) Let Gi) holds and s € X. Then I(s*) is an ideal of X. By Theorem 3.5 of [4], X1s2) (Xu) 
is neutrosophic X —ideal. By assumption, 77(.2)(Xu)(s) = X1(52) (Xu) (s*). Since X1(52) (Tu (s*) = 


ae X1(s2) (Fu (Ss) and X1(52) Du (s*) = 0, we get X15?) T) a(S) == X15?) Fu (S) and 
X1(52)) u(s*) = 0 whichimply s € I(s*). Hence X is intra-regular. q 


Theorem 3.24. Fora semigroup X, the equivalent statements are: 


(i) X is left (resp., right) regular, 
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(ii) For any neutrosophic X —interior ideal Xy, we have Xy(w) = Xy(w’%) for all w EX. 


Proof: (i) => (ii) Let X be left regular. Then there exists y € X such that w = yw*. Let Xy be a 
neutrosophic X —interior ideal. Then Ty(w) = Ty(yw*) S Ty(w) and so Ty(w) = Ty(w?), Iy(w) = 
Iv(yw2) > Iy(w) and so Iy(w) =Iy(w?2), and Fy(w) = Fy(yw2) < Fy(w) and so Fy(w) = 
Fy(w2). Therefore X\(w) = Xy(w?) forall we X. 

(ii) > (i) Suppose (ii) holds and let Xy be neutrosophic & —interior ideal. Then for any w € X, 
Xiw2)T) uw) = X iw?) (T) uw’) = —-1, Xiw2)DuW) = X iw?) Du w’) = 0 and X1w?2) (Fu Ww) = 
X iw) (F)u(w*) = —1 which imply w € L(w*). Thus X is left regular. Oo 


Conclusions 


In this paper, we have introduced the concepts of neutrosophic X — interior ideals and 
neutrosophic & — characteristic interior ideals in semigroups and studied their properties, and 
characterized regular and intra-regular semigroups using neutrosophic N-interior ideal structures. 
We have also shown that R is a characteristic interior ideal if and only if the characteristic 
neutrosophic & —structure x,(Xy) is neutrosophic X —characteristic interior ideal. In future, we 


will define neutrosophic & —prime ideals in semigroups and study their properties. 
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Abstract: Connectivity is one of the most important concepts in graph theory. Since Neutrosophic Graphs 
are a branch of graphs, connectivity will be very important in this branch as well. In this paper, we will 
define the connectivity in Neutrosophic graphs using the strength of connectedness between each pair of 
its vertices. Also in this article, we define two new concepts of Partial connectivity index and totally 
connectivity index. We present several theorems related to these concepts and prove the theorems. 


Keywords: neutrosophic graphs; partial connectivity index; totally connectivity index; m-barbell graph; 
connected neutrosophic graph 


1. Introduction 

Neutrosophic graphs are a new branch of graphs that has been very popular among graph theorists 
in recent decades. Neutrosophic graphs are a generalized form of fuzzy graph theory. One of the features 
that have been considered in fuzzy graphs is connectivity and types of connectivity indices in fuzzy graphs 
[7]. The connectivity index is a numerical quantity that can be used to calculate some of the properties of 
the studied graph in more detail. Many researchers have pointed to different uses of neutrosophic Graphs, 
such as the use of neutrosophic sets and graphs in medicine [3], social media [4], decision-making problem 
[9], Economics Theorizing [11] and so on. In this article, after introducing the partial connectivity index 
and totally connectivity index in neutrosophic graphs, we will point out some applications of it. 

In our previous article [8], we also presented the correlation index in neutrosophic graphs and gave 
an example of its applications. In the following works, we will compare and examine the strengths and 
weaknesses of each. 


2. Preliminaries 
In this section, some of the important and basic concepts required are given by mentioning the source. 


Definition 1. [4] A single-valued neutrosophic graph on a nonempty V is a pair G = (N,M). Where N is 
single-valued neutrosophic set in V and M single-valued neutrosophic relation on V such that 


Ty (uv) S min{Ty (wu), Ty(v)}, 
Iy(uv) S mintly (wu), Iv (v3, 
Fy (uv) < max{Fy(u), Fy(v)h, 


For all u,v €V. N is called single-valued neutrosophic vertex set of G and, M is called single-valued 
neutrosophic edge set of G, respectively. 
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Definition 2. [4] Let G = (N, M) be the Neutrosophic Graph of G*. If H = (N’,M") is aneutrosophic graph 
of G* such that 


T'(u) < TQ), I'(u) = Iw), F’(u) = F(u), Vue X, 
T y' (uv) S Ty (uv), Ty (uv) = Iy(uv), Fy (uv) = Fy (uv), Vuv €E, 


Then H is called a Neutrosophic subgraph of the Neutrosophic graph G. 


Definition 3. [4] A neutrosophic graph G = (N,M) is called complete if the following conditions are 
satisfied: 


Ty (uv) = min{Ty (vu), Ty (v)}, 

Iy (uv) = mintly (u), In}, 

Fy (uv) = max{Fy (wu), Fy (v)3, 
For allu,v EV. 


Definition 4. [4] A neutrosophic graph G, = (N,,M,) of the graph G; = (V,,F,) is isomorphic with 
neutrosophic graph Gz = (N2, M2) of the graph Gz = (V2, F,) if we have f where f:V, — V, is a bijection 
and following relations are satisfied 


Ty,(u) = Ty, (fw), Iy,(u) = Iv, (FW), Fy, (u) = Fy, (fW)), 
For all u € V, and 
Tv, (uv) = Tu, (fWwfWv)), ly, (uv) = Iu, (fw f)), Fy, (uv) = Fy, (f(u)f(v)), 


For all uv € E,. 


Definition 5. [4] the m-barbell graph Bom m) is the simple graph obtained by connecting two copies of a 
complete graph K,, by abridge. 


3. Totally and Partial connectivity index 
In this section, which is the main part of the article, we first define the connected neutrosophic graph 
and connectivity index in the neutrosophic graphs. Note that definitions are provided for a connected 
neutrosophic graph in some references [5, 6], but the definition we use here will be based on connectivity. 
After providing some examples, the theorems related to the connectivity index are expressed and proved 
in neutrosophic graphs. 


3.1. Partial connectivity index in neutrosophic graphs 
Here we first define the Partial and totally connectivity indices in neutrosophic graphs and provide 
examples to better understand it. And then in the next part we will present the boundaries for the Partial 

and totally connectivity indices in neutrosophic graphs. 


Definition 6. Let G = (N, M) be the connected Neutrosophic Graph. The partial connectivity index of G is 
defined as 


PCIp(G)= ) Ty(u)Ty(v)CONN,, (u,v), 


u,v EN 

PCI(G) = ». Iy (u)Iy (v)CONN,, (u, v), 
u,v EN 

PCLAG)= > Fy (u)Fy(v) CONN, (u, v), 
u,v EN 
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Where CONN,,.(u, v) is the strength of truth, CONN,,(u, v) the strength of indeterminacy and CONN;,(u, v) 
the strength of falsity between two vertices u and v. We have 


CONN,, (u,v) = max{minTy(e) |e € P and P is a path between u and v}, 
CONN, (u,v) = min{maxIy(e) |e € P and P is a path between u and v}, 
CONN;,,(u,v) = min{max Fy(e) |e € P and P is a path between u and v}. 


Also, the totally connectivity index of G is defined as 


4 + 2PCI>(G) — 2PCIp(G) — PCI,(G) 


TCI(G) = r 


Definition 7. Let G = (N,M) be the Neutrosophic graph. G called a connected neutrosophic graph if for 
any two vertices u,v € N, CONN,,(u,v) > 0, CONN, (u,v) > 0, and CONN, (u,v) > 0. 


Example 1. Consider the Neutrosophic graph G = (N,M) with V = {a,b,c,d}, that shown in figure 1. As 
can be seen, (Ty, ly, Fy )(a) = (0.4, 0.6, 0.5), (Ty, Iy, Fy )(b) = (0.7, 0.5, 0.4), (Ty, Iy, Fy) (c) = (0.7, 0.4, 0.3), and 
(Ty, I, Fy) (a) = (0.5, 0.4,0.5), The edge set contains (Ty, ly, Fy)(a, b) = (0.4,0.5,0.5), Ty, Iy, Fu) (b,c) = 
(0.7, 0.4,0.4), (Ty, ly,Fy)(c, d) = (0.5,0.4,0.5), (Ty, ly,Fy)(a,d) = (0.4,0.4,0.5) and (Ty,Iy,Fy)(b, d) = 
(0.3, 0.5, 0.7). 

By direct calculations, we have 


Table 1. The strength of connectedness between each pair of vertices u and v. 


LT CONN,,(u,v) CONN ,, (u,v) CONN, (wv) 
Fe = = 
a,c 


a 
b,c 
re es > 2 
cod 





Then the partial connectivity index of G is, 


PCIp(G) =) Ty(u)Ty(v)CONNy, (u,v) 
ne" = (0.4)(0.7)(0.4) + (0.4)(0.7)(0.4) + (0.4)(0.5)(0.4) + (0.7)(0.7)(0.7) + (0.7)(0.5)(0.5) 
+ (0.7)(0.5)(0.5) = 0.112 + 0.112 + 0.080 + 0.147 + 0.245 + 0.245 = 0.941, 


PCI(G) = > Iy (u)Iy(v)CONN,, (u,v) 
“= (0.6)(0.5)(0.8) + (0.6)(0.4)(0.4) + (0.6)(0.4)(0.4) + (0.5)(0.4)(0.4) + (0.5)(0.4)(0.4) 
+ (0.4)(0.4)(0.4) = 0.180 + 0.096 + 0.096 + 0.080 + 0.080 + 0.064 = 0.596, 


PeLG)= >. Fy(u) Fy(v) CONN, (u, v) 
“= (0.5)(0.4)(0.8) + (0.5)(0.3)(0.5) + (0.8)(0.5)(0.5) + (0.4)(0.3)(0.4) + (0.4)(0.5)(0.5) 
+ (0.3)(0.5)(0.5) = 0.1 + 0.075 + 0.125 + 0.048 + 0.1 +. 0.075 = 0.523. 
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Also by definition 1, we have 


4+ 2PCI;(G) — 2PCIp(G) — PCI,(G) 4+ 2(0.941) — 2(0.523) — 0.596 


TCI(G) = 
(G) - - 


= 0.707. 


a — (0.4,0.6,0.5) b= (0.7,0.5, 0.4) 


(0_4, 0.5, 0.4) 


(0.4, 0.4, 0.5) (0.7, 0.4, 0.4) 





d — (0.5,0.4,0.5) ® «= (0.7,0.4,0.3) 


(0.5, 0.4, 0.4) 


Figure 1. A neutrosophic graph with V = {a, b,c, d} 


Theorem 1. Let G = (N, M) be a connected neutrosophic graph and H = (N’, M’) is a partial neutrosophic 
subgraph of G. then 

PCI;(H) < PCI7(G), 

PCI,(H) = PCI,(G), 

PCI;(H) = PCI; (G), 


Moreover, we have TCI(H) < TCI(G). 


Proof. Let H = (N',M’) is a partial neutrosophic subgraph of G, and Ty’ (u) S$ Ty(u) for u EV. Since 
T y' (uv) < Ty (uv) for uv, then CONN7, (u,v) < CONNrc¢ (u,v) thus we get 


Pea = » T yt (Uu)T yr(v) CONN py (u,v) < ». Ty (u)Ty(v)CONN; (u,v) = PCI,(G). 
u,v EX u,v EX 
Using a similar proof, we can show that 


PCI,(H) = ». Ty (uly (Vv) CONN; (u, Vv) = >: Iy Quy (v) CONN; (u, Vv) = PCI,(G), 
u,v EX u,v EX 


And 
PCle(H) = > Fyt(u)F yt (v)CONNpy (u,v) > ». Fy(u)Fy(v)CONNgg(u, v) = PCIp(G). 
u,v EX u,v EX 


Now, we show that 
TCI(H) < TCI(G). 


By definition totally connectivity index, and since PCI;(H) < PCI;(G),PCI,;(H) = PCI,(G), PCI;(H) = 
PCI,;(G), we have 
4+ 2PCI,(H) — 2PCI,;(A) — PCI,(H 44+ 2PCI,(G) — 2PCI,(A) — PCI,(A 

TCI(H) = 7(H) : r(H) 11) e r(G) r(H) ;(H1) 

4+ 2PCI,(G) — 2PCI;(G) — PCI,(G 

; r(G) ~ 2PCIR(G) ~ PEM) _ rey(Gy 
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And, hence TCI(H) < TCI(G). 














Example 2. Consider the neutrosophic graph G = (N, M) whit 


N = {(a, 0.7, 0.3, 0.4), (b, 0.5, 0.2, 0.3), (c, 0.7, 0.3, 0.6), (d, 0.4, 0.3, 0.5)}, 
And 
M = {(ab, 0.5, 0.2, 0.4), (ac, 0.7, 0.3, 0.6), (bc, 0.5, 0.2, 0.6), (cd, 0.4, 0.3, 0.6)}. 


Also, let H = (N’,M") be aneutrosophic subgraph of G, whit 
N' = {(a, 0.6, 0.3, 0.5), (b, 0.4, 0.2, 0.4), (c, 0.6, 0.3, 0.7), (d, 0.3, 0.3, 0.6) }, 


And 
M' = {(ab, 0.4, 0.2, 0.5), (ac, 0.5, 0.3, 0.7), (bc, 0.4, 0.2, 0.7), (cd, 0.3, 0.3, 0.7)}. 


b = (0.5, 0.2, 0.3) a= (0.6,0.2,0.5) 6b —(0.5,0.2,0.3) a — (0.7,0.3,0.4) 





(0.5, 0.2, 0.4) (0.5, 0.2, 0.4) / 
eo 
(05,02,06| (7.03, 06) (05,0206) (0.7,03,0.6),~ 
Pa 
e = (0.7,0.3, 0.6) fi ad — (0.4,0.3, 0.5) e = (0.7,0.3, 0.6) Jo d@ = (0.4,0.3, 0.5) 
e = (0.7, 0.3, 0.6) “TRTET: i = (0.4, 0.3, 0.5 | . 04.03.08 ) 
Figure 2. The neutrosophic graph G and the neutrosophic subgraph of G 
By direct calculations, we have 
PCI;(G) = 0.997, PCI,(G) = 0.120, PCI;(G) = 0.690, 
And 
PCI;(H) = 0.516, PCI,(H) = 0.120, PCI,;(A) = 1.213. 
Moreover 
4+ 2PCI7(G) — 2PCI-(G) — PCI,(G 4+ 2(0.997) — 2(0.690) — 0.120 
ne r(G) — 2PCI(G) - PCI(G) _ 4 + 2(0.997) - 2(0.690) — 
6 6 
4+ 2PCI7(A) — 2PCI;(A) — PCI, (a 4+ 2(0.516) — 2(1.213) — 0.120 
TCI(H) = ed as = ——— — 0.622. 


It is easy to see that TCI(H) = 0.622 < TCI(G) = 0.749. 


Note 1. Note that if H = (N', M’) isa partial neutrosophic subgraph of G = (N,M) such that N’ = N\{v} then 
PCI;(H) < PCI7(G), PCI,(H) < PCI,(G), PCIp(H) < PCI;(G). 


Theorem 2. Let G, = (N,,M,) be isomorphic with G, = (N2,M,). Then all of the following equation are 
established. 

PCI; (G1) = PCI7(G2), 

PCI,(G,) = PCI, (G2), 

PCI (G1) = PCIp(G2), 
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Also, we have TCI(G,) = TCI(G,). 


Proof. Let G, = (N,,M,) be isomorphic with G, = (N2,M2), and f:V, — V, be the bijection from V, to V, 
such that 
TN, (u) = Ty, (f(u)), Ty, (uw) = Iv, (f(u)), Fy, (u) = Fy, (f(u)), 


For all u € V,, and 
Tu, (uv) = Tu, (fw f(v)), Iu, (uv) = Iu, (fw f(v)), Fy, (uv) = Fy, (ff W)), 


For all uv € E,. Since G, isomorphic with G2, the strength of any strongest path between wu and v in G, is 
equal to that between f(u) and f(v) in Gz. Hence 


CONN;,, (u,v) = CONN;, (fu), f(v)), CONN,,, (u,v) = CONN,, (fw), f()), 
CONN;g,, (u,v) = CONNg, fu), f(v)), 


For u,v € N;. Therefore 


PCI,(G,) = PCI,(G3), PCI,(G,) = PCI, (G,), PCI,;(G,) = PCI, (G2), 
And 


4 + 2PCIp(G1) — 2PCI¢(G,) — PCI(G,) _ 4+ 2PCIp(Gp) — 2PCI¢(G2) — PCI, (G2) 


TCI(G,) = 
G,) : : 


= TCI(G)). 














Theorem 3. Let G = (N,M) be a complete neutrosophic graph whit V = {v1,v2,...,¥,} such that t,; < tz 
-<St, Si, Ss: Si,and f,2>f, 2° =f, where t; = Ty(v,), ij = In (¥;) and f; = Fy (1) for j 


1,2,...,n. Then 
n-1 n 
PCI,(G) = ». t? >. cs 


j=l -k=j+1 


n-1 n 
PCI(G) =) i ». ix 


j=l  k=j+1 


PCI;(G) = yy, . tee: 


j=l k=j+1 


Il IA 


Proof. Suppose v, is a vertex with the least Truth-membership value t,. In a complete neutrosophic graph, 
CONN, (u,v) =Ty(u,v) for all u,v €V. Therefore Ty(v,v¥,) =t, for k =2,3,..,n and hence 
Ty (V1) Ty (v,) CONN re (11, Vy) = t7t, for k = 2,3,...,n. Then for v,, we have 


n n 


Ty (s)Tv(Ye)CONN yg (04, Ve) = ) tte. 
k=2 k=2 
For V2, Ty (V2 )Ty (Vz )CONN (V2, Vy) = re for k _ oi 4. taity lbs 


n 


n 
>. T(¥2)Tw (Ue CONN yg (V2, %%) =) tBte 


k=3 k=3 
For Vn-2, Ty Wn—2) Tn (Vp) CONN rg (V2, Vx) _ fo ot for k =n— 1,7. 
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For Vn—1, Ty Un-1) Ty (UCONN 7g Un-1, Vx) = th_rt; for k =n. 


Thus, by summing over v;, j = 1,2,3,...,n — 1, we get 


re 


n—- 


n n n n 
PCI;(G) = > tht, +) tht, foo > be st » tate = > > be 
=n— =j+ 


k=2 k=3 k=n-1 k=n j=1 k 


Using the same argument, we can prove the other two cases. 














sed) 


Theorem 4. Let G = (N,M) be a neutrosophic graph whit V = {v,v2,...,V¥,} such that G* = (V,E) is 
complete bipartite graph andTy(uv) = min{Ty(u),Ty@)}, Iy(uv) = mintly(),Iy@)}, Fy(uv) 
max{Fy(u), Fy(v)} For all u,v EV. Also, V, = {1,02,...,Vm}, and Vz = {Vn44,Vm42) +» Vn} Whit t, < ty 

-<St, } $i, S-- Sti,and ff 2>f. 2° =f, where t; = Ty(v,), ij = In (v;) and fj = Fy (1) for j = 
1,2,...,n. Then 


IA 


m n n-1 n 
PCIp(G) = » t} > ae ae > t; y ae 
j=l k=j+1 j=mt+1  k=j+1 
n n-1 n 
PCI,(G) = 7 oe ae yy i; » i; 
j=l k= ane j= ee k= i xe 
m 
PCIp(G) = ff fie + fm y f y fr 
J=1 k=jt+1 J=m+1 k=j+1 


Proof. Let G = (N,M) be a neutrosophic graph whit V = {v,, V2,...,U,} and G* = Ky, such that t, <t, < 
pie mn Se and fp ee SF. 

Here we prove PCI; (G), states PCI7(G) and PCI,(G) are similarly proved. 

Using definition, we have 


PCI;(G) = » Fy (v; )Fv vp) CONN eg (1%, Vx). 
VjVEEV 
Too, for v1, Vv, € V, we have 


CONNpg (14, 0,%) = min {max{f,}, max{f,, fo}, ..,maxtf, fn} = min tf, fi, fd = f- 
Accordingly for v,,v, € V 


» Fy (V1) Fy (¥, )CON Neg (V1, VE) = fifi > fe 
k=2 


VDRFV1 
VRKEV 


Similarly, for v;,v, EV j = 2,3,..,m 


>: Fy (0; Fv (vp) CONNe¢ (1%, Vx) = fifj > re: 


k=j+1 k=j+1 


On the other hand, we have form <j <n 


>, Fu(e))Fv@RCONN sa (v},P%) = inhi >. fie 


k=j+1 k=jt+1 
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Then 


PCIp(G) =) Fy(¥)Fu(ve)CONN eg (U,V) 


VjVREEV 
=D ft hy fe + fink y fet fafmer > fia to fabaahn 
k=m+1 k=m+2 
>, y fie fr y f y fe 
J=1 k=j+1 J=m+1 k=j+1 














Note 2. Clearly, in the above theorem it is enough to have 

VvEV, Vue V,, Ty(v) S Ty (wu), In(v) = Inu), Fy(v) = Fy(u). 
Then the case will be established. In the following example you can see the correctness of this claim. 
Example 3. Consider the neutrosophic graph G = (N, M) whit 


N = {(a, 0.2, 0.6, 0.7), (b, 0.4, 0.6, 0.5), (c, 0.7, 0.5, 0.4), (d, 0.5, 0.3, 0.5), (e, 0.6, 0.4, 0.5)}, 
And 
M = {(ac, 0.2, 0.6, 0.7), (ad, 0.2, 0.6, 0.7), (ae, 0.2, 0.6, 0.7), 
(bc, 0.4, 0.6, 0.5), (bd, 0.4, 0.6, 0.5), (be, 0.4, 0.6, 0.5)}. 


b— (0.2,0.6,0.7)@ a — (0.4,0.5,0.6) 





e = (0.6, 0.4, 0.5) ec = (0.7,0.5,0.4) 


d = (0.5,0.3,0.5) 


Figure 3. A complete bipartite neutrosophic graph whit G* = K23 
By direct calculation, we have 


CONN,, (a,b) = CONN,, (a,c) = CONN,,.(a,d) = CONN,,(a,e) = 0.2 = Ty (a), 
CONN,, (b,c) = CONN,,(b,d) = CONN,,.(b,e) = 0.4 = Ty(b), 
CONN,, (c,d) = CONN,,(c,e) = 0.4 = Ty(d), 

CONN,, (d,e) = 0.4 = Ty (db), 
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PCIp(G) =) Ty(u)Ty(v)CONNy, (u,v) 
ne = (0.2)(0.4)(0.2) + (0.2)(0.7)(0.2) + (0.2)(0.5)(0.2) + (0.2)(0.6)(0.2) + (0.4)(0.4)(0.7) 
+ (0.4)(0.4)(0.5) + (0.4)(0.4)(0.6) + (0.7)(0.5)(0.4) + (0.7)(0.6)(0.4) + (0.5)(0.4)(0.6) 


= 0.804, 
Using Theorem 4, 
m n n-1 n 2 5 4 5 
PCI,(G) =e » tet t; ». w= DY >. tettm > t > te 
Jal k=jt+i1 j=m+1 k=j+1 =1 k=j+1 3 k=j+1 


= (0.2)(0.2)(0.4+0.7+0.5 + 0. 6) + (0.4)(0.4)(0.7 + 0.5 + 0.6) + (0.4)(0.7)(0.5 + 0.6) 
+ (0.4)(0.5)(0.6) = 0.804. 


As observed, the value of truth- partial connectivity index PCI;(G) is obtained from both methods equally. 


Theorem 5. Let G = (N, M) be a wheel neutrosophic graph whit V = {v, v2, ...,¥,} such that G* is a wheel 
eraph and for any uv € M", 


Ty (uv) = min{Ty(u),Ty()},  Iy(uv) = mintly(u), Iy(v)}, Fy (uv) = max{Fy (wu), Fy(v)$. 


Ift,St,S- St,iSi,s:: Si,andf,2>f,2:-: = f, where t; = Ty(v,), lj = In (¥;) and fj = Fy (1) 
for j = 1,2,...,n and v, is the center vertex. Then 


n-1 n 
PCI7(G) = ) t; > ee: 


j=l k=j+1 


n-1 
PCI,(G) = > i? ». ix, 


cs k= ie 


pea) = Sf y fe 


j=l k=j+1 


Proof. Let G = (N, M) be a wheel neutrosophic graph whit the conditions stated in the theorem. Here we 
prove PCI,(G), states PCI7(G) and PCI;(G) are similarly proved. Then 


Suppose v, is the center vertex. Using definition, 


PCI(G) =) In (vj)lvYe)CONNig (U}, Ve). 


VjVRKEV 
Now, for v1, Vv, € V we have 
CONN, ¢(11, V2) = min{max{i,}, max{i,,i,}, max{i,, i,,i,},..., max{i,i,,}} = min{i,,iy,.., i,} =, 
Hence 
n n 
>, InP) e)CONN 6 (Yy, V4) = Eririn + iinig ++ trinina + hittin =) iPie. 
k=2 k=2 


Similarly for v;,v, EV j = 2,3,..,n—-1 
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n 


n 
CONN G(%}, VE) = > In (1; )Iy (1, CONN g (1; Ve) = >. i? ix, 
k=j+1 k=j+1 
This shows that 


n 


n n 
PCI,(G) = > In (4; )Iy (CONN g (1; Ve) = pee + » Bi, foe > iP, bees + in_ain—ain 


VjVKEV k=2 k=3 k=j+1 














Theorem 6. Let G = (N,M) be acomplete neutrosophic graph of G* = (V, EF), and Bam my is am-barbell graph 
of G.ift, <t,<S- St, 2,2: 2i,and f,=>f,2° =f, where t; = Ty(v,), ij = In (v;) and fj = 
Fy (1) for j=1,2,...,n. And uv is a I—strong edge whit M(uv) = (Ty(wv), ly (uv), Fy(uv)), where 
Ty (uv) S ty,Iy(uv) < i,,Fy(uv) = f,, and uv connecting two copies of complete neutrosophic graphs G. 


Then 
n 
PCIz(Bonmm)) = Sy = t,, + Ty(uv) > tj 


n 
I i k= ae j=l k=j 
n 


PCI;(Bonm)) = = 2S i > ip + Iy(uv) ) i 


lr, 
ae k= Ss J=1 k=j 
n n 

PCIp(Bomm)) -25' 5 y fic + Fu(uv) > fi > fe 
j=1 k=j+1 jJ=1 k=j 


Proof. Let G = (N,M) be a wheel neutrosophic graph whit the conditions stated in the theorem. By 
definition 5, here we have two copies of the complete graph K,,. Also using Theorem 3, for a complete 
neutrosophic graph 


n-1 n 
PCI7(G) = ) t; >: Ls 


j=l k=j+1 


n-1 
PCI,(G) = > i? » ix, 


Je : k= ie 


pea) = Sf y fe 


j=1 k=j+1 


Now it suffices to obtain the connectivity between two vertices from two copies of K,,. Suppose vertex V; 
is from one of the two copies of K,, and vertex Vz is from another copy, in which case we have 


CONN rg (vy, Vi) = max{min{Ty (uv) Amin{t, | th € P(v;_vx)}} = Ty (uv), 
Then 
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PCIr(Bemm) = > In (vj) (Pe )CONN gv}, Pe) 


VjVEEV 


n-1 n n-1 n 
». t? ». t. + ». t? ». t, + vyVvy_Ty (uv) + VyV2Ty (uv) + + Vy V_Ty (uv) 


Se 


n 
t; 
k=j 


=1 k=j+1 j=l  k=j4+1 


J 
n-1 n 
2) ¢ ». t, + Ty (uv) 


n 
j=l k=j+1 jo 
The proof will be the same for the other two cases. 














Example 4. Consider the neutrosophic graph G = K, = (N,M) whit 


N = {(a, 0.2, 0.6, 0.8), (b, 0.3, 0.5, 0.7), (c, 0.3, 0.4, 0.7), (d, 0.4, 0.4, 0.5)}, 


And 
M = {(ab, 0.2, 0.6, 0.8), (ac, 0.2, 0.6, 0.8), (ad, 0.2, 0.6, 0.8), 
(bc, 0.3, 0.5, 0.7), (bd, 0.3, 0.4, 0.7), (cd, 0.3, 0.4, 0.7)}. 


Now suppose that the edge that connects the two complete graphs does not hold true. As shown in figure 
4, for example, if we want to go from vertex b in the right graph to vertex a in the left graph, there are paths 


with different connectivity. 


a — (0.2,0.6,0.8) a — (0.2,0.6, 0.8) 






‘.(0.2, 0.6, 0.8) 


(0.2, 0.6, 0.8) 









(0.3, 0.4, 0.7) 
(a4, 0.4, 0.5) 


e = (0.3, 0.4, 0.7) e = (0.3,0.4,0.7) 


Figure 4. A m-barbell neutrosophic graph whit G* = Ky, 


3.2. Bounds for connectivity index 
In this section, we discuss bunds for partial connectivity index (PCI) and totally connectivity index 


(TCI). We show that, among all neutrosophic graphs whit a same support, the complete neutrosophic graph 


will have maximum totally connectivity index. 


Theorem 7. Let G = (N,M) be a neutrosophic graph whit |N| =n, and G’ = (N’,M’) is the complete 
neutrosophic graph spanned by the vertex set of G. Then, 


0 < PCI;(G) < PCI;(G’), 
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0 < PCI,(G) < PCI,(G’), 
0 < PCI;(G) < PCI;(G’). 


Also if Iy(uv) = Ty (uv), and Fy(uv) = Fy (uv), for alluv € FE then 0 < TCI;(G) < TCI;(G’). 


proof. Consider the neutrosophic graph G = (N,M) whit |N| = n. If |E| = 0 clearly, PCI;(G) = PCI,;(G) = 
PCI;(G) = TCI(G) = 0. Let |E| > 0 and G’ = (N’,M’) is the complete neutrosophic graph whit |N’| = n. 
Suppose (Ty (u), Iy (uw), Fy (u)) = (Ty (uw), ly (wu), Fy (u)) for all u € X. Since 


Ty(uv) << Ty Iy(uv) S Iy (uv); Fy(uv) S Fy (uv); Vuv € E. 


Therefore, we have CONN7r,¢(u,v) < CONN ,,¢'(u,v), CONN,g(u,v) < CONN,,'(u,v) and CONN,gc(u,v) < 
CONN ;¢' (u,v). Then 


0 < PCI,(G) = > Ty (u)Ty(v)CONN rg (u,v) < ». T yt(U)T y!(v)CONN 7¢1(u, v) = PCIp(G'). 
U,veX U,vEX 
Using a similar proof we can show that 
0 <PCI,(G) < PCI,(G’), and 0 < PCIp(G) < PCIp(G’). 
Also, according to definition TCI(G), if Iy(uv) = Ty (uv), and Fy (uv) = Fy (uv), for alluv € E, then 


4+ 2PCIp(G) ~ 2PCIp(G) ~ PCI (G) _ 4+ 2PCIr(G') — 2PCIp(G') ~ PCI (G') 


TCI(G) = 
(G) ; - 


= TCI(G’). 














Note 3. Note that the above theorem for case TCI(G) < TCI(G’) may not always be true. 


4. Applications 

Neutrosophic graphs are one of the most practical branches of graph theory. Different applications of 
it have been studied to date [1-3, 12-20]. Here we will mention another application. 

Behavioral sciences, which is one of the branches of humanities, is one of the most extensive sciences 
in our time. Every day, many theorists in this field create new theories and cause them to expand more and 
more. So every day they are faced with a lot of new data and information. 

Mathematics has always been one of the best tools for modeling and categorizing this data and 
information. Among these, graphic models are among the most appropriate models that come with the 
help of behavioral sciences and with proper modeling, provide the conditions for a more accurate analysis 
of these complex problems. What is very important in behavioral sciences is the existence of a relationship, 
the relationship between individuals, groups, communities, organizations and institutions, and, so on. 
Studying and discovering these relationships, categorizing them, and then examining and studying the 
extent and impact of these relationships on each other is a complex task. Neutrosophic graph models can 
help with these problems and help answer some of the questions. Questions such as: Which relationship is 
most effective? Which relationship should end? Which person is more influential in a relationship? And 
many other questions 

Here we are dealing with the relationship between several families. Information related to this 
problem is data from a real study obtained from a behavioral science study clinic. Of course, given the 
limitations we had, we have provided a small sample of that data in this article. 

In this problem, we studied 5 families that are related. First, each family was studied separately and 
the behavior of each family member was studied by experts, and then we obtained an average of the 
behaviors and traits studied in family members. These features were classified into three categories. Good 
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qualities include the ability to communicate, cooperate, be honest, etc; Bad traits include jealousy, 
misconceptions, lack of anger control, personal aggression, etc; Neutral behaviors include behaviors that 
do not involve any behavioral actions. The experts then assigned a numerical value to each of these 
behaviors, which we named T, F, and I, respectively. Experts then studied the relationships between 
families and the extent of each family's impact on another family and the type of impact of each family. The 
effect of each family on other families was evaluated using behavioral science criteria. The experts coded 
these relationships into three categories: good, neutral, and bad, and obtained a numerical quantity for each 
category based on the coding results. 
Here we present a neutrosophic graph model related to 5 families from 137 families surveyed. 


a = (0.5, 0.2,0.3) 


4,04,02)_ 
b=(0.7,01,02) 2 


— 


__ (0.5, 0.35, OTs = (0.6,0.2,0.2) 


== 





e = (0.4,0.3,0.4) 


Figure 5. A neutrosophic graph model corresponding to 5 families 


By direct calculations 


Table 2. The strength of connectedness between each pair of vertices u and v. 


| CONN,,(u,v) CONN ,, (u,v) CONN, (wv) 
p ab | | 8B 
a,c 
pad [as 
Pp we | 8B 


bic 
pba || 
Pp oobe | 88 
pode | 8 
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Then 
PCI,(G) = ». Ty (u)Ty (v) CONN; (u, v) = 1.3845, 


u,v EN 
PCI(G) = ». Iy (uly (v)CONN,, (u,v) = 0.519, 
u,v EN 
PCIp(G) =) Fy(u)Fy(v)CONNg, (u,v) = 0.118. 
u,v EN 
Also, we have 


4+ 2PCIp(G) — 2PCIp(G) — PCI,(G) 4 + 2(1.3845) — 2(0.118) — 0.519 


TCI(G) = 
(G) r F 


= 1.002. 


The connectivity index is used as a numerical index in evaluating the interactions of these five families. 
Note that the analysis of this problem will be done by behavioral science experts and the results will be 
presented in detail in another article. 


5. Conclusion 
Connectivity is one of the major parameters associated with a neutrosophic network and a 
neutrosophic graph. In this paper, two concepts of partial connectivity index and totally connectivity index 
were studied. In a neutrosophic graph, according to the parameters of the problem, we can obtain the 
partial connectivity index and totally connectivity for it. The higher the Truth-partial connectivity index 
and the lower the Falsity-partial correlation index, the more complete our information is and the more 
reliable the problem will be. 
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Abstract: Topology is one of the classical subjects in Mathematics. A lot of researchers have 
published their ideas.As a generalization of topological concepts many new kind of closed and open 
sets are published continuously. Salama presented Neutrosophic topological spaces by using 
Smarandache ‘s Neutrosophic sets. Many Researchers introduced so many closed sets in 
Neutrosophic topological spaces. Purpose of this research paper is we introduce Neutrosophic 
e*-Closed sets and Neutrosophicg*-open sets in Neutrosophic topological spaces. Also we study 


about study about mappings of Neutrosophic g*-Closed sets 


Keywords: Neutrosophic g-Closed sets Neutrosophic g*-Closed sets, Neutrosophicg*-open sets, 


Neutrosophic g*-continuous. 


1. Introduction 

Smarandache [10,11] characterized the Neutrosophic set on three segment Neutrosophic sets(T 
Truth, I-Indeterminacy, F-Falsehood). Neutrosophic topological spaces(NS-T-S) presented by 
Salama [19,20]et al. Neutrosophic have wide scope of constant applications for the fields of Electrical 
& Electronic, Artificial Intelligence, Mechanics, Computer Science, Information Systems, Applied 
Mathematics , basic leadership. Prescription and Management Science and so on. 

Neutrosophic semi closed, a- closed, pre closed and regular closed sets are introduced by I. 
Arokiarani[6] et al.,R.Dhavaseelan[8] et al. introduced Neutrosophic g closed sets and ga closed sets 
.Point of this paper is R .Dhavaseelan[9] and S.Jafari, are introduced Generalized Neutrosophic 
Closed sets . D.Jayanthi [13]presented aG Closed Sets in Neutrosophic Topological Spaces, 
V.K.Shanthi [22] developed Neutrosophic gs and sg closed set. C.Mahesawri[14,15] et al 
introduced Neutrosophic gb closed sets. 

Aim of this present paper is, we introduce and study the concepts of Neutrosophic g*-Closed sets 
and Neutrosophic g*-open sets in Neutrosophic topological spaces. Also we study about mappings 


of Neutrosophicg*-Closed sets 


2. Preliminaries 
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In this section, we recall required and necessary definition and results of Neutrosophic sets 


Definition 2.1 [16,17] Let Nuy be a non-empty fixed set. A Neutrosophic set W; is a object 


having the form Wy = {< w, UL. (w), Ow; (W), Vy. (w) >: w © Nux}, 
1 1 


Hwy: (w)- membership function 


Ow: (w)- Indeterminacy function 


Yws (w)- Non-Membership function 


Definition 2.2 [16,17]. Neutrosophic set Wy, ={< w, Hye (w), Ow: (W), Vw: (w) >:w € Nuy}, on 
1 1 
Nuy and Vw € Nuy then complement of W; is 
eC ‘ 
Wi = {< W, Ywe ((w)), ito Ow; (w), Hw (w) > we Nux} 


Definition 2.3 [16,17]. Let W{ and Wy; are two Neutrosophic sets, Vw € Nux 
W; = {< w, Ls (w), Ow: (W), Vs (w) >:w € Nux} 
W; = {< w, Ms (w), Ow: (W), Vw: (w) >:w € Nux} 


Definition 2.4[16,17]. Let Nuy be a non-empty set, and Let W;and W; be two Neutrosophic sets 


are 


W; = {< w, Hwy: (w), Ow: (W), Vw: (w) >:w € Nuy}, Ws = {< w, Ms (w), Ow: (Ww), Vw: (w) >:w € Nux} 


Then W; NW; = {< w, Hwy: (w) nN Hw: (w), Ow: (Ww) N Ow: (W), Vw: (w) U Yws (w) >:w € Nuy} 


Wi UW; = {< w, Hy: (w) U Ls (w), Ow: (w) U ows (W), Vw: (w) Nn Yws (w) >:w € Nux} 
Definition 2.5 [19,20]. Let Nuy be non-empty set and Nu, be the collection of Neutrosophic 
subsets of Nuysatisfying the accompanying properties: 
1.0ny Iny © Nu, 
2.Nur, NNuy, € Nu, for any Nuy,,Nuy, € Nu, 

3. UNuy, € Nu, forevery {Nuy,:i € j} S Nu, 

Then the space (Nux,Nu,),is called a Neutrosophic topological space(NS-T-S) The component of 
Nu, are called Nu-OS (Neutrosophic open set)and its complement is Nu-CS(Neutrosophic closed 
set) 


Example 2.6. Let Nuy ={w} and Vw € Nuy ,W; = (w,>, =>), W; = Ge 


5 6 9 


eee ee eee 
W3 = (w ) /W4 “<4 (w, 10’ 10’ 10 


nr ) Then the collection Nu, = {Oy,y, Wy, W3,W3, Wy1y,} is called 


a NS-T-S on Nuy. 
Definition 2.7.Let (Nuy, Nu,), be a NS-T-S 


and W; = {< w, Lys (w), Ow: (W), Vw: (w) >:w € Nux} bea Neutrosophic set in Nux. Then Wy, is 
1 1 
said to be 
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[1] | Neutrosophic a-closed set [6] (Nu — aCS in short) Nu-cl(Nu-in(Nu-cl(W;)))S Wy, 
[2] | Neutrosophic pre-closed set [22] (Nu-PCS in short) Nu -cl(Nu -in(W;))& Wy, 
[3] | Neutrosophic regular closed set [6] (Nu -RCS in short) Nu-cl(Nu-in(W;))=W,, 
[4] | Neutrosophic semi closed set [7] (Nu-SCS in short) Nu -in(Nu-cl(W;))S Wy, 
[5] Neutrosophic generalized closed set [4] (Nu -GCS in short) Nu-cl(W; © H whenever Wy; & 
H and H isa Nu -OS, in Nuy 
[6] Neutrosophic a generalized closed set [13] (Nu- (aG)CS in short) Nuacl(W;)S #H 
whenever W; © H And H isa Nu-OS,in Nuy 
[7] Neutrosophic generalized semi closed set [21]( Nu-GSCS in short) Nu-Scl(W;)S #H 
whenever W; © H and H isa Nu-OSin Nuy 
[8] Neutrosophic semi generalized closed set[21]( Nu-SGCS in short) if Nu scl(W;) © #H 
whenever W; © H and H isa Nu-SOSin Nuy , 
[9] Neutrosophic generalized alpha closed set[9]. (Nu-GaCS in short) if Nu-acl(W;) © #H 
whenever W;/G H and H isa Nu-aOSin Nuy 
[10] Neutrosophic generalized b closed set[14](Nu-GbCS in short) if Nu-bcl(W;) © H whenever 
WiGH and H isaNu-OSin Nuy 
Definition 2.8.[13] An (NS)S Wy; in an (NS)TS (Nux, Nu,), is said to be aNeutrosophic weakly 
generalized closed set ((Nu-WG)CS) Nu-cl(Nu-in(W;))& K whenever W; © K, K is (Nu)OS in 


Nuy. 
Definition 2.9. (Nux, Nu,), be a NS-T-S and Wy = {< w, . (w), Ow; (W), Vy (w) >: w € Nux} Nux. 
1 1 


Then Neutrosophic closure of Wy; is Nu-Cl(W7)= 9 {H:H isa Nu-CSin Nuy and Wj & # } 
Neutrosophic interior of W; is Nu-Int(W;)=U{M:M is a Nu-OS in Nuy and ME W;}. 

Definition 2.10.[2] Let (Nuy, Nu,), be a NS-T-S and 

W; = {<w, Hwy: (w), Ow: (W), Vw: (w) >:w € Nux} 

Nu-Sint(W;)= U{ H/H isa Nu-SOSin Nuy and H € Wy;}, 

Nu -Scl(W;)=N{ K /K isa Nu -SCSin Nuy and W; € K }. 

Nu-aint(W;')=U{ H /H isa Nu-aOSin Nuy and H © Wy}, 

Nu-acl(W;)=N{ K /K isa Nu-aCSin Nuy and W; © K }. 

3. NEUTROSOPHIC G* CLOSED SETS 

In this section we introduce Neutrosophic G*-Closed sets and studied some of its basic properties. 
Definition 3.1: An NS Wy in (Nux, Nu,) is said to be a NeutrosophicG*-Closed set (Nu-G'CS in short) if 
Nu-cl(W;) © HK whenever W; © K and K is Nu-GOS in (Nuy, Nu,). 

The family of all Nu-G'CS’s of A NTS (Nux, Nu,) is denoted by Nu-G*C(Nuj). 

Example 3.2: Let Nuy = {w,,w,} and let Nu, ={On, K, ImJ}is NT on Nuy ,where K = 


(w, Coo! Ga 10’ 5) ‘Then the NS W;=(w, G +t =) Ga 10’ aa) is Nu-G°CS in (Nux, Nu;) 


Theorem 3.3: Every Nu-CS is Nu-G*CS . 

Proof: Let W; be aNu-CS in (Nuy, Nu,) . Then Nu-cl(W;') = W;. Let W{S K and K is Nu-GOS in 
(Nux, Nu,). Therefore Nu-cl(W;) = W;S K. Thus W; is Nu-G*CS inNuy. 

Example 3.4: Let Nuy={w,,w2} and let Nu,={Onu, K,1nu}is NT on Nuy, where 


K = (w,(=, ot -), (== ~.))Then the NS W; =(w, (=, = =), (<= —)) is Nu-G*CS but not an 


10’ 10’ 10 10’ 10’ 10 10’ 10’ 10 10’ 10’ 10 
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Nu-CS in Nuy. 

Theorem 3.5: Every Nu-G*CS is Nu-GCS. 

Proof: Let W; be aNu-G*CS in (Nux, Nu,). Let W{S& K and K is Nu-OS in (Nux, Nu,) . Since every 
Nu-OS is Nu-GOS and since W; is Nu-G*CS in Nuy. Therefore Nu-cl(W/)S K whenever W;EK , 
K is Nu-OS in Nuy. Thus W; is Nu-GCS in Nuy. 


Example 3.6: Let Nuy={w,,w2, w3} and 


let Nu,={Onu, K, Inu}is NT on Nuy, where K = (w, (=, = =), (= = *) (=,=,=)). 


10’10’10 10’10’10/’ \1 


Then the NS W; =(w, (=, = =), (= ee “), (== — -)) is Nu-GCS but not an Nu-G*CS in Nuy. 


10’10’ 10 10’10’10 10’10’ 


Theorem 3.7: Every Nu-G*CS is Nu-aGC$ . 

Proof: Let W,; be aNu-G’CS in (Nuy, Nu,) . By Theorem 3.6 W; is Nu-GCS in Nux. Since 
Nua-cl(W;) © Nu-cl(W;) and W; is a Nu-GCS in Nuy. Therefore Nua -cl(W;) © Nu-cl(W;)G K 
whenever W; © K , K is Nu-OS in Nuy. Thus W; is Nu-aGC$S in Nuy. 

Example 3.8: Let Nuy ={w,, wz} and let Nu, ={Onu, K, Inujis NT on Nux, 


where K =(w, (—, = -), (=,- — =). Then the NS W7 =(w, (=, = =), (= = -.)) 


10’10’10 10’10’10 10’10’10 10’10’10 


is Nu-aGC$S but not an Nu-G*CS in Nuy. 

Theorem 3.9: Every Nu-RCS is Nu-G*CS . 

Proof: Let W; be a Nu-RCS in (Nuy, Nu,) . Then W; = Nu-cl(Nu-int(W;)). Let WYSK and K is 
Nu-GOS in(Nuy, Nu,) .Therefore Nu-cl( W; )&Nu-cl(Nu-int( Wy; )). This implies Nu-cl( Wy )& 
W;S K. Thus W; is Nu-G*CS in Nuy. 

Example 3.10: Let Nuy ={w,, wz} and let Nu, ={Onu K, Inusis NT on Nux,Where 


K =(w (== -), (<= =.))Then NS W; =(w, (=, = =), (<= *)) is Nu-G*CS but not an 


10’10’10/’ \10’ 10’ 10 10’10’10/’ \10’ 10’ 10 
Nu-RCS in Nuy. 


Diagram:I 


Neu-g° CS ——» Neu-gCS 


Neu-CS ———» Ney-.aCS ———»Neu-gaCS ——~*Neu-agCS ~~, Neu-GbCS 


Neu-PCS Ne. a 


Neu-bCS 





Remark 3.11: 
Nu-G*CS is independent from Nu-a@CsS, Nu-SCS, Nu-PCS, and Nu-bCS as seen from the following 


example. 
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Example 3.12: Let Nuy ={w,, wz} and let Nu, ={Onu K, Inu}is NT on Nux, where 


K =w(=,—,-),(=,—,=)). Then NS wy'=(w,(=,=,=),(=,=,=)) 


10’ 107 10 10’ 107 10 10’ 10’ 10 10 10 10 


is NuSCS, Nu-bCS, but not an Nu-G*CS in Nuy. 
Example 3.13: Let Nuy ={w,, wz} and let Nu, ={Onu K, Inu}is NT on Nuy, where 
K =w(*,—,=),(=,—,=)). Then NS wy=(w,(=,=,),(=,=,=)) 


10’ 107 10 10’ 107 10 10’ 10’ 10 10 10 10 


is Nu-PCS, Nu-aCS, but not an Nu-G*CS in Nuy. 
Example 3.14: Let Nuy ={w,,w 2} and let Nu,={Onu, K, Inu}is NT on Nux, where 
K =(w,(~,=,+),(=,=,)) Then the NS wy=(w,(—,=,>),(=,=,=)) 


10’ 10’ 10 10’10’ 10 10 10 10 10 10 10 


is Nu-G*CS but not NuSCS, Nu-bCS Nuy. 
Example 3.15: Let Nuy ={w,,w2} and let Nu,={Onu, K, Inu}is NT on Nux, where 
K =(w,(—,=,+),(=,2,-)) Then the NS wy=(w,(=,=,—),(=,=,=)) 


10’ 10’ 10 10’10’ 10 10’ 10’ 10 10 10 10 


is Nu-G*CS but not NuaCsS, Nu-PCS Nuy. 

Theorem 3.16: The union of two Nu-G*CS$’s is Nu-G*CS 

Proof: Let W; and W,; be the two Nu-G*C$S’s in Nuy and let W{UW5¢ K, where K is a Nu-GOS 
in Nuy. Therefore W;S K or W5¢ XK or both contained K. Since W; and W,; are Nu-G*CS, 
Nu-cl(Wy)S K and Nu-cl(W;) © K. Therefore Nu-cl(W;UW;)S K. Thus WysUW; is Nu-G*CS. 
Remark 3.17: The intersection of any two Nu-G*CSs is not an Nu-G*CS in general as seen in the 
following example. 

Example 3.18: Let Nuy ={w,, wz} and let Nu,={Onu, K, Inu}is NT on Nux, 

where K =(w, (=, = =), (— as =). 


10’10’10 10’10’10 


Then NS’s Wy = (w, (=, = =), (<= ~.)) W3 =(w, (=, = =), (=,=,7)) 


10’10’10/’ \10’ 10’ 10 10’10’10/’ \10’ 10’ 10 
are Nu-G*CS’s in Nuy but W;nW, is not a Nu-G*CS in Nuy. 

Theorem 3.19: If W; is Nu-G*CS in (Nuy,Nu,), such that W;&W5¢ Nu-cl(W;). Then W,; is also a 
Nu-G*CS of (Nuy,Nu,) 

Proof: Let K be a Nu-GOS in (Nuy,Nu,) such that W3¢ K, Since W;S&W;, WiC K and K be a 
Nu-GOS. Also since W; is Nu-G*CS, Nu-cl(W;)&S K. By hypothesis W;Nu-cl(W;). This implies 
Nu-cl(W;)SNu-cl(Nu-cl(W;))S K. Therefore Nu-cl(W;)G K. Hence Wz is Nu-G*CS of Nuy. 
Theorem 3.20: If W; is both Nu-GOS and Nu-G*CS of (Nuy,Nu,), then W,; is Nu-CS in Nux. 

Proof: Let W; is Nu-GOS in Nuy. Since W;GW;, by hypothesis Nu-cl(W;)GW;. But from the 
Definition, W;SNu-cl(W;'). Therefore Nu-cl(W;)=W;. Hence W; is Nu-CS of Nuy. 

Theorem 3.21: Let (Nuy,Nu,) be a NTS. Then Nu-GO(Nuy)=Nu-GC(Nux) iff every NS in 
(Nuy, Nu,) is Nu-G*CS in Nux. 

Proof: 

Necessity: Suppose that Nu-GO(Nuy)=Nu-GC(Nux). Let Wj>&K and K is Nu-GOS in Nuy. This 
implies Nu-cl(W;)GNu-cl(K). Since K is Nu-GOS in Nux. Since by hypothesis K is Nu-GCS in 
Nuy, Nu-cl(K)& K. This implies Nu-cl(W;)S K. Therefore Wy; is Nu-G*CS in Nux. 

Sufficiency: Suppose that every NS in (Nux, Nu,) is Nu-G*CS in Nux. Let K GNu-O(Nuy), then 
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K GNu-GO(Nux). Since K GK and K is Nu-OS in Nuy, by hypothesis Nu-cl(K)&S K. 
Le., K CNu-GC(Nuy). Hence Nu-GO(Nuy)GNu-GC(Nux).Let Wy ENu-GC(Nuy) then W;" is 

an Nu-GOS in Nu. But Nu-GO(Nuz)GNu-GC(Nux). Therefore W;°CNu-GC(Nuz). Le., 

W; SNu-GO(Nuy). Hence Nu-GC(Nuy)E&Nu-GO(Nux). Thus Nu-GO(Nuy)E&Nu-GC(Nuy). 

Theorem 3.22: If W; is Nu-OS and an Nu-G’*CS in (Nuy,Nu,) , then 

W; is Nu-ROS in Nuy 

W; is Nu-RCS in Nuy 

Proof: (i) Let W; be a Nu-OS and a Nu-G*CS in Nuy .Then Nu-cl( Wy; )GW;. Le. Nu 
int(Nu-clW;))GW;.Since W; is a Nu-OS, W; is Nu-POS in Nuy. Hence W;© Nu-int(Nu-cl(W;)). 
Therefore W;= Nu-int(Nu-cl(W;)). Hence W; is Nu-ROS in Nuy. 

(ii): Let W; be a Nu-OS and an Nu-G*CS inNuy. Then Nu-cl(W;)GW;. Le., Nu-cl(Nu-int(W;))SW,. 
Since W; is a Nu-OS, W; is Nu-OS in Nuy. Hence W; ENu-cl(Nu-int(W;)). Therefore W; = 
Nu-int(Nu-cl(W;)). Hence W; is Nu-RCS in Nuy. 

4. NEUTROSOPHIC g*-OPEN SETS 

In this section we introduce Neutrosophic g*-open sets and studied some of its properties. 
Definition 4.1: An NS Wy is said to be a Neutrosophic g*-open set (Nu-G*OS in short) in (Nux, 
Nu,) if the complement W; © is Nu-G*CS in Nu%.The family of all Nu-G*OS’s of A NTS (Nux, 
Nu,) is denoted by Nu-G*O(Nuy). 

Theorem 4.2:A subset W; of (Nuy, Nu,) is Nu-G*OS iff W;9Nu-int(W;) whenever W; is Nu-GCS 
in Nuy and W;¢ W;. 

Proof: Necessity: Let W; is Nu-G*OS in Nuy. Let Wz be a Nu-GCS in Nuy and W;¢ Wy,. Then 
W;° is Nu-GOS in Nu% such that W;°C W3°. Since W;° is Nu-G*CS, we have Nu-cl(W;°)¢ 
W;°. Hence Nu-int(W;'))°C W°. Therefore W3CNu-int(W;). 

Sufficiency: Let Wz Nu-int(W;) whenever Wz is Nu-GCS in Nuy and W;¢ W;. Then W;°c 
W;° and W3° is Nu-GOS. By hypothesis, (Nu-int(W;'))°S W3°, which implies Nu-cl(W7°)S W3°. 
Therefore W;° is Nu-G*CS of Nux. Hence W; is Nu-G*OS in Nuk. 

Theorem 4.3: Every Nu-OS is Nu-G*OS . 

Proof: Let W; be a Nu-OS. Then W;° is Nu-CS. By Theorem 3.3, every Nu-CS is Nu-G*CS. 
Therefore W;° is Nu-G*CS. Hence W;' is Nu-G*OS. 

Example 4.4: Let Nux ={w,, wz} and let Nu,={Onu, K, Inu}is NT on Nux, where 

K =(w,(=,-,+),(=,+,=)). Then NS wy =(w,(=,—,=),(4,=,5)) 


10’ 10’ 10 10’ 10’ 10 10’ 10’ 10 10 10 10 


is Nu-G*OS but not an Nu-OS in Nuy. 

Theorem 4.5: Every Nu-ROS is Nu- G*OS . 

Proof: Let Wj be aNu-WS. Then W;° is Nu-RCS. By Theorem 3.15, every Nu-RCS is Nu-G*CS. 
Therefore W;° is Nu-G*CS. Hence W;' is Nu-G*OS. 

Example 4.6: Let Nuxy ={w,, wz}and_ let Nu,={Onu, K, Inufis NT on Nuy, where 


K =(w, (=, = -), (<= =)) Then NS W;=(w (= = “), (== <\yis Nu-G*OS but not an 


10’10’10/’ \10’ 10’ 10 10°10 10)” \10.’ 10" 10 
Nu-ROS in Nuy. 
Theorem 4.7: Every Nu-G*OS is Nu-GOS . 
Proof: Let W; be a Nu-G*OS in (Nuy, Nu,) . Then W; “ is Nu-G*CsS. By Theorem 3.6, every 
Nu-G*CS is Nu-GCS. Therefore W; “ is Nu-GCS. Hence W, is Nu-GOS. 
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Example 4.8: Let Nux ={w,,w2} and let Nu, ={Onu, K, INufis NT on Nuy, where 


K =(w (=, =), (== =). Then NS W; =(w, (=, ce =), (== <\yis Nu-GOS but not an 


10’10’10/’ \10’ 10’ 10 10’10’10/’ \10’ 10’ 10 
Nu-G*OS inNuy. 

Theorem 4.9: Every Nu-G*OS is Nu-aGOsS . 

Proof: Let W; be aNu-G*OS in (Nux%,Nu,). Then W;° is Nu-G*CS. By Theorem 3.9, every 
Nu-G*CS is Nu-aGCsS. Therefore W; © is Nu-aGCS. Hence W,; is Nu-aGOs. 

Example 4.10: Let Nuy ={w,,Ww,} and let Nu, ={Onu K ,1nuis NT on Nuy, where K = 


(w (= = =), (== 7.))Then the NS W;=(w, (=, = =), (== =)) is Nu-aGOS but not an 


’\40’10’10/’ \10’ 10’ 10 10’10’10/’ \10’ 10’ 10 

Nu-G*OS in Nux. 
Theorem 4.11: The intersection of two Nu-G*OS$’s is Nu-G*OS. 
Proof: Let W; and W; be the two Nu-G*OS’s inNux, W° and Wz* are Nu-G*CsS. By 
Theorem 3.28 W;°UW3° is Nu-G*CS in Nuy. Therefore (W{NW,;) is Nu-G*CS. Thus W;nW; is 
Nu-G*O$S in Nux. 
Theorem 4.12: Let (Nuy, Nu,) be a NTS. If Wy is NS of Nuy. Then for every Wy; € 
Nu-G*O(Nux) and every W; €(Nux), Nu-int(W;)GW; © W; implies Wz € Nu-G*O(Nuy). 
Proof: By hypothesis Nu-int(W;)GW; & W;. Taking complement on both sides, we get W; = 
W3°CNu-cl(W;"). Let W3°C K and K is Nu-GOS in Nu. Sincew3" € Wi°, Wi°C K. Since W;* 
is Nu-G*CS, Nu-cl(W;°)€ K. Therefore Nu-cl(W3")GNu-cl(W;°)E K. Hence W3° is Nu-G*CS in 
Nuy. Therefore W; is Nu-G*OS in Nuy. Le., W; GNu-G*O(Nuy) 
Definition: 4.13: For any Nu. set W; in any NSTS, 

Nu-g*cl(W;) =N{ U : U is Nu-g*CS Nu. set and Wy U } 

Nu-g*int (W;)= Ut : V is Nu-g*OS and W; 2 V } 
Theorem: 4.14: InalIts (Nuy, Nu,)aNu. set W; is Nu-g*- CS iff W;, = Nu-g* cl(W;). 
Proof: Let W; be a Nu-g*CS Nu. setin NSTS (Nuy, Nu,). Since W; © Wy, and W; is Nu-g*CS, 
W, &{K : K isaNu-g*CS Nu.setand Wi K }and Wi}GK >W; =n K: K is Nu-g*CS 
and W;G K }thatis W; = Nu-g* cl(W;). 
Conversely, suppose that W; = Nu-g*cl(W;),that is Wj= N{ K: K isa Nu-g*- CS Nu. set and 
WiS X }. This denotes that W; €{ K: K isaNu-g*CS Nu.setand Wj;CK }. From now W; is 
Nu-g*Cs Nu. set. 
Theorem: 4.15 Ina NSTS Nuy the subsequent results hold for Nu-g”* - closure. 
1) Nu-g*cl (ONu) = ONu. 
2) Nu-g*cl (W;) is Nu-g*CS Nu. set in Nux. 
3) Nu-g*cl (W;) GNu-g*cl (W3) if W7SW3. 
4) Nu-g* cl ( Nu-g*cl(W;)) = Nu-g* cl(W;). 
5) Nu-g* cl (Wj U W3)2Nu-g* cl(W7)UNu-g* cl(W3). 
6) Nu-g* cl (W7 MN W3)SNu-g* cl(W;7)NNu-g* cl(W3). 
Proof: easy 
Theorem: 4.16 Ina NSTS Nuy, a Nu. set W; is Nu-g* OS iff W; = Nu-g*int (W;). 
Proof: Let W; be Nu-g*OS Nu. set in Nux. Since W; © W; and W; is Nu-g*OS and W; eE{ 
K: K isaNu-g*OS Nu.setand W; 2 K }and W; 2 K >Wy = Ut K: K is Nu-g*OS and 
W, 2 K }. That is W;=Nu-g*int (W;). 
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Conversely, suppose that W; = Nu-g"*int (W;), thatis W,;=U(K: K is Nu-g*OS and W; 2 K }. 
This implies that W; €{K: K is Nu-g*OS and Wj; 2 K }.Hence W; is Nu-g*OS Nu. set. 
Theorem: 4.17. Ina NSTS Nux, the following hold for Nu-g” -interior. 

1) Nu-g*int (ONu) = ONu 

2) Nu-g*int(W;) CNu-g*int (W3) if W, SW. 

3) Nu-g*int (W;) is Nu-g*OS in Nux. 

4) Nu-g*int (Nu-g*int (W;)) = Nu-g*int (W)). 

5) Nu-g*int (W; U W3)2Nu-g*int(W;)UNu-g*int (W3). 

6) Nu-g*int (W7 N W3)ENu-g*int(W;)NNu-g*int (W3). 

Proof: proof is as usual. 

5. NEUTROSOPHIC g*- CONTINUOUS 

In this section we introduce Neutrosophic g*-continuous and studied some properties of 
neutrosophic g* - open map and closed map. 

Definition:5.1 Let Nux and Nuy be two NTS. A function f: Nuxy — Nuy is said to be neutrosophic 
e*-continuous (Nu-g* - continuous) if the inverse image of every neutrosophic open set in Nuy is 
e* - open in Nux. 

Theorem:5.2. A function f:Nuy — Nuy is Nu-g* - continuous iff the inverse image of every 
Nu-closed setin Nuy is g*- closed set in Nux. 

Proof: Suppose the function f: Nux — Nuyis Nu-g* - continuous. Let F be Nu-closed set in Nuy. 
Then F° is Nu- open set in Nuy. Since f is Nu-g* - continuous, f ‘(F°) is Nu- g* - open in Nux. But 
ff (F9= -'(F5))£and sof ~* (Fis Nu-g* - closed in Nu. 

Conversely, assume that the inverse image of every Nu-closed set in Nuy is Nu-g* - closed in 
Nux. Let V be neutrosophic open set in Nuy. ThenV“is Nu-closed in Nuy. By hypothesis, f~*(V°) is 
Nu-g*-closed set in Nux. But f-'(V°) = (f-1(V°))* and so f~1(V)is Nu-g* - open set in Nux. 
Hence f is Nu-g*-continuous. 

Theorem:5.3 Every Nu- continuous function is Nu-g* - continuous. 

Proof: Let f: Nuy —> Nuybe Nu-continuous. Let F be Nu-closed setin Nuy. Then f~*(F) is Nu-closed 
setin Nux since f is neutrosophic continuous. And therefore f~*(F)is Nu-g* - closed in Nuy. Hence f 
is Nu-g” - continuous. 

Theorem:5.4Every Nug*-continuous function isNug-continuous. 

Proof: Let f: Nuy — Nuy be Nug*- continuous. Let F be a Nu-closed set inNuy. Since f is Nu-g* - 
continuous, f~*(F) is Nug* - closed in Nux. And therefore f~*(F) is Nug - closed in Nu as every 
Nu-g*-closed set is Nug - closed. Hence f is Nu-g- continuous. 

The converse of the above theorem need not be true as seen from the following example. 
Theorem:5.5 If f: Nuy — Nuyis Nu-g* - continuous and Nuy is neutrosophic —T’12 NTS. Then f is 
neutrosophic -continuous. 

Proof: Let f: Nux — Nuybe Nu-g*- continuous . Let F be Nu-closed set in Nuy. Then f~*(F)is 
f~*(F) Nu- g* - closed in NuX since f is Nu-g* - continuous. Also since Nux is neutrosophic - T'1, 
f~*(F)is closccl in Nuy. Hence f is Nu-continuous. 

Theorem:5.6 If f: Nuxy — Nuyis Nu-g - continuous and Nuy is neutrosophic - T‘172 NTS. Then f is 
Nu-g* - continuous. 

Proof: Let f:Nux — Nuy be Nu-g - continuous. Let F be Nu-closed set in Nuy, then f~*(F) is g- 


closed in Nux. Since X is neutrosophic - T’i2, f~*(F)is Nu- g* - closed in Nux. Hence f is Nu-g* - 
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continuous. 

Theorem:5.7If f: Nuy — Nuyis Nu-g* - continuous and g: Nuy — Nu; is Nu-continuous then 

eof: Nuy — Nu; is Nu-g *-continuous. 

Proof: Let F be Nu-closed setin Nu;. Then g~‘(F) is closed in Nuy since g is Nu-continuous. 
And then f~*(g~*(F)) is Nu-g* - closed in Nu since f is Nu-g* - continuous. 

Now(g ° f)"*(F) = f-'(g"*(F))_ is Nu- g* - closed in Nux. Hence go f: Nuxy — Nuz is Nu-g*- 
continuous. 

Theorem:5.8 If f: Nux — Nuyis Nu-g* - continuous and g: Nuy — Nu, is Nu-g* - continuous and 
Nuy is neutrosophic —T*;. space. Then gof: Nuy — Nu; is Nu-g*- continuous. 

Proof: Let F be Nu-closed set in Nuz. Then g™'(F) is Nu-g*CS in Nuy since g is Nu-g*- 
continuous. Since Nuy is neutrosophic -T*, g~'(F) is Nu-closed in Nuy. And then f~*(g7*(F)) 
is Nu-g*CS in Nux as f is Nu-g* - continuous. Now (g°f)7'(F) =f '(g7'(F))is Nu-g*CsS 
in Nuy. Hence gof is Nu-g* - continuous. 

Definition:5.9A map f:Nux — Nuy is said to be neutrosophic g* - open if the image of every 
neutrosophic open set in Nuy is Nu-g*-open set in Nuy. 

Definition:5.10 A map f:Nuy — Nuyis said to be neutrosophic g* - closed if the image of every 
Nu-closed setin Nuy is Nu-g*-closed set in Nuy. 

Theorem: 5.11 Every neutrosophic open map is neutrosophic g* - open. 

Proof: Let f: Nuy — Nuy be a neutrosophic open map let V be an neutrosophic open set in Nux 
then f (V) is Nu-open in Nuy since f is neutrosophic open map. And therefore f(V) is Nu-g* - 
open in Nuy. Hence f is neutrosophic g* open map. 

Theorem :5.12 If f: Nuxy — Nuyis Nu-g*-open map and Nuy is neutrosophic —-I*12, then f is a 
Nu-open map. 

Proof : Let f: Nux — Nuyis neutrosophic g*- open map. Let V be neutrosophic open set in Nux. 
Then f (V) is Nu- g*-openin Nuy. Since Nuy is neutrosophic -T*12, f(V) is neutrosophic open set 
in Nuy. Hence f is Nu- open map. 

Theorem:5.13 Every Nu-g* - open map is neutrosophic g - open. 

Proof: Let f: Nuy — Nuy be a Nu-g*- open map. Let V be neutrosophic open set in Nuy. Then f 
(V) is Nu-g* - openin Nuy since f is Nu-g*- open map. And therefore f(V) is Nu-g- open set in 
Nuy. Hence f is neutrosophic g - open map. 

Theorem : 5.14If f: Nuy — Nuyis neutrosophic g - open and Nuy is neutrosophic - *T12 space, then f 
in Nu-g* - open map. 

Proof: Let V be neutrosophic open set in Nuy. Then /f(V) is Nu-g - open in Nuy. Since Nuy is 
neutrosophic -“T12, f (V) is Nu-g* - openin Nuy. And hence f is Nu-g* - open map. 

Theorem : 5.15 Every Nu-closed map is Nu-g* - closed map. 

Proof: Let f:Nuy — Nuy be Nu-closed map. Let F be Nu-closed set in Nuy.Then f(F) is 
closed in Nuy. And therefore f(F) is Nu- g* - closed in Nuy. And hence f is Nu-g* - closed map. 
Theorem :5.16 If f: Nux — Nuvis Nu-g* - closed and Nu* is neutrosophic -!"i. Then f is Nu-closed 
map. 

Proof: Let f:Nuxy — Nuy be Nu-g* - closed map. Let F be Nu-closed set in Nuy.Then f (F)is 
Nu- ¢g* - closed in Nuy. Since Nuy is neutrosophic -l*2 , f(F) is Nu-closed in Nuy. Hence f is 
neutrosophic closcd map. 


Theorem: 5.17 A map f: Nuy — Nuyis Nu-g* - closed iff for each neutrosophic set S of Nuyand for 
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each neutrosophic open set U such that f~'(S)G WU there is a Nu-g*-open set V of Nuy such that 
S:@ Vand f-(V): Su 
Proof: Suppose f is Nu-g* - closed map. Let S be a neutrosophic set of Nuy and U be a 
neutrosophic open set of Nux such that f (UWE U. Then V = Nuy - f (U°) isa Nu-g*-open set in 
Nu suchthat S © V and f ‘(V)EU. 

Conversely, suppose that F is a Nu-closed set of Nux. Then f (f(F°))S 
F°and F°is Nu-open. By hypothesis, there is a Nu-g*-open set V of Nuy such that f(F)°S V 
and f-'(v)c F° Therefore F © f-'(V)°. Hence VS f(F)S f(f-'(V))S V° which implies 
f(F) = V*. Since V‘is Nu-g* - closed, f(F) is Nu-g*CS and thus f is a Nu-g*- closed map. 
Conclusion 
In this paper, we have defined the neutrosophic g* closed sets and open sets.then discussed about 
neutrosophic g* continuity Then,we have presented some properties of these operations. We have 
also investigated neutrosophic topological structures of neutrosophic sets. Hence, we hope that the 


findings in this paper will help researchers enhance and promote the further study on neutrosophic 


topology. 
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Abstract: Smarandache introduced and developed the new concept of Neutrosophic set from the 
Intuitionistic fuzzy sets. A.A. Salama introduced Neutrosophic topological spaces by using the 
Neutrosophic crisp sets. Aim of this paper is we introduce and study the concepts Neutrosophic b 
generalized closed sets and Neutrosophic b generalized continuity in Neutrosophic topological 
spaces and its Properties are discussed details. 


Keywords: Neutrosophic bg closed sets, Neutrosophic bg open sets, Neutrosophic bg continuity, 
Neutrosophic bg maps. 


1. Introduction 


Neutrosophic system plays important role in the fields of Information Systems, Computer 
Science, Artificial Intelligence, Applied Mathematics, Mechanics, decision making, Medicine, 
Management Science, and Electrical & Electronic, etc,, Topology is a classical subject, as a 
generalization topological spaces many type of topological spaces introduced over the year. T Truth, 
F -Falsehood, I- Indeterminacy are three component of Neutrosophic sets. Neutrosophic topological 
spaces(N-T-S) introduced by Salama [22,23]etal., R.Dhavaseelan[10], Saied Jafari are introduced 
Neutrosophic generalized closed sets. Neutrosophic b closed sets are introduced by 
C.Maheswari[17] et al.Aim of this paper is we introduce and study about Neutrosophic b 
generalized closed sets and Neutrosophic b generalized continuity in Neutrosophic topological 
spaces and its properties and Characterization are discussed details. 

2. Preliminaries 

In this section, we recall needed basic definition and operation of Neutrosophic sets and its 
fundamental Results 
Definition 2.1 [13] Let X be anon-empty fixed set. A Neutrosophic set J; is a object having the 


form 
J, ={<x, Hy (x), 07: (x), ¥ 5: (x) Be a ee 


ly; (x)-represents the degree of membership function 
0; (x)-represents degree indeterminacy and then 


Y 7; (x)-represents the degree of non-membership function 
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Definition 2.2 [13].Neutrosophic set J; = {< x, Lys (x), Oz: (x), ¥ 5: (x) >:x € X}, on X and VxEX 


then complement of J; is Ge ={< x, Vx (X), 1 — 09: (X), Wgz(&X) >: x © X} 
Definition 2.3 [13]. Let J; and J, are two Neutrosophic sets, Vx € X 


J, ={<% ty: CD), 67; 0), V9) >:x € X} 
J, =1= %, ty: CD, 695 00), V9) >:x € X} 


Then J; © J, © aap (x) < 5s (x), 07: (x) < OF, (x) & y 5. (x) = Yan GOS 
Definition 2.4 [13]. Let ¥ be anon-empty set, and Let J; and J, be two Neutrosophic sets are 


J, ={< x, Hy (x), 07: (x), ¥5:(%) Pie) 5 = 15% Hy (x), O73 (x), ¥ 55) >:x € X¥}Then 
1 J,;NdJ, ={< x, Lys (x) N Lys (x), o7: (x) N 0x5 (x), ¥5:(%) U Vg) oe a ae 


2s G5 Lys (x) U ys (x), 07: (x) U 0x5 (x), ¥5: al Yg3 9) Sexe x} 


Definition 2.5 [23].Let X be non-empty set and ty be the collection of Neutrosophic subsets of X 
satisfying the following properties: 

1.0y, 1n € Ty 

2.T; NT; € Ty for any T,, Tz € ty 

3. UT; € tyfor every {Tj:i € j} S ty 

Then the space (X,ty) is called a Neutrosophic topological space(N-T-S). 

The element of Ty are called Ne.OS (Neutrosophic open set) 

and its complement is Ne.CS(Neutrosophic closed set) 

Example 2.6.Let ¥ ={x} and Vx EX 


6 6 5 5 7 9 
Ay = aa on) he = (x,—,—,— 


071071 10’10’10 
7s 6 

A3 = (%—— Ag =X 3 

ean. rT Ag = ( 740’10’10 


Then the collection ty = {0y,A1,A2,A3,A41y} is called a N-T-S on X. 
Definition 2.7.Let (X,ty)be a N-T-S and J; = {< x, Lys (x), Oz: (x), ¥ 5: (x) >:x € X} bea 


Neutrosophic set in ¥. Then J; is said to be 

1. Neutrosophic b closed set [17] (Ne.bCS) if Ne.cl(Ne.int(J;))NNe.int(Ne.cl(J;))S Jz, 

2. Neutrosophic a-closed set [7] (Ne. CS) if Ne.cl(Ne.int(Ne.cl(J;)))& Jz, 

3. Neutrosophic pre-closed set [25] (Ne.Pre-CS) if Ne.cl(Ne.int(J;))S Jz, 

4. Neutrosophic regular closed set [7] (Ne.RCS) if Ne.cl(Ne.int(J;)) = J;, 

5. Neutrosophic semi closed set [7] (Ne.SCS) if Ne.int(Ne.cl(J;))& Jz, 

6. Neutrosophic generalized closed set [10] (Ne.GCS) if Ne.cl(J;)GH whenever J, GH and H 


is aNe.OS, 
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7. Neutrosophic generalized pre closed set [17] (Ne.GPCS in short) if Ne.Pcl(J;) & H whenever 
J, © Hand His aNe.OS, 
8. Neutrosophic a generalized closed set [15] (Ne. aGCS in short) if Neu a-cl(J;)GH whenever J; 
CH andH isaNe.OS, 
9. Neutrosophic generalized semi closed set [24](Ne.GSCS in short) if Ne.Scl(J;)GH whenever 
J, GH and His a Ne.OS. 
10. Neutrosophic generalized a closed set [11] (Ne. Ga CS in short) if Neu a-cl(J,)GH whenever 
J, GHand His aNe. aOS. 
11. Neutrosophic semi generalized closed set [24](Ne.SGCS in short) if Ne.Scl(J;)GH whenever 
J, GH and His a Ne.SOS. 


Definition 2.8.[9] (X, ty)be a N-T-S and J; = {< x, HL 5s (x), Oz (x), ¥ 5: (x) >:x € X¥} bea 


Neutrosophic set in ¥.Then 
Neutrosophic closure of J; is Ne.Cl(J;)=N{H:H is a Ne.CS in ¥ and J; SH} 
Neutrosophic interior of Oy is Ne.Int(J; )=U{M:M isa Ne.OS in ¥ and ME J;}. 


Definition 2.9. Let (£,ty)be a N-T-S and J, = {< x, Lys (x), Oz: (x), ¥ 5: (x) >:x € X} bea 


Neutrosophic set in ¥. Then the Neutrosophic b closure of J;( Ne.bcl(J;)in short) and 
Neutrosophic b interior of J; (Ne.bint(J;) in short) are defined as 

Ne.bint(J; )= U{ G/G is a Ne.bOS in ¥ and GE Jj}, 

Ne.bcl(J;)= N{ K/K is a Ne.bCS in ¥ and J; SK}. 

Proposition 2.10. Let (¥,N,) be any N-T-S. Let J; and J, be any two Neutrosophic sets in 
(X, Ty). Then the Neutrosophic generalized b closure operator satisfy the following properties. 
1. Ne.bcl(ONn)=On and Ne.bcl(1N) = In, 

2. J, SNe.bel(J;), 

3. Ne.bint(J;)S Ji, 

4.If J; isaNe.bCS then J,=Ne.bcl(Ne.bcl(J;)), 

5. J, © J, >Ne.bel(J;) SNe.bel(J3), 

6. J, © J, >Ne.bint(J;)SNe.bint(J,). 

NEUTROSOPHIC b GENERALIZED CLOSED SETS 

In this part we introduce neutrosophicb bG closed sets its properties are discussed. 
Definition 3.1. 

A Ne. set J; inan NSTS (X, N;)is called Neutrosophic b generalized CS (briefly Ne.(bG)CS) iff 
Ne.bCl(J;)SJ3, whenever J{SJ3 and J> is Ne. (b)OS in X. 

Example 3.2. 


Let X= Uy Io N,={0, Jj, 1},isaN.T.on X¥ where Jj = (x, (= : =), (= : “)). 


10’10’10/’ \10’ 10’ 10 
Then the Neutrosophic set Jz = (x, (===), (=,=,=))is a Ne.bGCS in X. 
Remark 3.3. 
A Ne. set Jj in a NSTS (£,N,)is called Ne.(b)generalized open (briefly Ne.(bG)OS) if its 
compliment J;“is Ne.(bG)CS. 
Theorem 3.4. 
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Every Ne.-CS in (X, N,)is Ne.(bG)CS. 

Proof. 

Let Jjbe a Ne.CS in NSTS X. Let J;SJ3, where Jz is Ne.(b)OS in X. Since Jy; is Ne.CS it is 
Ne.(b)CS and so NeuCl(J;) =Ne.bCl(J;)=d{ SJ3.Thus Ne.bCl(J{)GJ3. Hence J; is Ne.(bG)CS. 
Example 3.5 


Let X= ee Jai N,={0, Jj, 1},isaN.T.on ¥ whereJ; = (x, (=, =, “), (=,- To? =) Then the 
Neutrosophic set Jz = (x, (=,=,-), (== Te =)) is a Ne.bGCS but not a Ne.CSin ¥ 
Theorem 3.6. 

Every Ne.(b)CS in (£, N;)is Ne.(bG)CS. 

Proof. 


Let Jjbe a Ne.(b)CS in NSTS X. Let J{SJ>. whereJzis Ne.(b)OS in X. Since Jjis Ne.(b)CS , 
Ne.bCl(J;) =J; SJ3. Thus Ne.bCl(J;)GIJ>5.Hence Jyis Ne.(bG)CS. 
Example 3.7. Let X= Ua 1539 N= {0, Jz, 1},isaN.T.on ¥ 


where Jj = (x, (=, =), (== =). Then the Neutrosophic set Jz = ( x,(=,=,4) : (==, —))is a 


10’ 107 10 10’ 10’ 10 


Ne.bGCS but not a Ne.bCS in X. 

Remark 3.8. 

(i). Every Ne. (bG)CS is Ne.(Gb)CS. 

(ii). Every Ne.(sG)CS is Ne.(bG)CS. 

(iii) Every Ne.(Ga)CS is Ne.(bG)CS. 
Example 3.9. 

Let X= UG Toh; N,={0, Jj, 1},isaN.T.on ¥ 


6 6 4 6 5 3 
where Jz,= (x, Gon 10’ a Can 10’ ) Then the Neutrosophic set Jz = (x, Gra 10’ a) Gea) 
is a Ne.GbCS but not Ne.(bG)CS in ¥ 
Example 3.10. 

Let X= {j,, J}, N={0, Jz, 1},isaN.T.on X where Jj = (x, (== a =), (=,=,-)). 

‘ 3 a 7 4 
Then the Neutrosophic set Jz = (x, (=, sa? “), (== a ~)yis a Ne.bGCS in ¥ is not Ne.(sG)-CS 
Diagram:1 
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Ne-GaCS WW», Ne-aGCs 


Ne-PCS Ne-GPCS 


Ne-CS —»pNe-aCS \ Ne-bCS ———-» Ne-bGCS —~~+» Ne-GbCS 
\ . Lo 


Ne-SCS —————> Ne-SGCS —————> Ne 


Theorem 3.11. 

A Ne. set Jj of aNSTS (X, N,)is called Ne.(bG)OSiffJ3 GNe.bint (Jj), whenever J> is Ne.(b)CS and 
JI2SJy.- 

Proof. 

Suppose Jyis Ne.(bG)OS in X. Then J, is Ne.(bG)CS in X¥.Let Jz be a Ne.(b)CS in X such that 
Jz&d{. Then J;°SJ5",J5"is Ne.(b)OS in X. Since J;“is Ne.(bG)CS, Ne.bCl(J;°) SJ5",which implies 
(Ne. bInt(J{))°SJ5°. Thus J;SNe.bInt(J;). 

Conversely, assume that Jz SNe.bint( J; ), whenever J; © J; and Jz isNe.(b)CS in X. Then 
(Ne. bInt(J{))° SJ; SJ3, where J3 is Ne.(b)OS in X. Hence Ne.bCl(J;°)GJ3, which implies J7‘is 
Ne.(bG)CS.Therefore J;is Ne.(bG)OS. 

Theorem 3.12. 

If J; is Ne.(bG)CS in (X%,N,) and J{SJ5SNe.bCl(J;z), then J> is Ne.(bG)CS in (X, N;). 

Proof. 

LetJ3 be Ne.(b)-OS in Xsuch that J;SJ3., then J{SJ3. Since Jjis a Ne.(bG)CS in X, it follows that 
Ne.bCl(J7)SJ3. Now JzSNe.bCl(J;) implies Ne.bCl(Jz) GNe.bCl(Ne.bCl(J;)) = Ne.bCl(J;). Thus 
Ne.bCl(J3)SJ3. Hence J3is Ne.(bG)CS in X. 

Theorem 3.13. 

If J; is Ne.(bG)OS in (X, N,)and Ne.blnt(J{) SJ; SIjthen Jz is Ne.(bG)-OS in (X, N;). 

Proof. 

Let J; be Ne.(bG)OS and Jzbe any Ne. set in Xsuch that Ne.bInt(J;)SJzSJ;. Then J, is 
Ne.(bG)CS and J;°SJ35°SNe.bCl(J;°). Then J5"is Ne.(bG)CS.Hence Jzis Ne.(bG)OS of &. 
Theorem 3.14. 

Finite intersection of Ne.(bG)CSs is a Ne.(bG)CS. 

Proof. 

LetJjand Jzbe Ne.(bG)CSs in ¥. Let §SJI; N Jz, where Fis Ne.(b)CSin X. Then FSJ;and 
®SJz.Since Jgand Jzare Ne.(bG)CSs, FSJ7= Ne.blnt(J7) and ®SIJz= Ne.bInt(Jz), which implies 
&S(Ne.bInt(J;)N(Ne.bInt(J3)). Hence ¥ENe.bInt(J; N Jz). Therefore J; N JzNe.(bG)CS in X. 
Theorem 3.15. 

A finite union of Ne.(bG)OS is a Ne.(bG)OS. 


Proof. 
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Let Jjand J>be Ne.(bG)OS in X. Let J; UJ>S &, where Fis Ne.(b)OS in X. Then J; For 

Jn %.Since Jgand Jzare Ne.(bG)OS,Ne.bCl(J;)=J7S & or Ne.bCl(Jz)=J2S %, which implies 
Ne.bCl(Jj)UNe.bCl(J3)S %. Hence Ne.bCl(Jf U J3)S %. Therefore Jj U J5Ne.(bG)OS in X. 
However, union of two Ne.(bG)CSs need not be a Ne.(bG)CSas shown in the following example. 
Example 3.16. 

Let X= We Tey N,={0, Jj, 1},isaN.T.on ¥ 


Where J; = (x, (= = *),(= = =)), 


10°10’ 10 10’10' 10 
15 9 8 5 2 
Then Neutrosophic set J; = (x (— — -) (= — =) 
P Ji (x, 10'10'10/’ \10’ 10’ 10 ) 


. 6 5 4 7. 5. 3B Ne: . a 
J> = (x, (= — ~) ; (= — = )yis a are Ne.bGCSs but J; U J, isnot a Ne.bGCS in X, 


10° 10° 10 10° 10° 10 
Theorem 3.17. 
If Jj is Ne.(b)OS in (X, N,) and Ne.(bG)CS, then J; is Ne.(b)CS in (¥, N;) . 
Proof. 
Let Jjbe Ne.(b)OS and Ne.(bG)CS in X. For J; S Jj, by definition Ne.bCl(J7)SJ;. 
But J;SNe.bCl(J;),which implies Jj=Ne.bCl(J;).Hence Jyis Ne.(b)CS in X. 
Definition 3.18. 
ANSTS (&, N;) is called a Neutrosophic bT1/2 space (in short Ne.(b)T*1/2 space) if every Ne.(bG)CS in 
X is Ne.-CS. 
Definition 3.19. 
ANSTS (&, N,)is called a Neutrosophic bT1/2 space (in short Ne.Tispace ) if every Ne.(bG)CS in X 
is Ne.(b)CS. 
Theorem 3.20. 
A NSTS (&, N,)is Ne.(b)T1/2 space iff every Ne. set in (¥, N,)is both Ne.(b)OS and Ne.(bG)OS. 
Proof. 
LetXbe Ne.(b)Tizspace and let J; be Ne.(bG)OS in X. Then J, is Ne.(bG)CS X. By definition 
allNe.(bG)CS in Xis Ne.(b)CS, so J;“is Ne.(b)CS and hence Jyis Ne.(b)OS in . 
Conversely, letJ{be Ne.(bG)CS. Then J;“is Ne.(bG)OS which implies J;“isNe.(b)OS. Hence Jfis 
Ne.(b)CS. Every Ne.(bG)CS in Xis Ne.(b)CS.Therefore Xis Ne.(b)T1/2 space. 
Theorem 3.21. 
ANSTS (&, N,)is Ne.(b)T1/2 space iff every Ne. set in (¥, N,)is both Ne.OS and Ne.(bG)OS. 
Remark 3.22. 
ANSTS (%,N;) is 
(i) Ne.(b)Ti2space if every Ne.(bG)OS in X is Ne.(b)OS. 
(ii) Ne.(b)T*12space if VWNe.(Gb)OS in X is Ne-open. 
Remark 3.23. 
In a NSTS ((¥, N;) 
(i) Every Ne.Ti2 space is Ne.(b)Ti2 
(ii) Every Ne.(b)Tyz2 space is Ne.(Gb)Tiz 
(iii) Every Ne.(b)T12 space is Ne.(Gb)T172 
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4. Ne.(bG)-Continuous and Ne.(Gb)-closed mappings 

In this section, Neutrosophic bg-CTS maps, Neutrosophic bg-irresolute maps, and Neutrosophic bg- 
homeomorphism in Neutrosophic topological spaces are introduced and studied. 

Definition 4.1. 

A mapping @:(%,N,) —- Q,N,z) is said to be Neutrosophic b generalized Continuous 
(Ne.(bG)-CTS), if @~*(J7z) is Ne.(bG)CS in X, for every Neutrosophic-CS J; in ¥. 

Theorem 4.2. 

0: (¥,N,) — Q, N,z)isNe.(bG)-CTS iff the inverse image of each NSOS in ¥ is Ne.(bG)OS in X. 
Proof. 

Let Jzbe a Ne(bG)OS in %. Then J3;“is Ne.(bG)CS in Y. Since @ is Ne.(bG)-CTS og, ) = 
(07~1(J3) )°is Ne.(bG)CS in ¥.Thus 0 *(J3) is Ne.(bG)OS in ¥. 

Converse, is obvious. 

Theorem 4.3. 

Every Ne.-CTS map is Ne.(bG)-CTS. 

Proof. 

Let 0:(¥, N;) — (Y,N,) be Ne.-CTS function. Let J; be a Ne. OS in %. Since g is Ne.-CTS, 9 * Ne. 
OS in¥. Mean while each Ne.OS is Ne.(bG)OS, @* is Ne.(bG)OS in ¥.Therefore 0 is Ne.(bG)-CTS. 
Example 4.4. 

Let X= {j,, JJ-B, N= 10, Ji, 1, isaN.T.on X N,= (0, Jz, 1} on ¥Y,then Then the Neutrosophic sets 
Fi = 0% (s5-s5ra0)* Gorioraa) 

5; = (x, (4,=,=),(<,=,))is a Ne.bGCS in ¥. 

Identity mapping o:(X,N,) — (M,N) eis Ne.(Gb)-CTS but not Ne.-CTS 

Definition 4.5 

A mapping o:(%,N,) — (Y,N,) is said to be Neutrosophic b-generalized irresolute (briefly 
Ne.(bG)-irresolute), if @ ‘(J{) is Ne.(bG)CS set in ¥, for each Ne.(bG) CS Jf in ¥. 

Theorem 4.6. 

Every Ne.(bG)-irresolute map is Ne.(bG)-CTS. 

Proof. 

Let 0:X —Y be Ne.(bG)-irresolute and let Jj be Ne.-CS in Y. Since every Ne.-CS is Also 
Ne.(bG)CS, Jj is Ne.(bG)CS in Y. Since 0:¥ — Y is Ne.(bG)-irresolute, 0 ' (Jj) is Ne.(bG)CS. 
Thus inverse image of every Ne.CS in Y is Ne.(bG)CS in X. Therefore the function o:X — Y is 
Ne.(bG)-CTS. The converse is not true. 

Example 4.7. 

Let X= Uy i= Y, N={0, Jz, 1},isaN.T.on ¥ Nz= {0, Jz, 1} on Y,then 

Then the Neutrosophic sets 

Fi = 08 (so es5ra0)* Garaaraa)™ ANGIE = 0% (S5-35055)Goraarae)) + 


Then Identity mapping a: (X,N,) — (Y,N;z) 


We have J3 = (x, (= 2 =) ,(= ae -)) is a Ne.(bG)-CTS maps but not Ne.(bG)-irresolute maps. 


10’10’10 10’10’10 


Theorem 4.8. 
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Every Ne.(bG)- CTS map is Ne.(Gb) -CTS. 

Proof. 

Clear from the fact that Ne.(bG)CS is Ne.(Gb)CS. 

Theorem 4.9. 

Let o:X¥ — Y, ¢:Y — Z3be two mappings. Then 

(i) Cog is Ne.(bG)-CTS, if @ is Ne.(bG)-CTS and C is Ne.-CTS. 

(ii) Cog is Ne.(bG)- irresolute, if @ and C are Ne.(bG)- irresolute. 

(iii) Coe is Ne.(bG)-CTS if @ is Ne.(bG)-irresolute and C is Ne.(bG)-CTS. 

Proof. 

(i)Let J3be Ne.CS in 3. Since C: Y — 3is Neutrosophic CTS, by definition (~*(Jz) is Ne.CS of Y. 
Now 0:X — Yis Ne.(bG)-CTS so 0 *(7-'(J3)) =(@ © e@)71(J3) is Ne.(bG)CS in ¥. Hence Coo: ¥ — Bis 
Ne.(bG)-CTS. 

(ii) Let C:2) — 3be Ne.(bG)-irresolute and let J3be Ne.(bG)CS subset in 3. Since Cis 
Ne.(bG)-irresolute by definition , ¢ ~"(J§) is Ne.(bG)CS in Y. Also 0:¥ — Yis Ne.(bG)-irresolute, so 
o *(-*(J3)) =(Z © @) *(J3) is Ne.(bG)CS. Thus Zo 0:¥ — 3is Ne.(bG)-irresolute. 

(iii) Let J3be Ne.(b)-CS in 3. Since C:9 — 3is Ne.(bG)-CTS, (~'(J3) is Ne.(bG)CS in Y. Also 0: ¥ > 
Yis Ne.(bG)-irresolute, so every Ne.(bG)CS in Y is Ne.(bG)CS in X. Hence Oc = (Ce 
0)~*(H) is Ne.(bG)CS in ¥. Thus f° ge: X — 3 is Ne.(bG)-irresolute. 

Theorem 4.11. 

If 0: (¥,N,) — (9, NZ) is Ne.(b)*-CTS and C :(Y, Nz) (3, Ng) is Ne.(bG)-CTS 

then ¢° 0: (£,N,) (3, Ns)is Ne.(bG)CTS if Y is Ne.(b)T1/2-space. 

Proof. 

Suppose J7is Ne.(b)-CS subset of 3. Since C:3 — 3 is Ne.(bG)CTS ¢ ed) is Ne.(bG)CS subset of 
¥). Now since Y is Ne.(b)T1/2-space, ¢ ~'(J) is Ne.(b)-CS subset of 2). Also since 0:¥ — % is 
Ne.(b)*-CTS 0 '(Z-1(J3)) =(Z © @) (J) is Ne.(b)-CS. Thus f° 0 : ¥ — 3 is Ne.(bG)-CTS. 

Theorem 4.12. 

Let 0: (¥,N,) — (9, N,)be Ne.(bG)-CTS. Then @ is Ne.(b)-CTS if ¥ is Ne.(b)Ti2space. 

Proof. 

Let J be Ne.-CS in 9. Since 0: ¥ — Yis Ne.(bG)CTS, o * (J;) is Ne.(bG)CS subset in ¥. Since X is 
Ne.(b)T12 space, by hypothesis every Ne.(bG)CS is Ne.(b)-CS . Hence 0° (J;) is Ne.(b)CS subset in 
X. Therefore o:¥ — Y is Ne.(b)-CTS. 

Theorem 4.13. 

Let o: (¥,N,) — (9, .N,) be onto Ne.(bG)-irresolute and Ne. b*CS. If ¥ is Ne.(b)T12-space, then 

(Y), N;) is Ne.(b)T1/2-space. 

Proof. 

Let Jj be aNe.(bG)CS in Y. Since 0: ¥ — Yis Ne.(bG)irresolute,o ‘(J7) is Ne.(bG)CS in ¥. As ¥ 
is Ne.(b)T1/2-space, o (Jz) is Ne.(b)CS in ¥. Also 0:¥ — Y is Ne. b*CS, o(e “(J)) is Ne.(b)CS_ in 
%). Since 0: ¥ — Yis onto, e(o -(J*)) =J{. Thus Jzis Ne.(b)CS in Y. Hence(Y, N;)is also 
Ne.(b)T1/2-space. 

Theorem 4.14. 
Let 0: (¥,N,) — (9, N,) be Ne.(bG)-CTS and C :(Y, Nz) —(3,No5) be Ne.g-CTS. Then ¢° @ is 
Ne.(bG)- CTS if Y is Ne.T1/2 space. 


Proof. 
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Let Jj be Ne.-CS in 3. Since C is Ne.g-CTS, (~*(Jj) is Ne.g-CS in Y. But Yis Ne.Ti2 space and so 
(~*(Jz) is Ne.-CS in Y. Since @ is Ne.(bG)-CTS @7*(f"*(Jz)) = (G © @) *(J;) is Ne.(bG)CS in ¥. Hence 
Coe Ne.(bG)-CTS. 

Theorem 4.15. 

If the bijective map @:(*£,N,) — (Y,N,) is Ne.(b)*-open and Ne.(b)-irresolute, then @: (X,N,) — 
(Y, N,) is Ne.(bG)-irresolute. 

Proof. 

Let J; be a Ne.(bG)CS in Y and let o *(J7) ©J;where Jzis a Ne.(b)OS in &. Clearly, JjSe(J2). 
Since 9: X — Yis Ne.(b)*-open map, e(Jz) is Ne.(b)-open in Y and J; is Ne.(bG)CS in Y.Then 
Ne.bCl(J7)Go(J3), and thus @ '(Ne.bCl(J}))SJ3. Also 0:¥ — Y irresolute and Ne.bCl(J;) is a 
Ne.(b)-CS in 9, then @~*(Ne.bCl(J7)) is Ne.(b)CS in ¥. Thus Ne.bCl(g” *(J;))GNe.bCl(Q”*Ne. 
bCl(Jf)))SJ3. So eo (Jf) is Ne.(bG)CS in ¥. Hence 9: ¥ — Yis Ne.(bG)-irresolute map. 

Definition 4.16. 

A mapping @:(£,N,) — (Y, N,)is said to be Neutrosophic bg-open (briefly Ne.(bG)OS) if the image 
of every Ne.-OS in X, is Ne.(bG)OS in Y). 

Definition 4.17. 

A mapping o:(*,N,) — (Y, N,)is said to be Neutrosophic bg-CS (briefly Ne.(bG)CS) if the image of 
every Ne.CS in X is Ne.(bG)CS in Y. 

Definition 4.18. 

A mapping @:(£,N,) — (Y,N,) is said to be Neutrosophic bg*-open (briefly Ne.(bG)*-OS) if the 
image of every Ne.(bG)OS in ¥ is Ne.(bG)OS in Y. 

Definition 4.19. 

A mapping o:(£,N,) — (Y, N,z)is said to be Neutrosophic bg-CS (briefly Ne.(bG)*-CS) if the image 
of every Ne.(bG)CS in ¥ is Ne.(bG)CS in Y. 

Remark 4.20. 

(i)Every Ne.(bG)*-CS mapping is Ne.(bG)CS. 

(ii)Every Ne.(bG)*-CS mapping is Ne.(Gb)* -CS. 

Theorem 4.23. 

If 0: (¥,N,) — (9, N,)) is Ne.CS and C :(Y, N,) —(3,Ns5) is Ne.(bG)CS, then Go @ is Ne.(bG)CS. 
Proof. 

Let Jj beaNe.CS in X. Then o(J;) is Ne.CSin Y. Since C :(Y, Nz) —(3,N5)is Ne.(bG)CS, C(e(J7)) = 
(C° e)(J;) is Ne.(bG)CS in 3. Therefore G¢°e@ is Ne.(bG)CS. 

Theorem 4.24. 

If 0: (4,N,) — (Y,N,) isa Ne.(bG)CS map and Y is Ne.(b)T12 space, then @ is a Ne.-CS. 

Proof. 

Let Jj bea Ne.CSin X. Then e(J;) is Ne.(Gb)-CS in ¥,since gis Ne.(Gb)CS. Again since Y is 
Ne.(b)Ti2space, e(J7) is Ne.-CS in Y. Hence o@: (¥, Nz) — (Y, Nj )is a e-CS. 

Theorem 4.25. 

If 0: (4,N,) — (Y,N,) isa Ne.(bG)CS map and Y is Ne.(b)T12 space, then @ is a Ne.(b)-CS map. 
Theorem 4.26. 

A mapping @:(X,N,) — Q,N,) is Ne.(bG)CS iff for each Ne. set Jj in Y and Ne.OS Jz such that 
o '(Ji) SJz, there is a Ne.(bG)OSJ3 of Y such that J{GJ} and o 1 (J3)GIi. 


Proof. 
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Suppose @ is Ne.(bG)CS map. Let J; be a Ne. set of %,and Jzbe an Ne.OS of X, such that 
o '(JZ)EJ3. Then J3=(J3°)°is a Ne.(bG)OS in § such that JfGJjand o 1 (J3)GI3. 

Conversely, suppose that § is a Ne.CS of¥. Then @ '((e(%))°)SR*, and F°, is Ne.OS. By 
hypothesis, there is a Ne.(bG)OS J3 of Y such that (e (%))° SJz and o (J) €%°. Therefore 


gE (0(J;)) Hence 33° <o( 30 (e*(g3)) Cc J;°, which implies e(%) = J3°. Since J3‘is 


Ne.(bG)CS, e( %) is Ne.(bG)CS and thus @ is a Ne.(bG)CS map. 

Theorem 4.27. 

If 0:(¥,Nz) — (Y,.N,) and C:(Y, N,) (3,M;5) are Ne.(bG)CS maps and ¥ is Ne.(b)T12 space, 
then 6° e:¥ — 3 is Ne.(bG)CS. 

Proof.Let Jj bea Ne.-CSin X. Since @: (X,N,) — (9, .N,)is Ne.(bG)CS, o(J7) is Ne.(bG)CS in &. 
Now %& is Ne.(b)Ti2space, so e(J;) is Ne.-CS in %. Also C: Y — 3 is Ne.(bG)CS, C(e(J7)) = (Ge 
0)((Jz;) is Ne.(bG)CS in 3. Therefore ¢° @ is Ne.(bG)CS. 

Theorem 4.28.If J; is Ne.(bG)CS in ¥ and o0:X — Y is bijective, Ne.(b)-irresolute and Ne.(bG)CS, 
then e(J;) is Ne.(bG)CS in Y). 

Proof. 

Let o(J7)EJ3 where Jzis Ne.(b)OS in §. Since 0 is Ne.(b)irresolute,o “(J3) is Ne.(b)OS containing 
Ji. Hence Ne.bCl(J{)So *(J3) as Jj is Ne.(bG)CS. Since gis Ne.(bG)CS, o(Ne.bCl(Jj)) is 
Ne.(bG)CS contained in the Ne.(b)OS Jz, which implies Ne.bCl(e(Ne.bCl(J;))) SJzand hence 
Ne.bCl(0(J;))EJ3. So e(J7) is Ne.(bG)CS in §&. 

Theorem 4.29. 

If 0:(%,N;,) — (Y,N;) is Ne.(bG)CS and C :(Y, V,,) —(3,N5)is Ne.(bG)*-CS, then Zo @ is Ne.(bG) 
-CS. 

Proof.Let Jj be Ne.CS in X. Then 0(J;) is Ne.(bG)CS in ¥.Since C :(Y, N,.) —(3,N;)is Ne.(bG)*-CS. 
Thus C(e(J7)) = (f° e)(Jz) is Ne.(bG)CS in 3. Therefore G°@ is Ne.(bG)CS.If 0: (¥,N,) 

(Y, N;)and C :(Y, N,) (3,5) are Ne.(bG)*CS maps, then Ze: ¥ > 3 is Ne.(bG)* CS. 
Theorem 4.30. 

Let 0:(¥,N;) > (9,N,), 6:(9, V,,) —(3,.N5)be two maps such that ¢° 0: X — 3 is Ne.(bG)CS. 
(i) If @ is Ne.-CTS and surjective, then C is Ne.(bG)CS. 

(ii) If Cis Ne.(bG)-irresolute and injective, then e is Ne.(bG)CS. 

Proof. 

(i). Let § be Ne.CS in ¥. Then 0 '(%)is Ne.CS in ¥,asgis Ne.-CTS. Since J° @ is Ne.(bG)CS map 
and gis surjective,(Z>° e)(e '(%)) = C(%) is Ne.(bG)CS in 3. Hence C:Y — 3 is Ne.(bG)CS. 

(ii).Let & bea Ne. CSin X. Then (¢ ° e)( %) is Ne.(bG)CS in 3. Since C is Ne.(bG)-irresolute and 
injective ¢ ~*(Z 0 e)( ¥) = e(%) is Ne.(bG)CS in Y. Hence 0 is a Ne.(bG)CS. 

Theorem 4.31. 

Let 0:(¥,N;) — (9,N,), 6:(9, NV) —(3,.N5)be two maps such that G°0 : X — 3 is Ne.(bG)*CS 
map. 

(i) If @is Ne.(bG)-CTS and surjective, then C is Ne.(bG)CS. 

(ii) If Cis Ne.(bG)-irresolute and injective, then @ is Ne.(bG)*-CS. 

Theorem 4.32.Let 0: (¥,N,) — (Y,N,) then the following statements are equivalent 

(i) gis Ne.(bG)-irresolute. 

(ii) for every Ne.(bG)CS Jj in Y,e~*(Jj?) is Ne.(bG)CS in X. 
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Proof.(i)=> (ii)Obvious. 

(ii)>(i) Let Jfis a Ne.(bG)CS in Y which implies Jj‘, is Ne.(bG)OS in 9. @ *(J{*) is Ne.(bG)-open 
in X implies 0 '(J{)is Ne.(bG)CS in ¥.Hence 9 is Ne.(bG)-irresolute. 

Neutrosophic bg- homeomorphism and Neutrosophic bg*-homeomorphism are defined as follows. 
Definition 4.33. 

A mapping o:(£,N,) — (Y, Nz )is called Neutrosophic bg-homeomorphism (briefly 
Ne.(b)-homeomorphism) if @ and o * are Ne.(bG)CTS. 

Definition 4.34. 

A mapping @:(X,N,) — (¥, N,)is called Neutrosophic bg*-homeomorphism (briefly 
Ne.(bG)*-homeomorphism) if @ and o ‘are Ne.(bG)irresolute. 

Theorem 4.35. 

Every Ne.-homeomorphism is Ne.(bG)-homeomorphism. 

The converse of the above theorem need not be true as seen from the following example. 

Example 4.36. 

Let X= Uae I= Y, N={0, Jj, 1},isaN.T.on ¥ N= {0, Jz, 1} on Y, 


Then Neutrosophic sets 
; 10 5 °) (2 5 2) 
= X, Ps ee ree os ets nena Gee, 
It = & 10’10/’ \10’ 10’ 10 ) 


Fi = 08 (s5eG5°90) *Gorgerae)) » ANd Is = % (Sogo 035) Goraara0)) 
Define mapping @: (X,N,) > (YNZ) by ef,)=J, and e(f,) = j, 
Then @ is Ne.(bG)-homeomorphism but not Ne.-homeomorphism 
Theorem 4.37. 

Every Ne.(bG)*-homeomorphism is Ne.(bG)- homeomorphism. 

Proof. 
Let 0:(¥,N;) — (Y,N;) be Ne.(Gb)*-homeomorphism. Then @ and @' are Ne.(bG)-irresolute 
mappings. By theorem 4.7 @ and @ are Ne.(bG)-CTS. Hence 0:(¥,N;) — (M,N) is 
Ne.(bG)-homeomorphism. 

Theorem 4.38. 

If 0: (4,N,) — QY,N,)is Ne.(bG)-homeomorphism and 

C:(Y, N,,) —(3,N5) is Ne.(bG)-homeomorphism and % is Ne.(b)T12 space, 

then ¢° 9: X — 3 is Ne.(bG)-homeomorphism. 

Proof. 

To show that G°@ and (€°e) ‘are Ne.(bG)- CTS. Let Jfbe a Ne.OS in 3. Since C: Y — Bis 
Ne.(bG)- CTS, (~*(Jj) is Ne.(bG)open in Y. Then (~*(J;) is a Ne.-open in Yas Y is Ne.(b)Ti2 
space. Also since 9 :¥ — Y is Ne.(bG)- CTS, @ '(-'(Ji)) = (Ge e) (Jf) is Ne.(bG)-open in %. 
Therefore ¢° @ is Ne.(bG) CTS. Again, let Jj be a Ne.OS in X. Since 0 ' : 9 — ¥ is Ne.(bG)- CTS, 
(0° *)~*(Jf)) = e(J{) is Ne.(bG)OS in Y. And so e(J7) is Ne.-open in Y since Y is Ne.(b)Ti7 space. 
Also since (~':3 — 9 is Ne.(bG)-CTS, ((-1)~*(o(Jf)) = C(o(Ji)) = (F° e)(Jz) is Ne.(bG)-open in 3. 
Therefore ((J° e)7*)*(J{) = (° e)(Jz) is Ne.(bG)OS in 3. Hence (Ge e)* is Ne.(bG) - CTS. Thus 
¢°Qis Ne.(bG) - homeomorphism. 
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Abstract: Neutrosophic graphs are employed as a mathematical key to hold an imprecise and 
unspecified data. Vague sets gives more intuitive graphical notation of vague information, that 
delicates crucially better analysis in data relationships, incompleteness and similarity measures. In 
this paper, the neutrosophic vague line graphs are introduced. The necessary and sufficient 
condition for a line graph to be neutrosophic vague line graph is provided. Further, homomorphism, 
weak vertex and weak line isomorphism are discussed. The given results are illustrated with 


suitable example. 


Keywords: Neutrosophic vague line graph, Weak isomorphism of neutrosophic vague line graph, 


Homomorphism. 


1. Introduction 


The line graph, L(G), of a graph G is the intersection graph of the set of lines of G. Hence 
the vertices of L(G) are the lines of G with two vertices of L(G) adjacent whenever the 
corresponding lines of G are adjacent [20]. Vague sets are denoted as a higher-order fuzzy sets 
which develops the solution process are more complex to obtain the results more accurate than 
fuzzy but not affecting the complexity on computation time/volume and memory space. Can we see 
an example, suppose there are 10 patients to check a pandemic during testing. In which, there are 
four patients having positive, five will have negative and one is undecided or yet to come. In the 
view of neutrosophic concepts, the mathematical form is represented as x(0.4,0.1,0.5). Thus it is 
clear that, the neutrosophic field arises to hold the indeterminacy data. It generalizes the fuzzy sets 
and intuitionistic sets from the philosophical viewpoint. The single-valued neutrosophic set is the 
eeneralisation of intuitionistic fuzzy sets and is used expediently to deal with real-world problems, 
especially in decision support [1, 2, 3]. The computation of believe in that element (truth), the 
disbelieve in that element (falsehood) and the indeterminacy part of that element with the sum of 
these three components are strictly less than 1. The neutrosophic set is introduced by the author 
Smarandache in order to use the inconsistent and indeterminate information, and has been studied 
extensively (see [28]-[33]). In the definition of neutrosophic set, the indeterminacy value is quantified 


explicitly and truth-membership, indeterminacy-membership and false-membership are defined 
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completely independent with the sum of these values lies between 0 and 3. Neutrosophic set and 
related notions paid attention by the researchers in many weird domains. The combination of 
neutrosophic set and vague set are introduced by Alkhazaleh in 2015 [6]. Single valued neutrosophic 
eraph are established in [11, 12]. 

The neutrosophic graph is efficiently model the inconsistent information about any real-life 
problem. Some types of neutrosophic graphs and co-neutrosophic graphs are discussed in [16]. 
Intuitionistic bipolar neutrosophic set and its application to graphs are established in [25]. Al-Quran 
and Hassan in [5] introduced a combination of neutrosophic vague set and soft expert set to 
improving the reason-ability of decision making in real life application. Neutrosophic vague graphs 
are investigated in [24]. Comparative study of regular and (highly) irregular vague graphs with 
applications are obtained in [13]. Furthermore, some properties of degree of vague graphs, 
domination number and regularity properties of vague graphs are established by the author 
Borzooei in [7, 8, 9]. Neutrosophic vague set theory was extensively studied in [6]. The concept of a 
single-valued neutrosophic line graph of a single-valued neutrosophic graph is introduced by the 
authors in [21]. In which, a necessary and sufficient condition for a single-valued neutrosophic graph 
to be isomorphic to its corresponding single-valued neutrosophic line graph. Further, some 
remarkable properties of strong neutrosophic vague graphs, complete neutrosophic vague graphs 
and self-complementary neutrosophic vague graphs are investigated in [24]. Moreover, Cartesian 
product, lexicographic product, cross product, strong product and composition of neutrosophic 
vague graphs are investigated in [22]. As far, there exists no research work on the concept of 
neutrosophic vague line graphs until now. In order to fill this gap in the literature and motivated by 
papers [6, 21, 24], we put forward a new idea concerning the neutrosophic vague line graphs. The 
main contributions of this paper are as follows: 

e Neutrosophic Vague Line Graphs (NVLGs) are introduced and explained with an 
example. The obtained neutrosophic vague line graph L(G) is a strong neutrosophic vague graph. 

e The necessary and sufficient condition for a line graph to be NVLG is formulated with 
supporting proofs. 

e Furthermore, the results of homomorphism, weak vertex and weak line isomorphism 
are developed. 

The manuscript is organised as follows: The basic definitions and example which are 
essential for the main results are given in Section 2. The necessary and sufficient condition of NVLG 
are provided and also the definition of NVLGs, homomorphism and weak isomorphism are given in 


Section 3. Finally, a conclusion is provided. 


2 Preliminaries 

In this section, basic definitions and example are given. 
Definition 2.1 [34] A vague set A on a non empty set X is a pair (Ty, Faq), where Ta: X > [0,1] and 
Fa: X > [0,1] are true membership and false membership functions, respectively, such that 


0 < T,a(x) + Fa(x) S$ 1 forany x €X. 
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Let X and Y be two non-empty sets. A vague relation R of X to Y is a vague set R on 
X x Y thatis R = (Tp, Fr), where Tp: X xX Y > [0,1], Fp: X x Y > [0,1] and satisfy the condition: 
0<Tp(x%, y) + Fe(x%, y) <1 forany x,y € X. 


Definition 2.2 [7] Let G* = (V,E) bea graph. A pair G = (J, K) is called a vague graph on G*, where J = 
(Tj, Fy) is a vague set on V and K = (Tx, Fx) 1s a vague set on E © V X V such that for each xy € E, 
Tey) S min(Tj(x), Tj(y)) and Fy (xy) = max(F,(x), Fy(y)). 
Definition 2.3 [28] A Neutrosophic set A is contained in another neutrosophic set B, (i.e) A & B if Vx € 
X, T,(x) S Tp(x), 1g (X) = Ip(x)and Fa(x) = Fp(X). 
Definition 2.4 [14, 28] Let X be a space of points (objects), with generic elements in X denoted by x. A 
single valued neutrosophic set A in X is characterised by truth-membership function Ta(x), 
indeterminacy-membership function I,(x) and falsity-membership-function F(x), 
For each point x in X, Tq (x), Fa(x), Ig (x) € [0,1]. Also A = {x, Tq (x), Fa (X), [n(x)} and 
O < Ta(x) + In (X) + Fa(x) S 3. 
Definition 2.5 [4, 12] A neutrosophic graph is defined as a pair G* = (V,E) where 
(i) V = {v,,V2,..,V,} such that T,:V— [0,1], :V-— [0,1] and F,:V— [0,1] denote the 
degree of truth-membership function, indeterminacy-function and falsity-membership function, 
respectively, and 
0<7T,y)+hWM+F7) $3, 
(ii) E& VX V where T,:E > [0,1], I,:E > [0,1] and F,:E — [0,1] are such that 
Tz(uv) S min{T, (u), T, (v)}, 
In(uv) < min{l,(w), 1, (v)} 
F,(uv) S maxt{F, (u), Fi (vf, 
and 0 <7,(uv) + 1,(uv) + Fj(uv) < 3, Vuve E. 
Definition 2.6 [6] A neutrosophic vague set Ayy (NVS in short) on the universe of discourse X be written as 
Any = {(x, Tigges (x), I Any (*), Fayy (x)),x € X}, whose truth-membership, indeterminacy-membership 
and falsity-membership function is defined as 
Tayy(X) = [T7(x), T* OD] Lay) = FE), Te) JandFayy (x) = [Fo (x), F* )), 
where T*(x) = 1—F (x), F*(x) =1-T (x), and 0<T (x) +I° (x) + F(x) €2. 
Definition 2.7 [6] The complement of NVS Ayy 1s denoted by Any and it is given by 
Tayy@) =([L-T*G@)1=T @)), 
Fayy) = [1-17 @),1-F-@)], 
Figy@) = [LaF @)1= Fo )]: 
Definition 2.8 [6] Let Ayy and Byy be two NVSs of the universe U. If for all u; € U, 
Tayy Ui) S Tayy Ua, tayy Ui) = IByy Ui), Fay, (Ui) = Fay, (uid, 
then the NVS, Ayy are included in Byy, denoted by Ayy © Byy where 1 <Si<n. 
Definition 2.9 [6] The union of two NVSs Any and Byy is a NVSs, Cyy, written as Cyy = Ayy U Byy, 
whose truth-membership function, indeterminacy-membership function and false-membership function are 
related to those of Ayy and Byy by 


Teyy(X) = [max(Tayy ), Tayy OD), MAxX(Tayy (*), TByy (09) 
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heyy (X) = [min(lay, (20), hy (2D), min(It, (x), I, (x) 

Peyy (6) = [min (Fay, (0), Fayy 0), min(FE (x), Faby OD) 
Definition 2.10 [6] The intersection of two NVSs, Ayy and Byy is a NVSs Cyy, written as Cyy = Ayy 
Byy, whose truth-membership function, indeterminacy-membership function and false-membership function 
are related to those of Ayy and Byy by 

Tony (x) = [min (Tayy (), Teyy (%)), min (Tayy (*), Toy (2) 

leyy ©) = [max(layy (X), [By (4), MAX (La yy (*), Hy (%))] 

Feny (x) = [max(Fayy (*), Fyy 6), Max(Fayy (), Faby (*))]. 
Definition 2.11 [24] Let G* = (R,S) be a graph. A pair G = (A,B) is called a neutrosophic vague graph 
(NVG) on G* or a neutrosophic vague graph where A = (T,1,,F,) is a neutrosophic vague set on R and 
B = (Tg, /p, Fg) is a neutrosophic vague set S C RX R where 

(1) R= {1y, v2,...,¥,} such that Tx :R —> [0,1], In: R > [0,1], Fa: R > [0,1] which satisfies the 
condition Fa = [1 —T,] 

Tx:R- [0,1], /q4:R > [0,1], Fx: R > [0,1] which satisfying the condition Fx = [1 — Tx] 
denotes the degree of truth membership function, indeterminacy membership and _ falsity 
membership of the element v; € R, and 

OST, (Yj) + Ig Vi) + Fa Wi) S 2 
0< Ts (v,) +15 (¥;) + Fa (¥;) < 2. 
(2) S© RXR where 
Ta: RXR- [0,1], Ig:R xX R- [0,1], Fg: RX R= [0,1] 
T¢:RxR- [0,1], I¢:RxR- [01], Fi: Rx R- [0,1] 
represents the degree of truth membership function, indeterminacy membership and _ falsity 
membership of the element v;,v; € S, respectively and such that, 
0< Tg (YY;) + Ig Viv) + Fg (i%;) S 2 
0< Tg (yjy;) + Ig (iv;) + Fe Wiv;) S 2, 
such that 
Tg (Viv;) S min{T, (4), Tx (Y)3 
Ig (Viv;) S min{lg (V;), Ig (Yj) 5 
Fg (iU;) S max{Fa (1%), Fa (Vj) 
and similarly 
Tg (Viv;) S min{Tg (%), Ta (4)} 
Ig (Yiv,) S min{lg (vy), [x (Y)} 
Fg (vj) S max{Fg (v;), Fa (4;)}- 
3 Neutrosophic Vague Line Graphs 
In this section, the necessary and sufficient condition of NVLGs are provided. The 
definition of NVLGs, homomorphism and weak isomorphism are given. 
Definition 3.1 Let A(D) = (D,S) bean intersection graph G = (V,E) and let G = (A,, K,) bea NVGwith 
underlying set V. A NVG of A(D) is a pair (H2,K), where Hz = (Ty,,1h,,Fa,, Tu, Tn, Fu,) and Kz = 
(Ti, Li) Fy Tk Ik, Fx,) are NVSs of D and S, respectively, such that 
TH, (Di) = TH, Wd, 1h, (Dd = Ta, vd, Fa, (Pd) = Fa, Wo, 
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Ty, Di) = TH, Wi), 1a, Di) = Ta, Vi), Fa, (Di) = Fa, i); 
for all D,, D, € D. 
Tx, (DD) = TK, Viv), Ik, (DiDj) = Tk, (viv,), Fx, (DiDj) = Fe, Vir), 
Tk, DDj) = Tk, Vit), Tk, DiDj) = Tk, Vid;), Fx, DiDj) = Fr, Vir) 
for all D,D; €S. 
That is, any NVG of intersection graph A(D) is also a neutrosophic vague intersection graph of G. 
Definition 3.2 Let L(G) = (M,N) be a line graph of a graph G = (V,E). A NVLG of a NVG G = (A, Ky) 
(with underlying set V) is a pair L(G) = (H2,K2), where Hz = (Ty,,1H,, Fay, TH ly, Fa) and Kz = 
(Th, Li) Fy» Tk» Ik, Fx) are NVSs of M and N, respectively such that, 
Ti, (Dx) = Tk, («) = Tr, (UxY) 
Tit, (Dy) = Tk, 1) = Tk, Ux Ye) 
Fiz, (Dx) = FR, (*) = Fr, Ux x) 
TH, Dx) = Tk, (&) = Tk, UxVx) 
Ty, Dx) = Tk, (%) = Tk, Ux Px) 
Fr (Dy) = Fe, (%) = Fe, Ux¥ x). 
for all D, € M,u,v, EN. 
Tx, (D,Dy) = min{Tx, (x), Tk, 3 
Ix, (Dx Dy) = min{lK, (), 1k, (3 
FX, (D,Dy) = max{Fx, (x), Fx, (v3 
Tx, (DxDy) = mintT x, (X), Tk, 3 
Ix, (D,Dy) = mintlx, (*), Tk, (Y)} 
Fx, (D,Dy) = max{Fr, (x), Fr,(y)} for all D,D, €N. 
Example 3.3 Consider G=(V,E), where V = {b,,b2,b3,b,} and E = {Q, = bybz,Q2 = bzb3, Q3 = 
b3b4,Q4 = byb,}. Let G = (H,,K,) bea NVG of G as shown in figure 1, defined by 


(0.4,0.4.0.7)*(0.3,0.6,0.6) — (0.5,0.5,0.6)*(0.4,0.3,0.5) — 
b, b, 


(0.3.0.2,0.6)*(0.3.0.2.0.5)_ 


-_ 
bs 
So 
foal 
So 
“_ 
So 
= 
+ 
_ 
in 
So 
“N 
oS 
“ 
oS 
— 


(0.4,0.3,0.3)"(0.3,0.2,0.5) 


(0.4.0.2,0.3)*(0.5,0.2,0.4)_ 





b, 


_ 3 
(0.6,0.3.0.4)*(0.6,0.3.0.4) 


(0.5,0.5.0.4)*(0.6,0.3.0.5) 


Figure 1 
Neutrosophic Vague Graph 
consider a line graph L(G)=(M,N) where M = (Dg,,Do,,Do9,,De9,) and N= 
(Dg, P29,» Pe,P 03» Pe,P0,»Pe,Po0,). Let L(G) be the NVLG, as shown in figure 2. 
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(0.3,0.2,0.6)*(0.3,0.2.0.5) (0.4.0.3,0.3)*(0.3.0.2.0.5) — 
OY D fol) 


(0.3.0.2,0.6)*(0.3.0.2.0.5) 


(0.4,0.2,0.3)*(0.3,0.2,0.5) 


— 
in 
o 
“ 
o 
“ 
o 
= 
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=~ 
.o 
o 
“ 
o 
“ 
o 
— 





(0.2.0.2.0.5)*(0.2.0.2.0.4)_ 


O4 


D O3 


Figure 2 
Neutrosophic Vague Line Graph 
L(G) 


Proposition 3.4 A NVLG is always a strong NVG. 
Proof. It is obvious from the definition, therefore it is omitted. 
Proposition 3.5 If L(G) is NVLGof NVG G. Then L(G) is the line graph of G. 


Proof. Given G = (H,,K,) is NVLG of G and L(G) = (Hz, K2) isa NVG of L(G) 
Ti, (Dx) = TK, (x) 
Tit, Dy) = Ik, (X) 
Fi, (Dx) = Fx, () 
Tr, (Dx) = TK, 4) 
Ty, Dx) = Te, 4) 
Fr (Dx) = FR, (), 

Vx € E andso D, € M if and only if for x € E, 
TK, (DyDy) = min{TK, (x), Te, 0} 
Ix, (D,Dy) = min{lx, (x), 1K, 03 
FX, (Dx Dy) = max{Fx, (x), Fx, (v3 
Tx, (DxDy) = min{T x, (x), Tk, )} 
Ix, (D,Dy) = mint, (*), Tk, (5 
Fx, (D,Dy) = maxtFr, (x), Fx, 5; 

for all D,D, € N, andso M = {D,D,|D,,U Dy # @,x,y € E,x # y}. Hence proved. 


Proposition 3.6 Let L(G) = (H2,K,) bea NVG of G. Then L(G) 1s a NVG of some NVG of G if and only 
if 

Tx, (D,Dy) = min{Ty, (Dx), TH, (Dy)} 

Tx, (Dx Dy) = min{Ty, (Dx), TH, (Dy)5 

Ix, (D,Dy) = min{Iy, (Dx), ln, (Dy)} 

Ix, (DxDy) = mintly, (Dx), ln, Py} 
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FR, (D,.D,) a max{Fy, (D,), Fi, (Dy )} 


Lig, (D,,Dy) = max{Fr, (D,.), Ey. (Dy )}, 
for all D,D, € N. 


Proof. Suppose that Tx, (D,D,) = min{Ty, (Dx), Ty, (Dy)}, 
Ix, (D,Dy) = min{If, (Dy), 17, (Dy)}, Fe, (Dx Dy) = max{Fy, (Dx), Fx, (Dy)} for all DD, € N. 
Define, Ty, (D,) = Tg, (), Iq, (Dx) = [t,(«), Fa, (Dx) = Fe, (x) for all x € E, then 
for all D,Dy € M. 
We know that NVG H, yields the properties, 


Tx, (uv) < min{Ty (vu), Ty, (v)} 
Ik, (uv) < minf{l7, (wu), Iq, (v)} 


Fx (uv) < max{Fy, (u), Fy, v)}- 

In the similar way, we prove for the similar part also, The converse part of this theorem is obvious by 
using the definition of L(G). 
Theorem 3.7 L(G) is a NVLG if and only if L(G) 1s a line graph and 

Ti, (uv) = min{Ty, (w), TH) 

If, (uv) = min{If, (), 1, @)} 

Fi, (uv) = max{Fif, (w), Fit, W))} 

Ty, (uv) = min{Ty, (W), T7,(0)} 

Ig,(uv) = min{lj, (4), I, (0)} 

Fx, (uv) = max{Fy, (wu), Fy,(v)} Vuv € M. 


Proof. The proof follows from the above Proposition 3.5 and Proposition 3.6. 


Definition 3.8 A homomorphism x:G, > G2 of two NVGs G, = (A,,K,) and G, = (Hz, Kz) is mapping 
x: V, — V2 such that 

(A)TH, 1) S TH, 1 04)), TH, 1) S Ta, 101)), 

Tt, 1) S Te, 1 04)), Te, 1) S Te, 11), 

Fi, (1) S Fa, (101), Far, 1) S Fa, 100)), Vx € Vi. 


(B)Tx, (411) S Tx, (10%) x01.) Tk, (41M) S Tk, (X(%1)xX01)), 


Te, (11) S Tk, 1001) 101), Tk, 011) S Tk KO) X01), 
Fe (%191) S Fg, (41) x01), Fe, 1.41) S Fe 104) 101), V1 © Eh. 
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Definition 3.9 A (weak) vertex-isomorphism 1s a bijective homomorphism x: G, > Gz such that 

(A)TH, 1) = TH, 1), 
Tr, 1) = TH, 10%), 
Ti, 1) = Ti, 104)), 
Te, 1) = Te, HO), 
Fr, (1) = Fa, 04)), 
Fi, (%1) = Fa, 41)), V1 € V1. 

A (weak) line-isomorphism is bijective homomorphism y:G, > G, such that 
(B)Tx, (411) = Tx, X(%1) X01), 
Tk, (%1y¥1) = Tk, (10%) X011.)), 
Te, 11) = Tk, HOD) X0)), 
Tk, 1¥1) = Ik, HO) XO1W)), 
FR (%1y¥1) = Fe (X(%1) X01): 
Fe (4141) = Fe, W(%)xX01)), V1 © F 4. 

If y:G, ~ G, is a weak-vertex isomorphism and a (weak) line-isomorphism, then 7 is called a 


(weak) isomorphism. 


Proposition 3.10 Let G = (H,,K,) be a NVG with underlying set V. Then (Hz, Kz) is a NVG of A(D) 
and (H;,K,) = (Hz, Kz) 


Proposition 3.11 Let G and G’ be NVGs of G and G’ respectively, if x:G— G’ is a weak isomorphism 
then x:G — G’ is an isomorphism. 

Proof. Let y:G —> G' be a weak isomorphism, then u € V if and only if y(u) EV’ and uv € E if and 
only if y(u)x7(v) € E’. Hence proved. 


Conclusion 

A neutrosophic graph is very useful to interpret the real-life situations and it is regarded as 
a generalisation of intuitionistic fuzzy graph. Neutrosophic vague graphs are represented as a 
context-dependent generalized fuzzy graphs which holds the indeterminate and inconsistent 
information. This paper dealt with the necessary and sufficient condition for NVLG to be a line 
eraph are also derived. The properties of homomorphism, weak vertex and weak line isomorphism 
are established. Further we are able to extend by investigating the regular and isomorphic properties 
of the interval valued neutrosophic vague line graph. 
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Abstract: Smarandache presented and built up the new idea of Neutrosophic set from the Intuition- 
istic fuzzy sets. A.A. Salama presented Neutrosophic topological spaces by utilizing the Neutro- 
sophic sets. M.L.Thivagar et al., created Nano topological spaces and Neutrosophic nano topologi- 
cal spaces. Point of this paper is we present and study the properties of Neutrosophic Nano semi 
frontier in Neutrosophic nano topological spaces and its portrayal are talked about subtleties. 


Keywords: Neutrosophic Nano semi open set, Neutrosophic Nano semi closed set, Neutrosophic 
Nano frontier, Neutrosophic Nano semi frontier, Neutrosophic nano topology. 


1. Introduction 

Nano topology explored by M.L.Thivagar [15]et.al can be communicated as an assortment 
of nano approximations, Neutrosophic sets set up by F.Smarandache[14]. Neutrosophic set is illus- 
trate by three functions: a membership, indeterminacy and nonmembership functions that are in- 
dependently related. Neutrosophic set have wide scope of uses, all things considered. M.L.Thivagar 
et al., created Neutrosophic nano topological spaces .Neutrosophic nano semi closed, neutrosophic 
nano aclosed, neutrosophic nano pre closed, neutrosophic nano semi pre closed and neutrosophic 
nano regular closed are presented by M.Parimala[17] et al. Point of the current paper is we learned 
about properties of Neutrosophic Nano frontier, Neutrosophic Nano semi frontier in Neutrosophic 
nano topological spaces 


2. PRELIMINARIES 
In this section, we recall needed basic definition and operation of Neutrosophic sets 
Definition 2.1 : [15] 

Let U be anon-empty set and R be an equivalence relation on U. Let F be a neutrosophic set 
in U with the membership function pu; , the indeterminacy function o, and the non-membership 
functionv; . The neutrosophic nano lower,neutrosophic nano upper approximation and neutro- 
sophic nano boundary of F in the approximation (U,R) denoted by N(F), N(F)and Bn(F)are respec- 
tively defined as follows: 

(i) NC) = (< U HRM) ), OR(M1)(U), VR )(u) > /y € [u]R,u € US. 

(ii) NO) = {<u pg(Mz)(u), og(Mj)(u), vg(MI)(u) > /y € [ula u € UJ. 

(iii) BN(F)=N (F) — N(F) 

Definition 2.2: [15] 

Let U be an universe, R be an equivalence relation on U and F be a neutrosophic set in U and if the 
collection Ny (t) = {Ovv, Ivy, NF), N(F),Bn(F)} 
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forms a topology then it is said to be a neutrosophic nano topology. We call (U, Ny(t)) as the neu- 
trosophic nano topological space. The elements of Ny(t) are called neutrosophic nano open sets. 
Definition 2.3 : [15] 
Let U be anonempty set and the Neutrosophic sets M; and M; in the 
form M;={< u:uy: (u), Oy (WU), Vy (u)>, uEU}, 
M3=\< w:y3(U), Ou3(U), Vuz(u)>, uEU}}. 

Then the following statements hold: 

(i) Oy, ={<u, 0,0, 1>: uweU} and 1), ={<u, 1,1, 0>: ueU}. 

(ii) Mj S M3 iff { py; (1) < g(t), Os (U) < om; (U), Vu; (U) > Vy (U), WUEU}, 
(iii) Mj = M3 iff Mj SM and MZ Mj. 

(iv) Myo ={< u, Vys(U), 1 - oys(U), Uz (u) >: u € US. 

(v) M3Mg =(0a, bys (u)Aptas (1), ms (W)Aoyg (4), Vig (U1) Vays (2), WUEU}. 
(vi) MZUM3 =(0r, dys (Uu)Vptms (W), Omg (W)Voryg (U), Ving (UAVs (), VUEU}. 
(vii) UM; = (u,V,V,A) 

(viii) NM; =(u, A,A,V) 

(ix) Mi — Mz = M* NoMs° 

Proposition 2.4 [15] 

For any Neutrosophic Nano set M; in (U, Ny(t))) we have 

(1) NCI ((M3)°) = (NN Int (M3))°, 

(2) N™Int ((Mz)°) =(NCI (M7))°. 

(3) Mj © M3 => NNInt (Mj) S NN Int (M3), 

(4) MjSM;5 => NNCI(M7) S NNCI(M3), 

(5) N* Int (N“ Int (M7)) = N*Int(M7), 

(6) NNCI (NNCI (M{)) = N™CI (M7), 

(7) NX Int (Mj n M3)) = N™Int (Mj) 0 N™Int (M3), 

(8) NNCI (Mj U M3) = NNCI(M7) U NXCI(MS5), 

(9) N™Int (Ow,) = On, » 

(10) N“Int (1y,) =1ny » 

(11) NYCI (On) = Owy » 

(12) NYCI (1Ny) = Iny » 

(13) Mz © M3 => (M3°c MM, 

(14) NYCI (MjnM3)SNNCl (MZ) nN NCI (MS), 

(15) N‘ Int (MjU M3)> N™Int (Mj) U N“Int (M3). 


3. NEUTROSOPHIC NANO FRONTIER 
In this section, the concepts of the Neutrosophic Nano frontier in Neutrosophic Nano topological 
space are introduced and also discussed their characterizations with some related examples. 
Definition 3.1. 
Let U be a N-N-T-S and let Mj o®oNNS (U). Neutrosophic Nano frontier of M; and is denoted by NFr 
(Mj). i.e., NY Fr (My) = NNCI(M{) NON CI(M7)°. 
Proposition 3.2. For each Mj ooNNS(U), Mj UoN* Fr (M{) © N“CI (Mj). 
Proof : Let M; be the NNS in the N-N-T-S U. Using Definition 3.1., 
Mx UoN" Fr (M¥) = Mx U( NCI (Mz) NON Cl ((M;‘)) 
= (Mi UoN™ Cl (M3) ) No( Mx UoNN Cl ((Mi°)) 
©00000000000000000000C ON Cl (M*) NON Cl (M3) 
©0000OOOOHOOOOOOOOOOOOOCL ON C] (M7) 
Hence Mj UoN" Fr (Mj) GoNN CI (Mj). 
Example 3.3. 
Let U and A be two non-empty finite sets, 
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where U is the universe and A the set of attributes 
The members of U= {P1, P2, P3,Pa}are pressure patients 
Let U/R ={{P1, P2, Ps}, {Pa}} be an equivalence relation 
A = {Salt food , colostreal food } are two attributes 


Pr= (8 (S050 °50) (G00 "70)) 
P= (% (Soy 76r90) Gori0'70) 
os (x, (5 10’ 0" io) Gar 10’ a) 

ie vo) 


2 10 
Pa= (x, =), (=, 
10’10’10/’ \10’ 10’ 10 


Ny(t) ={Onys Inq, NCE), N(F),BN(F)} 

N= 0 (c9»55°90) Gori '70) 

N®) = 6 (Sa0r70) Gora "0" ")) 

ENO yaaa) a) 
Nay O= (Onws Lane 08 (T5050) Gaeta) Gara 

( 7 ae Ge a ae ((Go"6"30) (Gora 70))} 

Here NCI (Ps) = 1y, and N™CI ( Ps) = (Corio Go ,(- 
Using Definition 2.1, N“ Fr (M7) = (== Fs =), (==, ). 
Also Mj UoN' Fr (M7) = (=, = =), (=, = =) © ty: 





10’10’10 10’10’10 
5 10 1 O - 25 35 
Therefore NC] (M;) = Ivy ¢ (=.= re =), (=,=,=)) 
Theorem 3.5. 


For a NNS M¢ in the N-N-T-S U, N Fr (Mj) =N Fr (M¢°). 
Proof : Let M; be the NNS in the N-N-T-S U. Using Definition 3.1., 
N Fr (Mz) = NNCI (Mj) NONNCI (Mj‘) 
= N™CI (Mj°) NoNNCI (Mf) 
= NCI (M#°) noN*CI(M3°)° 
Again by Definition 3.1,= N' Fr (M{°) 
Hence N% Fr (M+) = N Fr (M°). 
Theorem 3.6. 
Ifa N‘S Mj is a NCS, then N% Fr (Mj) GoM]. 
Proof : 
Let Mj be the NS in the Neutrosophic Nano topological space U. Using Definition 3.1, 
NNFr (M*) = NNCI (M*) 9 NNCI (M$°) © NNCI (MS) 
By Propositon (2.4) ,= M; 
Hence N" Fr (Mj) GoM}j, if Mj is NYCS in U. 
The converse of the above theorem needs not be true as shown by the following example. 
Theorem 3.7. 
If a NNS M; is NNOS, then N" Fr (M3) CooM?°. 
Proof : 
Let M; be the NNS in the N-N-T-S U. Using Definition 3.1, 
My is NNOS implies Mj“is NCS in U. By Theorem 3.6, N Fr (Mj°) & Mf“and by Theorem 3.5, 
we get N\ Fr (Mj) & M{° 
Theorem 3.8. 
For a NNS M; inthe N'TS U, (N%Fr (M%))= NN Int (Mi) UoNN Int (M°). 
Proof : 
Let Mj be the NNS in the N-N-T-S U. Using Definition 3.1., 
(NFr (Mz))°= (NNCL (Mj) )°(NeN™Cl (M;"))) 
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By Propositon (2.4) ,= (NCI (M3) )© Ue(N CL (M3°)))° 
By Propositon (2.4),= N™ Int (Mi°) UoN Int (M%) 
Hence (N* Fr (M%))© = N Int (Mz) UoN Int (M%*). 
Theorem 3.9 
Let Mj GoM3 and Mz ooNNC (U) ( resp.,M3 ooN™O (U) ). Then N% Fr (Mj) GoM3 ( resp., NY Fr (Mz) © 
(N™CL (M3) )°), where NNC (U) ( resp., NYO (U) ) denotes the class of Neutrosophic Nano closed 
( resp., Neutrosophic Nano open) sets in U. 
Proof : Use Prop.,2.4, Mj SoM; , 
NCI (Mj) SON Cl (M3) -------------------- (1). 
By Definition 3.1., 
N' Fr (Mf) = NNCI (M3) NoNN Cl (M;°) 
CoN Cl (M3) NON CI (MZ*) by (1) 
CoN" Cl (M3) = M3 
Hence N% Fr (Mj) GoM3. 
Theorem 3.10 
Let M; be the NNS in the N-N-T-S U. Then 
NN Fr (M7) = NNCI (M7) — NN Int (M}). 
Proof : Let Mj be the NNS in the N-N-T-S U. By Propositon (2.4), 
(CNN CL (M3°)))” = NN Int (M3) and by Definition 3.1, 
N' Fr (Mi) = NNCI (M3) NoNN Cl (M;°) 
= NYCI (Mf) - (NCI (Mz"))° 
by using Mj — M3 = Mj neM3° 
By Propositon (2.4), 
= NNCI (Mj) — NN Int (M{) 
Hence N* Fr (Mj) = NNCI (M7) — N™ Int (M7). 
Theorem 3.11. 
For a NNS Mj; inthe N“TS U, N%Fr (N% Int (Mj)) GON’ Fr (M9). 
Proof : 
Let M; be the NNS in the N-N-T-S_ U. Using Definition 3.1., 
NN Fr (NNInt (M3)) = NNCI (NNInt (Mj)) A NNCI (NNInt (Mj)) )° 
By Propositon (2.4), 
= NNCI (NNInt (Mt)) 9 NNCI (NNCI (Mz5))) 
By Propositon (2.4), 
= NNCI (NNInt (M*)) 9 NNCI (M3°) ) 
. By Propositon (2.4), , 
CoNNCI (M*) 9 NNCI (M°)) 
Again by Definition 3.1., 
= NNFr (M}) 
Hence NNFr (NNInt (Mj)) GoNNFr (M7). 


Example 3.12. 

Let U and A be two non-empty finite sets, 

where U is the universe and A the set of attributes 
The members of U= {P1, P2, P3,Ps}are pressure patients 
Let U/R ={{P1, P2, Ps}, {Pa}} be an equivalence relation 
AL = {Head ache, Temperature} are two attributes 


5 6 7 10 9 4 
Pi (x,(—,2,7),(2,-,5)) 
10 10 10 10 10 10 


3 9 2 4 1 6 
Po= (x,(—,-,=),(=,=,4)) 
10 10 10 10 10 10 
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rae (Ea. 
Pa= (x, Gon 10’ ar Gomes 
Ny(t) = {Ony, Ly, NCE), N(F),BN(F)} 


NE) = (8 (S50) Gort) 
N(F) = 7 (x, (== 10’ =), (=.= 10’ 10 


4 


BNC) = (<5 -c5+30)* or30°%0)) a 
Nw I= One Lys % Gori0 10" a) Cori 10" ay) . Gora 19" io) Co 10" a) 
(Gomen hector nomena creme: 
; 5 4 3\/6 9 4 
M3 = (S5-79°70):(ao'q0'70) 
Therefore by Definition 3.1., N“ Fr (M3) = £ N“ Fr (NN Int (M3)). 
Theorem 3.13. 
For a NNS Mj in the N-N-T-S U, N™ Fr (NCI (M3)) & NN Fr (M3). 
Proof : Let M; be the NNS in the N-N-T-S U. Using Definition 3.1., 
N* Fr (N“CI (M{)) = N* CI (N“CI (My)) AN“ CI ((N* CL (M7))) )° By Propositon (2.4), 
= NNCI (Myf) 0 NCI (NN Int (Mj°))By Propositon (2.4), 
© N™CI (Mf) n NCI (Mj") Again by Definition 3.1., 
= NN Fr (M3) 
Hence N*% Fr (NNCI (M{)) S N‘ Fr (M?). 
Theorem 3.14. 
Let Mj be the NNS in the N-N-T-S U. Then N% Int (Mj) GoM; — N% Fr (M#). 
Proof : Let M; be the NNS in the N-N-T-S U. Now by Definition 3.1., 
Mx — N Fr (M3) = Mi -— (NCI (Mz) NON Cl (MZ°)) 
= (Mj - NCI (Mj)) U(Mz - NCI (M;z*)) 
= Mx — NCI (M;°) 
NN Int (Mj). 
Hence N% Int (Mj) © Mj — N“Fr (Mj). 
Remark 3.15. 
In general topology, the following conditions are hold : 
NN Fr (Mj) NONN Int (Mj) = ON, 
NN Int (M;) UONN Fr (Mj) = NNC1 (Mj), 
NN Int (Mj) VON" Int (Mj) UN Fr (Mf) = 1yy- 
Theorem 3.16. 
Let Mj and M3 be the two NNSs in the N-N-T-S. 
Then N* Fr (Mj UoM3) CoN” Fr (Mj) UON* Fr (M3). 
Proof : Let Mj and M3 be the two NNSs in the N-N-T-S U. 
Using Definition 3.1., 
NN Fr (Mj UoM3) = NXCI (Mj UeM3) NeNNCI ((Mj U M3) 
. By Propositon (2.4), 
= NNCI (Mx UoM3) NoN™ Cl ( Mx° NoM3‘) 
Co(N Cl (M*) UeNN CI (Mz)) Ne(N Cl (Mz°) NON’ Cl(M3‘)) 
= [(N™ Cl (Mi) UoN Cl (M3) ) NON Cl (M3°) ] Nol (NN CI (Mz) UoN™ Cl (M3) ) NON CI (M3) | 
= [(N™ Cl (Mi) NON CI (M3°)) U (NNCI (MZ) NON® Cl(MZ"))] Neo[( NX Cl (Mz) NON CI (MZ°)) U 
(N“CI(M3) NoN™ Cl(M3°))) 
Again by Definition 3.1., 
= [N Fr (Mx) Uo( NCI (M3) NoN™ Cl (M°)) ] Nef (NYCI (Mx) NON Cl (M3°) ) VON Fr(M3) ] 
= (NN Fr (Mx) UoN Fr (M3)) Nef (NCI (M3) NoN™ Cl (M3°) ) 


~—"— i 
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Uo( N“ CI (M*) NoNNCI (M3°) ) 

CoN" Fr (M;) UON" Fr (M35). 

Hence N% Fr (Mj UoM3) GoN Fr (Mj) UON* Fr (M3). 

Note 3.17. 

NN Fr (Mj NoM3) ¢ NN Fr (M3) NON’ Fr (M3) and 

NN Fr (Mj) NONN Fr (M3) ¢ NNEr (Mj NoM3). 

Theorem 3.18. 

For any NNSs Mj; and M; in the N-N-T-S U, 

N' Fr (Mj NOM) Go( N“Fr (Mj) N©NNCI (M3) ) Uo( N% Fr (M3) N NNCI (M7) ). 

Proof : Let Mj and M3 be the two NNSs in the N-N-T-S U. 

Using Definition 3.1., 

N' Fr (Mj NoM3) = NXCI (Mj N©M3) NeNNCI ( (Mz N M3)° 

Use Prop., 3.2 (1) [18], 

= NNCI (Mi NoM%) NeN™ Cl M;° UoM3°) 

. By Propositon (2.4), 

Co(N Cl (M*) NoNNCI (Mz)) Ne(N Cl (M3°) UeNN Cl (M3°)) 

= [ (NNCI (M*) NON CI (M3) ) NON Cl (M¥°) ] Vol (NCI (M3) NON CI (MZ) ) NON Cl (M3°) | 
Again by Definition 3.1., 

= (N% Fr (M7) NON CI (M3) ) Uo( N% Fr (M3) N©NNCI (M7) ) 

Hence N% Fr (Mj N©M3) Ge( NN Fr (Mj) N©NNCI (M3) ) U 

(N% Fr (M3) NoNN CI (M7) ). 

Corollary 3.19. 

For any NNSs M; and M; in the N-N-T-S U, 

NN Fr (Mj N©M3) GON" Fr (Mf) UON* Fr (M3). 

Proof : 

Let Mj and M3 be the two NNSs in the N-N-T-S U. Using Definition 3.1., 

N' Fr (Mj N©M3) = NXCI (Mj NOMS) NONNCI ((Mz N M3 )S 

. By Propositon (2.4),, 

= NNCI (Mi NoM3) NoN™ Cl ( Mx° UoM3‘) 

. By Propositon (2.4),, 

Co(N Cl (M*) NoNNCI (Mz)) Ne(NN Cl (M3°) UeNN CI (M3°)) 

= (NNCI (Mi) NON Cl (M3) NoNNCI (Mz°) ) Uo( NN CI (Mz) NON Cl (M3) NON Cl (M3°) ) 
Again by Definition 3.1., 

= (N" Fr (Mj) NoNNCI (M3) ) Vol NNCI (M3) NON" Fr (M3) ) 

CoN’ Fr (M3) UON" Fr (M3) 

Hence N% Fr (Mj N©M3) GON’ Fr (Mj) UON* Fr (M3). 

Theorem 3.20 

For any NNS M; in the N-N-T-S U, 

(1) N’ Fr (NN Fr (M3)) SON" Fr (MZ), 

(2) NN Fr (N% Fr (N“ Fr (M{))) GON* Fr (NN Fr (M)). 

Proof : (1) Let M; be the NNS in the Neutrosophic Nano topological space U. Using Definition 3.1., 
N* Fr (N“Fr (M{)) = N* CI (N™Fr (Mj)) NON" Cl (CN Fr (M7))° Again by Definition 3.1., 
= NCI (NCI (Mj) NeN™ Cl (M3°) ) A NYCI (((NNCL (MZ) A NNCL (M3) 

By Propositon (2.4), and by By Propositon (2.4), 

Co( NYCI (NCI (Mi)) NON CI (NCI (Mi“)) ) No N“ CI (NN Int (Mj°) UoN™ Int (M3) ) 
Use Prop., 1.18 (f) [18] , 

= (NYCI (M3) NeNN Cl (M3°) ) Nol NN CI (N Int (Mz° )) Uo NYCI (NN Int (M3)) 
CoN Cl (M3) NoN Cl (M;°) 

By Definition 3.1., 
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= N"Fr (M7) 
Therefore N% Fr (N% Fr (M;)) GON Fr (M7). 
(2) By Definition 3.1., 
N™ Fr (NN Fr (N* Fr (M7))) = NX CI (NN Fr (N% Fr (M7))) A N“CI ((N“ Fr (N% Fr (M7)))9 
Use Prop., 1.18 (f) [18] , 
Co(N™ Fr (N* Fr (M7))) NON’ CI((N* Fr (N“ Fr (M7))) )© GON Fr (N* Fr (MQ)). 
Hence N* Fr (N% Fr (N% Fr (M7))) GON Fr (N* Fr (M7)). 
Example 3.21. 
Let U and A be two non-empty finite sets, 
where U is the universe and A the set of attributes 
The members of U= {P1, P2, P3,Pa}are patients 
- U/R ={{P1, P2, Ps}, {P4}} be an equivalence relation 
= {Head ache, Temperature} are two attributes 


Pi= x, a i al Ge i a) 
Po= (x, Gear 1 ae Caer 0) 
Pa= (x, Gar 10 oe Gay ‘10’ 10 a) 
Pa= (x, Cer 10’ ak Gar geting ) 
Ny (t) ={Onys Lys NCE), N(F),BN(B)} 
Ne= = % a - a Garena 
N®) = x, (===), (4,4,=)) 


1 
10 





aN 


~~ 


10’ 10’ 10 10 10 10 
6 4 7 6 4 
BNE) = Gan 10” so) Garner 
Ze. 30 1 4 9 8 6 5 7 6 4 
Ny (2)= (Ony» Lr (% (s5>55rG0) Goraara0)) (Goraarsa)  GGaraara0)™ 


Goren): ean) a) 
My = (x, aon 10’ ae Gi 407 i 
Then N% Fr (M{) = (x, (=, =. =), (= = =)) 


10’10’10/’ \10’ 10’ 10 

NSF r (N™Fr (My) = (% Ge 7 a Ge i a =) 
N Fr (Mj) & N*Fr (N* Fr (M3)) 
III. NEUTROSOPHIC NANO SEMI-FRONTIER 
In this section, we introduce the Neutrosophic Nano semi-frontier and their properties in N-N-T-S s. 
Definition 4.1. 
Let M; be a NNS in the N-N-T-S U. Then the Neutrosophic Nano semi-frontier of Mj is defined as 
NN(S)Er (M3) = N(S)CL (Mf) A N®(S)CI(M¢°). 
ObviouslyN™(S)Fr (Mj) is a NN(S)C set in U. 
Theorem 4.2. 
Let M; be a NNS in the N-N-T-S U. Then the following conditions are holds : 
(i) N“(S)CI (M{) = Mj UON™ Int (N“CI (M})), 
(ii) NN(S)Int (Mt) = Mj NON CI (NN Int (Mj)). 
Proof : (i) Let Mj be a NNS in U. Consider 
NN Int (NN CI (Mj UoNN Int (N“CI (M})) ) ) 

= NNInt (N‘CI (Mj) UoNNCI (NN Int (NX CI (M7)) ) ) 

= N% Int (N“CI (M})) 

CoM; UoNN Int (N‘CI (M7)) 
It follows that Mj UoN Int (N“ CI (M7)) is a NN(S)C set in U. 
Hence N*(S)Cl (Mj) GoM} VON Int (N“CI (M7)) ... (1) 
Use PropN"(S)CI (M{) is N*(S)C set in 
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U. We have N% Int (N“CI (M{)) GoN™ Int (NYCI (N*(S)CI (Mf))) SON*(S)CI (M7). 
Thus Mj UoNN Int (N“CI (M{)) GoN%(S)CI (Mf) ... (2). 
From (1) and (2), N“(S)CI (Mj) = Mj UoN™ Int (NCI (Mj)). 
(ii) This can be proved in a similar manner as (i). 
Theorem 4.3. 
For a NNS M; in the N-N-T-S U, N(S)Fr (M) =N%(S)Er (M°). 
Proof : Let M; be the NNS in the N-N-T-S U. Using Definition 4.1, 
N(S)Fr (Mi) = N(S)CI (Mi) NON (S)CI (Mi°) 
= NN(S)CI (Mz°) NoN*®(S)CI (M%) 
= N(S)CI (M3°) neN™(S)CL (M3°)° 
Again by Definition 4.1, 
= NN(S)Fr (Mi°) 
Hence N%(S)Er (Mx) = N(S)Fr (M3°). 
Theorem 4.4. 
If Mj is NN(S)C set in U, thenN*(S)Fr (Mj) GoM}. 
Proof : Let M; be the NNS in the N-N-T-S U. Using Definition 4.1, 
N(S)Fr (Mi) = N%(S)CI (Mi) NON (S)CI (Mi°) 
Co N*(S)CI(My)= M; 
Hence N%(S)Fr (Mj) GoMj, if Mf is NN(S)C in U. 
The converse of the above theorem is not true as shown by the following example. 
Example 4.5. 
Let U and A be two non-empty finite sets, 
where U is the universe and A the set of attributes 
U={F1,F2 ,F3, Fatare Fruits 
4 U/R ={{ Fi,F2,Fs}, { Fa}} be an equivalence relation 
= {Proteins, minerals, vitamins} are three attributes ,its Neutrosphic values are given below 


Fi= (Ge 50" io) (s0°56"20) Gorio-a0) 
Po -((=,- ” 50) (20°50 "30) (G0 0°50)? 
Fs =(=,2 10 <9) (s0°i6'90) Gori0'30) 
BMC ea) ea) Ga) 
Ny (t) = {On Lys NCM) , NOM),BN(VD)} 
2 4 5 1 1 2 6 5 8 
N= (Go-ap'19)- 0-30-40) ip yo'20) 
N®= ((S, 0) =) Gy 10" 5) ery 10" =)) 
By(F)= (52,5), G5»50°50) (Go°50°70)) —— 
Nw (2)= nye InwA( S359) (Gorge) Goa) 
5 ae. 3 4 2 2 
tre) Gan 10’ a fe 
5 -& 63 Z. xe. 2 8 5 8 
(ipa0ae): (io°io TEU UB UBT 
4 4 5 Zz. 2 6 5 8 
(i940) ai ieaa)Ge?ae't0)) 


a ae 7, 28 
M; i(<, =), (= =), (=, -)), is Neutrosophic Nano semi-closed set 
10’10’10/’ \10’10’10/’ \10’ 10’ 10 


Then N*(S)Fr (M7) S Mj; 

Theorem 4.6. 

If Mi is NNSO set in U, then NN(S)Fr (Mi) € M%° 

Proof : Let M; be the NNS in the N-N-T-S _ U. Using Proposition 4.3 [18], 
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Mi is NNSO set implies Mj“is NN(S)C set in U. By Theorem 3.4, NN(S)Fr (Mj°) & Mj“and by 
Theorem 3.3, we get NN(S)Fr (Mj) © Mi° 
Theorem 4.7. 
Let Mf GoM; and M3 ooN%(S)C (U) ( resp., Mj o©oN“ SO (U) ). Then N%(S)Fr (Mj) GoM3 ( resp., 
N(S)Fr (Mi) CoM", where N%(S)C (U) ( resp., N“SO (U) ) denotes the class of Neutrosophic Nano 
semi-closed ( resp., Neutrosophic Nano semi-open) sets in U. 
Proof : Use Prop., 6.3 (iv) [18] , Mj SoM; , 
N™(S)CI (M¥) GoN%(S)CI (M3) -------------------- (1). 
By Definition 4.1, 
N(S)Fr (Mi) = N%(S)CI(M*) NON (S)CI (Mi“) 
CoN (S)CI(M3) NON (S)C1 (Mf*) by (1) 
CoN" (S)CI (M3)Use Prop., 6.3 (ii) [18] ,= M3 

Hence N%(S)Fr (Mj) GoM3. 
Theorem 4.8. 
Let Mi be the NNS in the N-N-T-S U. Then (N(S)Fr (M3) )°= N%(S)Int (Mi) UoN(S)Int (M° ). 
Proof : Let M; be the NNS in the N-N-T-S U. Using Definition 4.1, 
(N(S)Fr (M7) © = ((N(S)CL (MZ) AN NN(S)Cl (Mi )))"Use Prop., 3.2 (1) [18], 

=(N%(S)CI (Mj))° Uo(N%(S)CL (Mi°))°Use Prop., 6.2 (ii) [18] , 

= NN(S)Int (Mi°) UeN(S)Int (Mz) 
Hence (N%(S)Fr (Mi) )© =N(S)Int (Mi) UoN'(S)Int (MZ°). 
Theorem 4.9. 
For a NNS Mj in the N-N-T-S U, then N%(S)Fr (Mj) GON’ Fr (M}). 
Proof : Let M; be the NNS in the N-N-T-S U. Using Proposition 6.4 [18] , 
N(S)CL (Mz) GoN™ Cl (Mj) and N(S)CI (M{°) CoN" Cl (Mj°).Now by Definition 4.1, 
N(S)Fr (Mf) = N%(S)CI (Mj) NoNN(S)CI (Mi*) So N“CI (Mf) NON Cl (Mj*)By Definition 3.1., 
= N"Fr (M7) 
Hence N%(S)Fr (Mj) GoN* Fr (M7). 
Theorem 4.10. 
For a NNS Mj in the N-N-T-S U, then N%(S)CI (N%(S)Fr (M7)) S N¥ Fr (M7). 
Proof : Let M; be the NNS in the N-N-T-S U. Using Definition 4.1, 
NN(S)CIL (N(S)Fr (M3)) = N%(S)CI (NN(S)CI (Mx) NoN®(S)CI ((M;°))) 
CoN (S)CI (N%(S)CI (Mz)) NON®(S)CL (NN(S)CI ((Mj")))Use Prop., 6.3 (iii) [18] , 
= N(S)CI (Mj) NeN*(S)CL ((Mj°))By Definition 4.1, 
= N‘(S)Fr (M;)By Theorem 3.10, 
CoN Fr (M7) 
Hence N%(S)Cl (N“(S)Fr (Mj)) GON Fr (M{). 
Theorem 4.11 
Let Mj be a N“S in the N-N-T-S U. Then N%(S)Fr (Mj) = N“(S)CI (Mt) — N“(S)Int (Mf). 
Proof : 
Let M7; be the NNS in the N-N-T-S_ U. Use Prop., 6.2 (ii) [18], 
(NN(S)CL (Mf*)))° = N*(S)Int (Mf) and by Definition 4.1, 
N(S)Fr (Mz) = N%(S)CI (M3) A NN(S)CI ( (Mz‘)) 
= N%(S)CI (Mi) — (N%(S)Cl ((Mj*)))°by using Mj — M3 = Mf N(M3°)Use Prop., 6.2 (ii) [18], 
=N%(S)CI (Mj) -N(S)Int (Mj) 
Hence N*(S)Fr (My) = N*(S)CI (M{)-—N*%(S)Int (Mf). 
Theorem 4.12. 
For a NNS Mj in the N-N-T-S U, then N%(S)Fr (N“(S)Int (Mj)) S N‘(S)Fr (M7). 
Proof : Let M; be the NNS in the N-N-T-S_U. Using Definition 4.1, 
N(S)Fr (N™ Int (Mj))= N“(S)CI (N% Int(My))n NN(S)CL((N%(S)Int (M{))°) Use Prop., 6.2 (i) [18], 
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=N(S)CI (N%(S)Int (Mj))n N%(S)C1(N%(S)CI ((Mj*)))Use Prop., 6.3 (iii) [18], 
=NN(S)CI (N%(S)Int (M{)) A NN(S)CI (Mj°)Use Prop., 5.2 (ii) [18], 

© N%(S)CI (M3) NN*(S)CI ( Mf°))By Definition 4.1, 
= N"(S)Fr (M7) 

Hence N%(S)Fr (N%(S)Int (M7)) S N“(S)Fr (M#). 

Example 4.13. 

Let U and A be two non-empty finite sets, 

where U is the universe and A the set of attributes 

U={P1,P2,P3, Pat}are Patients 

Let U/R ={{ P1,P2,P3, Pas }, { Ps}} be an equivalence relation 

AL = {Head ache, Temperature, Cold} are three attributes 

its Neutrosphic values are given below 


Pi= (3, i =). ala) a. a =) 
Beane)? Go i ae hcaaa) 
PAG aa aa "10" routed. 
P= (=, a a) Gan 10’ aa)? (= ana) 
P5= (55540) (an a0°s0) a aia) 
Ny(t) = {0ny, ae N(M) , N(M),By(M)} 
4 6 7\/8 4 6 

= (Fm 10’ =a) fae 10’ ma) (io 10’ ‘al 
N(F)= (Cora ee a ea 
BMP (sara) Gaeaarae) Garaa0) 
Ny (t)= wi two 10'30)' Gora") oa (rio : a)y » Corio"): (5r39r%0)"(orsaras)? 

(io Ter fren 10’ 0) (=.2 10’ 79) ats rt Gan 10’ ap (Go 70't0)3 
Mi = (Fa) (Gara) Gorap'aa)) is a NNSO 
Therefore N%(S)Fr (Mj) € N“(S)Fr (N%(S)Int (M?)). 








Theorem 4.14. 

For a NNS Mj in the N-N-T-S U, thenN(S)Fr (N“(S)CI (Mf)) S N(S)Fr (Mf). 
Proof : 

Let Mj be the N"S in the N-N-T-S U. Using Definition 4.1, 

N™(S)Fr(N™(S)CI (M{))= N*(S)CI (N*(S)CI (M7))N N%(S)CL((N* (S)CL (M7)))° 
Use Prop., 6.3 (iii) and Proposition 6.2 (ii) [18] , 

= N(S)CI (M3) AN*%(S)CL (N%(S)Int (Mi°))Use Prop., 5.2 (i) [18], 

© N%(S)CI (Mi) NN*(S)CL (Mz°)By Definition 4.1, 

= N“(S)Fr (M7) 

Hence N*(S)Fr (N“(S)CI (M{)) S N(S)Fr (M7). 

Remark 4.15. 

In general topology, the following conditions conditions are hold : 

N(S)Fr (Mf) NON’ (S)Int (Mj) =O0N, 

N%(S)Int (My) UON(S)Fr (Mf) = N%(S)CI (Mf), 

NN(S)Int (Mj) UeNN(S)Int (Mf") UeNN(S)Fr (Mj) = 1yq- 
Theorem 4.16. 

Let Mj and M3 be NNSs in the N-N-T-S U. 
Then N%(S)Fr (Mj UoM3) GoN(S)Fr (Mj) VON (S)Fr (M3). 
Proof : Let Mj and Mj be NNSs in the N-N-T-S U. Using Definition 4.1, 
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N(S)Fr (Mj UoM3) = N“(S)CI (Mj UeM3) NeN*(S)CI (Mj U M3)° . By Propositon (2.4), 
= N(S)CI (Mj UoM3) NoN(S)CI ( (Mz") Ne(M3"°) )Use Prop., 6.5 (i) and (ii) [18], 
©oCo(N'(S)CI (Mz) UeN™(S)CI (M3)) Nn (NN(S)CI (M3°)n N(S)CI (M3“)) 
= [ (N*(S)CI(Mj) UeN®(S)CL (M3) ) MeN (S)CL ((MF°] N[ (N(S)CI (MZ) UeN(S)CI (M3) ) 
NoN(S)C1 (M3°) | 
= [(N(S)CI (Mi)n N%(S)CI (Mx°)) U (NN(S)CI (M3)n N%(S)CI (Mz“))) 
AM [(N(S)CI (Mi)n N™(S)CI (ME°)) U (NN(S)CI (M3)n N®(S)CI (M3°))|By Definition 4.1, 
= [NN (S)Fr (Mt) Uo( NN(S)CI (M3) MeN (S)CI (MZ°))] A [ (NN(S)CL (MZ) NON (S)CI (M3°) ) 
UoN(S)Fr(M3) ] 
= (N%(S)Er (Mx) UoN™(S)Fr (M3)) Nel (N“(S)CL (M3) MN NN(S)CI (Mz°) ) Uo( N“(S)CL (Mi) NoN*(S)CI 
(M3) ) ] 
CoN (S)Fr (Mj) VON (S)Fr (M3). 
Hence N%(S)Fr (Mj UoM3) GoN(S)Fr (Mj) VON (S)Fr (M3). 
Example 4.17. 
Let U and A be two non-empty finite sets, 
where U is the universe and A the set of attributes 
U={P1,P2,P3, Ps}are Patients 
Let U/R ={{ P1,P2,Ps}, { Pa}} be an equivalence relation 
A = {Temperature} are one attributes 
U/R = {Pi}{ P2,P3, Ps} 


Pi= (<, a =) 


Be =(5, a 5) 
Ps=((=,=,=)) 


10’10’10 


Pa= (== : -)). 


10’10’ 10 
Then Ny (tT) = {Owy Iwy, N(M), N(M),By(M)} 


DU Galina oe a) 
N(F)= (Gaon os a) 
Bx (35/70) 
Ny (t) = Onn? Ty (= 
Ny (t) = (Onn Ine (=, 


a. Gon 10 0) 


Mj Vem = (5.555) 

N(S)Fr (Mj UoM3) CoN (S)Fr (Mj) VON (S)Fr (M3). 

Theorem 4.18. 

For any NNSs Mj; and M; in the N-N-T-S U, 

N(S)Fr (Mj NOM>) Go( N“(S)Fr (Mj) NON'(S)CI (M3) ) U (N“(S)Fr (M3) NON™(S)CI (M4) ). 

Proof : Let Mj and M3 be N"Ss in the NTS U. Using Definition 4.1, 

NN(S)Fr (Mj N©M3) = NN(S)CL (Mj N©M3) NeNN(S)CL (Mj NM M3)°Use Prop., 3.2 (1) [18], 

= N%(S)CI (Mi N©M3) NoNN(S)CI ( (Mj*°) Uo(M3°) ) Use Prop., 6.5 (ii) and (i) [18], 

Co(N™(S)CI (Mx)n NN(S)CL (M3)) n (NN(S)CL ((Mz*))U N(S)CI ((M3°))) 

= [ (N%(S)CL (Mi) NoN®(S)CL (M3) ) MONN(S)CL ((Mz5] Ul (NN(S)CL (MY) N©NN(S)CI (M3) ) 
NeN*®(S)CI (M3°)] By Definition 4.1, 

= (N“(S)Fr (Mj) N©N(S)CI (M3) ) Uo( N“(S)Fr (M3) AN NN(S)CI (M7Z)) 

Hence N%(S)Fr (Mj N©M3) Go( N“(S)Fr (Mi) NON™(S)CI (M3) ) U (N“(S)Fr (M3) NON*(S)CI (M72) ). 
Corollary 4.19 

For any NNSs Mj; and M; in the N-N-T-S U, 
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a 10’ al (- a a Ge a ae Gala) 
4 6 ae: 

10’ -), Gan ae Gan 10’ a) 
= (+,=,=)are NN(S)C 


N(S)Fr (Mj N©M3) CoN (S)Fr (Mj) VON (S)Fr (M3). 

Proof : Let Mj and Mj be NNSs in the N-N-T-S U. Using Definition 4.1, 

NN(S)Fr (Mj N©M3) = NN(S)CL (Mj N©M3) NENN(S)Cl (Mz MN M3)° Use Prop., 3.2 (1) [18], 

= N%(S)CI (Mi N©M3) NeN'(S)CI ( (Mz*) Ue(M3°) ), 

Co(N(S)CI (Mi)n N™(S)CI (M3)) Nn (N*(S)CI ((Mz° UeN™(S)CI ((M3°))) 

= (N%(S)CIl_ (Mx) N@©NN(S)CI (M3) NON™(S)CI ((Mz°) Uo( N%(S)CI(MZ) NONN(S)CI (M3) NON (S)CI 
((M3")) ) 

By Definition 4.1, 

= (N‘(S)Fr (Mj) NONN(S)CI (M3) ) Uo( NX(S)CI (Mz) NeNN(S)Fr (M3)) Go N%(S)Fr (Mf) VON (S)Fr 
(Mz). 

Hence N%(S)Fr (Mj N©M3) GON (S)Fr (Mj) VON (S)Fr (M3). 

Theorem 4.20 

For any NNS M; in the N-N-T-S U, 

(1) N*(S)Er (N%(S)Er (Mi)) GoN(S)Er (MZ), 

(2) N*(S)Er (N%(S)Er (N%(S)Fr (Mi))) GoN®(S)Fr (N%(S)Fr (M3)). 

Proof : (1) Let M; be the NNS in the N-N-T-S U. Using Definition 4.1, 

N(S)Fr (N%(S)Er (Mz))= N%(S)CI (NN (S)Er (M3)) NONN(S)CL ((N™ (S)Fr (MZ) © (N*(S)Er (MZ) )) 

By Definition 4.1, 

= NN(S)CI (NN(S)CI (M3) MeN™(S)CL (M#°)) ANN(S)CL (((NN(S)CL (M3) A NN(S)CL ((M}°)))")) 
Use Prop., 6.3 (iii) and 6.2 (ii) [18], 

Co( NX(S)Cl (NN(S)CI (M%)) NON®(S)CI (N(S)CL ((M¥°))) ) AN (S)CL (NN (S)Int ((M;°)) 
UoN(S)Int (Mj) )Use Prop., 6.3 (iii) [18] , 

= (N%(S)CI (Mf) NeNN(S)CL (M¥°))) Ne(N(S)CL (NN (S)Int (Mj°)) Uo NN(S)CL (N%(S)Int (Mf) 

CoN (S)CI (Mf) NoN'(S)CI ( Mj°)) By Definition 4.1, 

= N"(S)Fr (M7) 

Therefore N%(S)Fr (N“(S)Fr (Mj)) GON (S)Fr (M{).(2) By Definition 4.1, 

NN (S)Er (NN (S)Er (N%(S)Er (M%))) =N%(S)CL (NN(S)Fr (NN(S)Fr (Mi))) NMON®(S)CL ( (NN (S)Er 
(N*(S)Fr (M7)))°) 

Use Prop., 6.3 (iii) [18] , 

Co(N%(S)Fr (N“(S)Fr (Mj))) NONN(S)CL (CN (S)Fr (NN (S)Fr (M7)))°) (NN(S)Er (N“(S)Fr (Mf)))) 
CoN (S)Fr (N*(S)Fr (M;)). 

Hence N%(S)Fr (N%(S)Fr (N“(S)Fr (M7))) GON (S)Fr (N“(S)Fr (M?)). 


Conclusion 


This research article shared some fundmental properties of introduce the Neutrosophic 
Nano semi-frontier .This concepts for further research will be on elaborating the structure of 
Neutrosophic Nano topology to more new classes of weak and strong forms of nano-open sets, new 
classes of generalized sets and new classes of continuous functions.There is further scope of 
launching into wider applications of Neutrosophic nano topology in different branches of Sciences 


and Humanities. 
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Abstract: The various generalized associative laws can be considered as generalizations of 
traditional symmetry. Based on the theories of CA-groupoid, TA-groupoid and neutrosophic 
extended triplet (NET), this paper first proposes a new concept, which is type-2 cyclic associative 
eroupoid (shortly by T2CA-groupoid), and gives some examples and basic properties. 
Furthermore, as a combination of neutrosophic extended triplet group (NETG) and T2CA- 
eroupoid, the notion of type-2 cyclic associative neutrosophic extended triplet groupoid (T2CA- 
NET-groupoid) is introduced, and a decomposition theorem of T2CA-NET-groupoid is proved. 
Finally, as a generalization of neutrosophic extended triplet group (NETG), the concept of quasi 
neutrosophic extended triplet groupoid (QNET-groupoid) is introduced, and the relationships 
among T2CA-ONET-groupoid, T2CA-NET-groupoid and CA-NET-groupoid are discussed. 


Keywords: Semigroup; Type-2 cyclic associative groupoid (T2CA-groupoid); neutrosophic 
extended triplet group (NETG); decomposition theorem; quasi neutrosophic extended triplet 
eroupoid (QNET-groupoid) 


1. Introduction 


Groups and semigroups ([1-5, 7]) are essential branches of algebra, with the development of 
semigroup, the study of generalized semigroup has become an important topic. As far as we know 
the term groupoid (also called a magma) consists of a set G equipped with a binary operation. 
Despite the lack of further axioms, interesting results about groupoids exist [6]. 

The theory of non-associative algebras has seen new impetuous developments in recent years. 
Starting from algebraic topology, geometry and physics, new non-associative structures have 
emerged, such as triple systems, pairs, coalgebras and superalgebras. From a purely algebraic point 
of view, these structures are interesting. They have produced innovative ideas and methods that 
can help solve some algebraic problems. In fact, various generalized association identities are 
studied in many branches, for examples, functional equations [8-9], non-associative algebras [10], 
image processing [11] theory and networks [12]. 

The term “cyclic associative law” first appeared in the paper [13] published in 1954, which 
means an equation in the axiomatic system of Boolean algebra obtained in the literature [14] in 1946, 
namely (ab)c=(bc)a. Later, references [15-18] studied the relevant algebraic structures satisfying the 
cyclic binding law, however, the cyclic associative law in these references is actually a dual form of 
the cyclic associative law in [13-14], which is, x(yz)=z(xy). In [19], we introduce the notion of formal 
cyclic associative groupoid (CA-groupoid), and systematically study its properties and the 
relationship between CA-groupoid and neutrosophic extended triplet group (NETG). 
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Moreover, in some literatures ([7-9, 20]), the cyclic associative law is also used to refer to the 

following equation: 

X(YZ)=(ZX)Y. 
This meaning first appeared in Hosszu's study of function equation [20]. In this way, the term 
“cyclic associative law” has at least two different meanings in historical documents. 

In order to avoid confusion, the equation x(yz)=(zx)y is called type-2 cyclic associative law in 
this paper, and we focus on the basic properties and structures of the groupoid satisfying type-2 
cyclic associative law, calling it type-2 cyclic associative groupoid. 

In addition, Smarandache first proposed the new notion of neutrosophic extended triplet 
group (NETG) in [21], and many other significant results on NETGs and related algebraic systems 
can be found in [22-25]. In this paper, we analyze the structure of type-2 cyclic associative 
neutrosophic extended triplet groupoid (T2CA-NET-Groupoid) and study the relationship with the 
commutative regular semigroup. 

This paper is organized as follows. In Section 2, we show some significant concepts and basic 
properties of groupoid, CA-groupoid and neutrosophic extended triplet groupoid (NETG). In 
Section 3, we put forward the concept of type-2 cyclic associative groupoid (T2CA-groupoid), and 
show some typical examples. In Section 4, we discuss the basic properties of the T2CA-groupoid 
and show some important results on cancellative T2CA-Groupoids. In Section 5, we introduce an 
important class of T2CA-groupoids for the first time, and we call it a type-2 cyclic associative 
neutrosophic extended triplet groupoid (T2CA-NET-groupoid). We first study its basic properties, 
and then gets its decomposition theorem, and finally, we study the relationship between 
T2CA-NET-groupoid and commutative regular semigroup. In Section 6, we introduce another 
significant class of groupoids. We call it a quasi neutrosophic extended triplet groupoid 
(QNET-groupoid) and further discuss the relationship between T2CA-QNET-groupoid, QNETG, 
T2CA-NET-groupoid, and CA-NET-groupoid. In Section 7, we present the summary and plans for 
future work. 


2. Preliminaries 


We give some notions and results about groupoids in this section. 

A groupoid refers to an algebraic structure composed of non-empty sets, on which binary 
operations * are acted. Traditionally, when the * operator is omitted, it will not be confused. Assume 
(S, *) is a groupoid, we show some concepts as follows: 

(1) An element xé5S is called idempotent if x7=x. 

(2) An element xeé5S is right cancellative (respectively left cancellative), if for all y, zeS, y*x =z*x 
=> y =z (x*y = x*z => y =z). If an element both right and left cancellative, then it is cancellative. S is 
called right cancellative (left cancellative, cancellative), if each element of S is right cancellative (left 
cancellative, cancellative). 

(3) If for any x, y, zES, x*(y*z)=(x*y)*z, S is called semigroup. A semigroup (S, *) is commutative, 
if for all x, yeS, x*y=y*x. 

(4) If VxeS, x?=x, we call the semigroup (S, *) as a band. 


Definition 1. ([18, 26]) Let (S, *) be a groupoid, for any x, y, zéS. 


(1) If x*(y*z) = z*(x*y), then S is called a cyclic associative groupoid (or shortly CA-groupoid). 
(2) If (x*y)*z = (z*y)*x, then S is called a CA-AG-groupoid. 

Proposition 1. [19] If (S, *) is a CA-groupoid (7, s, t, u, v, we S), then: 

(1) (r*s)*(t¥u) = (u*r)*(t*s); 

(2) (r*s)*((t¥u)*(v*w)) = (u*r)*((t*8)*(0*w)). 
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Definition 2. ([21,27]) Let S be a non-empty set, and * is a binary operation on S. S is called a 
neutrosophic extended triplet set, if for each x <5, there is a neutral “x” (denote by neut(x)), and the 


opposite of “x” (denote by anti(x)), such that x*neut(x) = neut(x)*x = x, x*anti(x) = anti(x)*x = neut(x). 


The set of neut(a) and anti(a) is represented by the notations {neut(a)} and {anti(a)}; any certain 
one of neut(a) and anti(a) is represented by us with neut(a) and anti(a). 


Definition 3. ([21, 27]) Let (S, *) be a neutrosophic extended triplet set. If 

(1) (S, *) is well-defined, 1.e., x*yeS (V x, yeS). 

(2) (S, *) is associative, 1.e., (x * y)*z=x* (y* z) (Vx, y, zES). 

Then, (S, *) is called a neutrosophic extended triplet group (NETG). If x*y=y*x (V x, yeS), Sis called a 
commutative NETG. 


Proposition 2. (/23, 24]) If (S, *) isa NETG, then (VxeS) neut(x) is unique. 


Theorem 1. (/19]) Let (S, *) be a TA-NET-groupoid. Denote the set of all different neutral element in 
S by N(S). Put S(e) = {xeS| neut(x) = e} (WeeN(S)), then S(e) is a subgroup of S. 


Theorem 2. ([28]) Assume that (S, *) is a CA-groupoid, the following statements are equivalent: 
(1) Sis a CA-NET-groupoid; 

(2) Sis a CA- (r, l)-NET-groupoid; 

(3) Sis a CA- (r, r)-NET-groupoid; 

(4) Sis a CA- (I, r)-NET-groupoid; 

(5) Sis a CA- (I, l)-NET-groupoid; 

(6) Sis acommutative regular semigroup. 


3. Type-2 Cyclic Associative Groupoids (T2CA-Groupoids) 
Definition 4. Let (S, *) be a groupoid, for any 1, s, teS. If 
r*(s*t) = (t*r)*s, 
then (S, *) is called a type-2 cyclic associative groupoid (shortly, T2CA-groupoid). 


The following example shows that there is T2CA-groupoid, which is not a CA-groupoid, not a 
semigroup, not an AG-groupoid. Obviously, it is not a CA-AG-groupoid. 


Example 1. Put S = {1, 2, 3, 4,5, 6, 7 ,8}, and define the operations * on S as shown in Table 1. Then (S, 
*) is a T2CA-groupoid. We can verify that (S, *) is not a semigroup, due to the fact that (6*7)*7 =2 #1 
= 6*(7*7); (S, *) is not a CA-groupoid, because 6*(6*7) = 1 # 2 = 7*(6*6); (S, *) is not an AG-groupoid, 
since (6*7)*7 = 2 #1 =(7*7)* 6. Obviously, (S, *) is not a CA-AG-groupoid. 


Table 1. The operation * on S 


‘i 1 2 3 4 5 6 v4 8 
1 1 1 1 1 1 1 1 1 
ps 1 1 1 1 1 1 1 1 
3 1 1 1 2 1 1 2 1 
4 1 1 1 1 1 1 1 1 
5 1 1 1 1 1 2 2 1 
6 1 1 5 1 1 4 5 1 
7, 1 1 2 2 1 4 2 2 
8 1 1 2 1 1 1 2 2 


From the following example, we know that there is T2CA-groupoid which is a semigroup but 
not commutative. 
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Example 2. Table 2 shows the non-commutative T2CA-groupoid of order 6, and (S, *) is a 
semigroup. 


Table 2. Cayley table on S = {r, s, t, u, v, w} 


r S t u U Ww 
r r R t i t t 
Ss r R t i t t 
t t T r r r r 
u : t r ig f S 
V t t r S S ‘4 
Ww t t f r S r 


Proposition 3. (1) Each commutative semigroup is a T2CA-groupoid. (2) Let (S, *) be a T2CA- 
eroupoid. If S is commutative, then S is a commutative semigroup. 


Proof. By Definition 4, this is obvious. o 


Definition 5. Let (S, *) is a T2CA-groupoid, then an element e in S is called the quasi left identity 
element if for all ain S, e*a =a (a #e); and it is called the quasi right identity element for all a in S, a*e 
=a (a #e). If e is both quasi left and right identity element, it is called quasi identity element. 


Example 3. As shown in Table 3, put S = {f, g, h, j, k}, and define the operations * on S. Then we can 
verify through MATLAB that (S, *) is a T2CA-groupoid, and fis the quasi identity element in S, due 
to the fact that f*9=9"f=9,f*h=h* f=h, f*j=j* fap fr kak *feak. 


Table 3. The operation * on S 


* 
~ 
~~ 


a. OQ Sy 
et EO) 
ay. Og 09 
ys. 09 > > 
io Th Se Reg pS 
TS. OT OS 


Theorem 3. Let (S, *) be a T2CA-groupoid with quasi identity element e, that is VxeS, e*x =x*e =x (x 
#e). Then S is commutative. 


Proof. For any x, ye S, when x = y, obviously x*y = y*x. Suppose x # y, we have: 

(1) Assume that y =e, due to x #y, then x #e. Therefore, e*x = x = x*e. That is, x*y = y*x. 

(2) Suppose x #e, and y #e, there are: 

Case 1, if x*y #e, by Definition 4, we can get that x*y = e*(x*y) = (y*e)*x = y*x. 

Case 2, if x*y =e, we have y*x =e. Otherwise, suppose y*x #e, by Definition 4 we have y*x = e*(y*x) 
= (x*e)*y = x*y =e. This contradicts y*x # e. 

Hence, S is commutative. Oo 


Theorem 4. Let (S, *) be a T2CA-groupoid, e €S. 

(1) If e is the quasi left identity element of S, that is, VxeS, e*x =x (x #e), then e is the quasi right 
identity element. 

(2) If e is the quasi right identity element of S, that is, VxeS, x*e=x (x #e), then e is the quasi left 
identity element. 


Proof. (1) If e is the quasi left identity element of S. For each xeES, e*x =x (x #e), we have x*e = (e*x) *e 
= x"*(e*e), and 
x =e*x = e*(e*x) = (x*e)*e = (x*(e*e))*e = (e*e)*(e*x) = (e*e)*x = e*(x"e). 
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Case 1, when x*e #e, from x = e*(x*e) and definition of quasi left identity element, we can get that 
x=x"e. 
Case 2, when x*e =e, x = e*(x*e) = e*e, then e*e # e. Otherwise, if e*e = e, we have x = e*e =e. This 
contradicts x # e. Due to that e is the quasi left identity element of S, therefore, e*(e*e) = e*e. And, 
x*e = x*(e*e) = x*(e*(e*e)) = (e*e)*(x*e) = (e*e)*e = e*(e*e) = e*e = x. 


Hence, e is the quasi right identity element. 


(2) Suppose that e is the quasi right identity element of S. For any xeS, x*e =x (x #e), we have ex 

= e*(x*e) = (e*e)*x, and 
x = x*e = (x*e)*e = e*(e*x) = e*((e*e)*x) = (x*e)*(e*e) = x*(e*e) = (e*x)"e. 

Case 1, when e*x #e, from definition of quasi right identity element, we can get that (e*x)*x = e*x, 
so x = (e*x)*e = e*x. 

Case 2, when e*x =e, x = (e*x)*e = e*e, then e*e # e. Otherwise, if e*e = e, we have x = e*e = e. This 
contradicts x # e. Due to that e is the quasi right identity element of S, therefore, e*(e*e) = e’e. 
Moreover, 

e*x =(e*e)*x =x*x (Applying x =e*e) 
= x*(e"e) = x. 
Hence, e is the quasi left identity element. o 


4. Some Properties of Type-2 Cyclic Associative Groupoids (T2CA-Groupoids) 


Proposition 4. Let (S, *) be a T2CA-groupoid. Then, 
(1) WVa,b,c, deéS, (a*b)*(c*d) = (b*a)*(d*c); 
(2) Va, b,c, d, e, fES, (a*b)*l(c*d)*(e*)] = [(b*f)"(c*a) ]*(e*d). 


Proof. (1) Suppose (S, *) is a T2CA-groupoid, then for any a, 0, c, d, e, feS, by Definition 4 we have 
(a*b)*(c*d) = [d*(a*b)]*c = [(b*d)*a]*c = a*[c*(b*d)] = a*l(d*c)*b] = (b*a)*(d*c). 


(2) For any a, b,c, d, e, feS, by Definition 4 we have 


(a*b)*I(c*d)*(e*f)] = (a*b)*[(d*c)*(f'e)] (By (a*b)*(c*d) = (b*a)*(d*c)) 
= b*[((d*c)*(f*e))*a] = b*1(fre)*(a*(d*c))] = b*1(f*e)*((c*a)*d)] 
= b*[(d*(f*e))*(c*a)] = [(c*a)*b]*(d*(f *e)) = [a*(b*c)]*((e*d)*f) 
= [f*(a*(b*c))]*(e*d) = [f*((c*a)*b) ]*(e*d) = [(b*f)*(c*a)]*(e*d). 2 


Theorem 5. Suppose (S, *) is a T2CA-groupoid. 

(1) If VkeS, 4 e €S such that e*k =k, that is, S have a left identity element, then S is a commutative 
semigroup. 

(2) IfVkeS, de €S such that k*e =k, that is, S have a right identity element, then S is a commutative 
semigroup. 

(3) Ife €Sisa left identity element, then e is an identity element. 

(4) Ife €Sisa right identity element, then e is an identity element. 


Proof. (1) Suppose (S, *) is a T2CA-groupoid. Vk, w €S, we have 
k*w = [e*(e*k)]*w = [(k*e)*e]*w = e*[w*(k*e)] = e*[(e*w)*k] = e*(w*k) = w*k. 
Therefore, (S, *) is a commutative T2CA-groupoid. Applying Proposition 3 (2), we get that (S, *) isa 
commutative semigroup. 
(2) Suppose (S, *) is a T2CA-groupoid. V k, w €S, there are: 


k*w = [e*(e*k)]*w = k*[(w*e)*e] = (e*k)*(w*e) 
= (k*e)*(e*w) (By Proposition 4 (1)) 
=laOr (ere = (Ok) e= wk. 
Therefore, (S, *) is a commutative T2CA-groupoid. Applying Proposition 3 (2), we get that (S, *) isa 
commutative semigroup. 
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(3) If eis a left identity element in S. V k €S, applying Proposition 4 (1) there are: 
k = e*k = e*(e"k) = (k*e)*e = (k*e)*(e*e) = (e*k)*(e*e) = ke. 
Thus, e €S is an identity element. 
(4) If eis a right identity element in S, V k €S, applying Proposition 4 (1) we get 
k = k*e = (k*e)"e = e*(e*k) = (e*e)*(e*k) = (e*e)*(k*e) = e*k. 
Therefore, e €S is an identity element. o 


Definition 6. Suppose S is a T2CA-groupoid. S is called a left cancellative (right cancellative, 


cancellative) T2CA-groupoid, if each element of S is left cancellative (right cancellative, cancellative). 


Theorem 6. Suppose (S, *) is a T2CA-groupoid, Vp, qéS: 

(1) if pis right cancellative or left cancellative, then p is cancellative; 

(2) if pis right cancellative and q is left cancellative, then p*q is cancellative; 
(3) if p*g is right cancellative, then p*q = q*p; 

(4) if p*q is cancellative, then p and q are cancellative; 


(5) if p and p*q are right cancellative, then p*q is cancellative. 
Proof. Let (S, *) be a T2CA-groupoid, p, ge S. 


(1) If p is a right cancellative element, p*k = p*w (V k, weS), using type-2 cyclic association: 
(k*p)*p = p*(p*k) = p*(p*w) = (w*p)*p. 
Applying right cancellation property of p two times, then k = w. Therefore, peS is a left cancellative 
element, so p is a cancellative element in S. 
Similarly, if p is a left cancellative element, k*p = w*p (Vk, weS), using type-2 cyclic association: 
p*(p*k) = (k*p)*p = (w*p)*p = p*(p*w). 
Using left cancellation property of p two times, then k = w. Therefore, peS is a right cancellative 


element, so p is a cancellative element in S. 


(2) If p is right cancellative, g is left cancellative, k*(p*g) = w*(p*q) (Vk, weS), using type-2 cyclic 
association: 
(q*k)*p = k*(p*q) = k*(p*q) = w*(p*q) = w*(p*q) = (q*w)*p. 
Since p is right cancellative, g is left cancellative, we get k = w. Therefore, p*q is a right cancellative. 
Moreover, if (p*q)*k = (p*q)*w (Vk, weS), we have: 
q*(k*p) = (p*q)*k = (p*q)*k = (p*q)*w = q*(w*p). 
Since p is right cancellative, q is left cancellative, we get k = w. Therefore, p*q is a left cancellative. 


Hence, p*q is cancellative. 


(3) Suppose p“g is right cancellative. By Proposition 4 (2), we have: 
[(p*q)*(q*p)] * (p*q) = (q*p)*l(p*q)*(p*q)] = [(p*q)*(p*q) I*(p*q). 
Since p*g is right cancellative, then (p*q)*(q*p) = (p*q)*(p*q). Applying Proposition 4 (1), we get that 
(q*p)*(p*q) = (p*q)*(p*q).Moreover, since p*q is right cancellative, then q*p = p*q. 


(4) Suppose p*q is cancellative. If q*k = q*w (Vk, weS), there are: 
k*(p*q) a (q*k)*p = (q*w)*p = w*(p*q). 


Since p*g is cancellative, so k=w. This means that q is left cancellative. According to (1), we know g is 


cancellative. 
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And, since p*q is cancellative, then p*g is right cancellative, according to (5) we get q*p = p*q. So, 


q*p is cancellative, p is cancellative. Therefore, if p*q is cancellative, then p and g are cancellative. 


(5) Assume that p and p*g are right cancellative. If (p*q) * k = (p*q) * w (Vk, w €S), using type-2 
cyclic association: 
(k*p)*(p*q) = p*((p*q)*k) = p*((p*q)*w) = (w*p)*(p*q). 
Since p“g is right cancellative, so k*p = w*p. Moreover, p is right cancellative, so k = w. Thus, p*q is left 


cancellative, according to (1), we know p“g is cancellative. o 
According to Theorem 6, we have the following corollary. 


Corollary 1. Suppose (S, *) is a T2CA-groupoid, then the following asserts are equivalent: 
(i) Sisa left cancellative T2CA-groupoid; 
(ii) Sis aright cancellative T2CA-groupoid; 


(iii) Sis acancellative and commutative semigroup; 


Proof. (i) > (ii): Follow Theorem 6 (1). 

(ii) => (iii): Assume that S is right cancellative, by using Theorem 6 (1), we get S is cancellative. 
For any p, g€S, according to Theorem 6 (3), we have p*q = q*p, then S is commutative. When applying 
Proposition 3 (2), we get that S is a commutative semigroup. Therefore, S is a cancellative and 
commutative semigroup. 


(iii) > (i): Obviously. o 


Corollary 2. Let (S, *) be a T2CA-groupoid. If there exists a cancellative element in S, then the set M = 
{p €S: p is cancellative} is a sub T2CA-groupoid of S. 


Proof. Through the existence of a condition for cancellative elements in S, we get that M is not 
empty. Vp, g €M, p and q are right and left cancellative. By Theorem 6 (2), we get pq is cancellative. 
Thus p*ge M. Therefore, M is a sub T2CA-groupoid of S. o 


Corollary 3. Let (S, *) be a T2CA-groupoid. If there exists a non-cancellative element in S, then the set 


N = {peéS: p is non-cancellative} is a sub T2CA-groupoid of S. 


Proof. Obviously, N is non-empty. V p, géEN, p and g are non-cancellative. Through Theorem 6 (4), 
we know that p*g is non-cancellative. Thus, p*qeN. Therefore, N is a sub T2CA-groupoid of S.o 


Theorem 7. Suppose (S, *) is a T2CA-groupoid, r, s, teS. Define on S the relation ~ as: 
r~s@randsare both cancellative or non-cancellative. 


Then ~ is an equivalence relation. 


Proof. Obviously, ~ is reflexive and symmetric. 

Next, Assume r~s and s~t. If r and s are non-cancellative, from s~t we get t is non-cancellative, 
thus r and t are non-cancellative, i.e., r~t; if r and s are cancellative, from s~t we get t is cancellative, 
thus r and ¢ are cancellative, i.e., r~t. Thus ~ is transitive. 

Therefore, ~ is an equivalence relation. o 


Definition 7. Let (S1, *1), (S2, *2) be two T2CA-groupoids, 57xS» = {(p, g) |p €S1, qe S2}. Define binary 
operation * on S;xSz as following: 
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(1, p2) ° (q1, qz) = (9171 Qi, p2"2G2), for any (p1, p2), (q1, qz) E 57x52. 


S; and S» are called the direct factors of 57x52, and (S;xS2, *) is called the direct product of (S:1, *1) and 
(S2, *2). 


Theorem 8. Let (S:, *1), (S2, *2) be two T2CA-groupoids. Then the direct product (S;*S, *) is a T2CA- 
groupoid. 


Proof. Let (11, 12), (S1, $2), (f1, #2) € S1xS2. We have: 


(r1, 72) * ((s1, $2) * (t1, t2)) = (11, 72) * ($171 th, S2*2 t2) 
= (1 *y (Sy ae ty), 12*2 (s2 *9 t2)) = (ty aa 11) an S1), (t2 *9 12) *9 S2)) 
= (ty *1 11, t2*2172) * (s1, 2) = ((h, t2) * (11, 72)) * (S1, $2). 


Hence, (51x52, *) is a T2CA-groupoid. o 


Theorem 9. Let S, S2 are T2CA-groupoids, if a and b are cancellative, then (p, g) € Si xS2 is cancellative 


(pe S1, ge Sz). 


Proof. Applying Theorem 8, we know S1~ S2 is a T2CA-groupoid. Assume p and g are cancellative 
(p € S1, qe S2), for any (x1, x2), (Y1, y2)€S1 x S2, (p, q)*(x1, x2) = (p, q)*(y1, y2). Then 


(px1, 9x2) = (py, qy2); px1 = py, gx2 = qy2. 
And, according to p and q are cancellative, we get that x1 = y1, x2 = y2. That is (x1, x2) = (y1, y2). Hence, (p, 


q) is cancellative. o 


5. Type-2 Cyclic Associative Neutrosophic Extended Triplet Groupoids (T2CA-NET-Groupoids) 


In this section, we first proposed an important class of T2CA-groupoids, namely T2CA-NET- 
eroupoids. After giving the basic definitions and properties, this section focuses on the structure of 
T2CA-NET-groupoids, and the relationship between T2CA-NET-groupoids and commutative 
regular semigroups. Fortunately, we got very exciting results. 


Definition 8. Let (S, *) be a neutrosophic extended triplet set. (S, *) is called a type-2 cyclic 
associative neutrosophic extended triplet groupoid (shortly, T2CA-NET-groupoid), if the following 
conditions are satisfied: 

(1) (S, *) is well-defined, i.e., Va, beS, one has a*beS. 

(2) (S, *) is type-2 cyclic associative, i.e., a*(b*c) = (c*a)*b, Va, b, céS. 

S is called a commutative T2CA-NET-groupoid if a*b = b*a, Va, beS. 


Theorem 10. Let (S, *) be a T2CA-NET-groupoid, Vx €S, then neut(x) is unique. 


Proof. We assume that local unit element neut(x) is not unique in S. Then, there is s, te{neut(x)} such 
that (p, g€S) 
x*s=s"*x=x and x*p=p*x=s; x*t=tx =x and x"q =q*x =t. 
(1) To prove s =s*t. Due to the fact 
s=p'x=p* (Ex) = (x*p)*t =s"t. 
(2) To prove t = t*s. Due to the fact 
t= q"x = q"(s*x) = (x"q)"s = t's. 
(3) To prove s =s*s. Due to the fact 
s=p'x =p"(s*x) = (x"p)*s =s"s. 
(4) To prove t*s = s*t. Due to the fact 
t*s = (t*s)*s =s*(s*t) =s*s =s=s"t. 


Hence s = t, and neut(x) is unique in S. o 


Xiaohong Zhang, Wangtao Yuan and Mingming Chen, A Kind of Non-associative Groupoids and Quasi Neutrosophic 
Extended Triplet Groupoids (QNET-Groupoids) 


Neutrosophic Sets and Systems, Vol. 36, 2020 152 


Remark 1. In a T2CA-NET-groupoid (S, *), we know from Example 4 that anti(x) may be not 
unique. 


Example 4. Let S = {g, k, u, v, w}. The operate * on S is defined as Table 4. Then, (S, *) is T2CA-NET- 
sroupoid. Moreover, neut(g) = g, and {anti(g)} = {g, k, u, v, w}. 


Table 4. The operation * on S 


¢ g k u V W 
S & & & & & 
k g k u Vv w 
u g u Ww k Vv 
V g Vv k W u 
W g W UV u k 


Proposition 5. Suppose (S, *) is a T2CA-NET-groupoid. Then, for any t <5, 
(1) neut(t)*neut(t) = neut(t); 

(2) neut(neut(t)) = neut(t); 

(3) anti(neut(t))*t = t. 


Proof. (1) Using anti(t)*t = t*anti(t) = neut(t), we get 
neut(t)*neut(t) = neut(t)*lanti(t)*t] = [t*neut(t)]*anti(t) = tanti(t) = neut(t). 
(2) According to the definition of neut(neut(t)) we can get: 
neut(t)*neut(neut(t)) = neut(neut(t))*neut(t) = neut(t). 
By the definition of anti(neut(t)) we can get: 
neut(t)*anti(neut(t)) = anti(neut(t))*neut(t) = neut(neut(t)). 
Applying (1) and Theorem 10, we get neut(neut(t)) = neut(t). 


(3) By Definition 4, Definition 8 and Proposition 5 (2), there are: 
anti(neut(t))*t = anti(neut(t))*[t*neut(t)] = [neut(t)*anti(neut(t))]*t 
= neut(neut(t))*t = neut(t)*t = t. 
Therefore, anti(neut(t))*t = t. o 


Remark 2. In a T2CA-NET-groupoid (S, *), we know from Example 5 that neut(anti(t)) may be not 
equal to neut(t). 


Example 5. Let S = {g, u, v, w}. The operate * on S is defined as Table 5. Then, (S, *) is T2CA-NET-groupoid. 
And, 


neut(g) = g, neut(u) = u, fanti(g)} = {g, u, v, wh. 
While anti(g) = u, neut(anti(g)) # neut(g), because neut(anti(g)) = neut(u) = u # g = neut(g). 


Table 5. The operation * on S 


g u U Ww 
G 8 8 g 8 
U g u g W 
V 8 8 v g 
W g Ww g u 


Theorem 11. Suppose (S, *) is a T2CA-NET-groupoid, then its idempotents are commutative. 


Proof. If k, w an idempotent in S, then 
(k*w)*(k*w) = (w*k)*(w*k) (Using Proposition 4 (1)) 
= [(w*k)*w]*k = [k*(w*w) ]*k = (w*w)*(k*k) = w*k. 

Moreover, 
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(k*w)*(k*w) = [w*(k*w)]*k = [(w*w)*k]*k = (w*k)*k 
= k*(k*w) = (neut(k)*k)*(k*w) 
= (k*neut(k))*(w*k) (Using Proposition 4 (1)) 
= k*(w*k) = (k*k)*w = k*w. 


Hence, we get k*w = w*k. That is, in a T2CA-NET-groupoid, its idempotents are commutative. o 
Corollary 4. Every T2CA-NET-groupoid is commutative. 


Proof. Suppose (S, *) isa TZCA-NET-groupoid. Applying Theorem 11, neut(x) (VxeES) is idempotent. 
Vk, weS, we have 
neut(k) * neut(w) = neut(w) * neut(k). 


Further, for any k, w € S, we have: 


k*w = [k*neut(k)]* w*neut(w)] = [neut(w)*(k*neut(k)) ]*w 

= [(neut(k)*neut(w))*k]*w = k*[w*(neut(k)*neut(w))] 

= k*[(neut(w)*w)*neut(k)] = k*[w*neut(k)] 

= [neut(k)*k]*[w*neut(k)] = k*[(w*neut(k))*neut(k)] 

= k*[neut(k)*(neut(k)*w)] = [(neut(k)*w)*k] *neut(k) 

= [w*(k*neut(k)) *neut(k) = (w*k)*neut(k) 

= (w*k)*[neut(k)*neut(k)] 

= (k*w)*[neut(k)*neut(k)] (Applying Proposition 4 (1)) 
= (k*w)*neut(k) (Applying Proposition 5 (1)) 
= w*[neut(k)*k] = w*k. 


Hence, every T2CA-NET-groupoid is commutative. o 


Example 6. T2CA-NET-groupoid of order 5, given in Table 6, and 
neut(a) =a, tanti(a)} = {a, e}; neut(b) = b, {anti(b)} = {a, b, c, d, e}: 
neut(c) =c, fanti(c)} = {c, e}; neut(d) = d, {anti(d)} = {a, c, d, e}; neut(e) =e, anti(e) =e. 
Obviously, (S, *) is a commutative. 


Table 6. Cayley table on S = {a, b, c, d, e}. 


. a b C d e 
a a b d d a 
b b b b b b 
Cc d b C d C 
d d b d d d 
e a b C d e 


Proposition 6. Let (S, *) be a T2CA-NET-groupoid. Then for any k €S, for all t, wefanti(k)}, 
(1) t*neut(k) = u*neut(k); 

(2) neut(u)*neut(k) = neut(k)*neut(u) = neut(k). 

(3) u*neut(k) € fanti(k)}: 

(4) u*neut(k) = (neut(k)*u)*neut(k); 

(5) u*neut(k) = neut(k)*u; 

(6) neut(u*neut(k)) = neut(k). 


Proof. (1) Vt, uefanti(k)}, by the definition of opposite and neutral element, using Theorem 10, we 


get 
k*t = t"k = neut(k), k*u = u*k =neut(k). 
t*neut(k) = t*(u*k) = (k*t)*u = neut(k)*u = (k*u)*u = u*(u*k) = u*neut(k). 


(2) Vu efanti(k)}, by k*u = u*k = neut(k), we have 
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neut(u)*neut(k) = neut(u)*(k*u) = [u*neut(u)]*k = u*k = neut(k); 
neut(k)*neut(u) = (u*k)*neut(u) = k*[neut(u)*u] = k*u = neut(k). 
That is, neut(u)*neut(k) = neut(k)*neut(u) = neut(k) is true for all k &S. 


(3) VkeS and ue{anti(k)}, u*k=k*u=neut(k). Then, by Definition 4 and Proposition 5 (1), we have 
k*[u*neut(k)] = [neut(k)*k]*u = k*u = neut(k); 
[u*neut(k)]*k = neut(k)*(k*u) = neut(k)*neut(k) = neut(k). 
This means that u*neut(k) €fanti(k)}. 


(4) VkeS and uefanti(k)}, u*k = k*u = neut(k). Applying (1) and (3), we get 
u*neut(k) = (u*neut(k))*neut(k). 
On the other hand, by using Proposition 4 (1) and Proposition 5 (1), we get 
[u*neut(k)]*neut(k) = [u*neut(k)]*[neut(k)*neut(k)] 
= [neut(k)*u]*[neut(k)*neut(k)]= [neut(k)*u]*neut(k). 
Combining two equations above, we get u*neut(k) = [neut(k)*u]*neut(k). 


(5) Assume that ue{anti(k)}, then k*u = u*k = neut(k), and u*neut(u) = neut(u)*u = u. By Proposition 
5 (1) and (2), applying (2) and (3), there are 


neut(k)*u = [neut(k)*neut(k)]*[u*neut(u)] = [neut(u)*(neut(k)*neut(k))]*u 
= [(neut(k)*neut(u))*neut(k)]*u = neut(k)*[u*(neut(k)*neut(u))] 
= neut(k)*[u*(neut(u)*neut(k))] = neut(k)*[(neut(k)*u)*neut(u)] 
= [neut(u)*neut(k)]*[neut(k)*u] = neut(k)*[neut(k)*u] 


= [u*neut(k)]*neut(k) 
= [neut(k)*u]*neut(k) (By (3), [u*neut(k)]*neut(k) = [neut(k)*u]*neut(k)) 
= u*neut(k). (By (3), u*neut(k) = [neut(k)*u]*neut(k)) 


(6) Assume ve {anti(k)}, denote d = u*neut(k). We prove the following equations: 
d*neut(k) = neut(k)*d = d; d*k = k*d = neut(k). 
By Proposition 4 (1), Proposition 5 (1), and above (5), we get 
d*neut(k) = [u*neut(k)]*neut(k) = [u*neut(k)]*[neut(k)*neut(k)] 
= [neut(k)*u]*[neut(k)*neut(k)] = [neut(k)*u]*neut(k) 
= u*[neut(k)*neut(k)] = u*neut(k) = d. 
Using Definition 4 and (5), we have 
neut(k)*d = neut(k)*[u*neut(k)] = neut(k)*[neut(k)*u] = [u*neut(k)]*neut(k) = d*neut(k) = d. 
Moreover, using Proposition 5 (1), Definition 4, there are: 
d*k = [u*neut(k)]*k = neut(k)*(k*u) = neut(k)*neut(k) = neut(k). 
k*d = k*[u*neut(k)] = [neut(k)*k]*u = k*u = neut(k). 
Thus, 
d*neut(k) = neut(k)*d = d; d*k = k*d = neut(k). 
According to the definition of neutral element and Theorem 10, we get neut(k) is the neutral 
element of d= u*neut(k). Hence, neut(u*neut(k)) = neut(k). o 


Theorem 12. Let (S, *) be a TZCA-NET-groupoid. Put the set of all different neutral elements in S by 
N(S), and S(n) = {aeS| neut(a) =n} (VneN(S)). Then: 
(1) S(n) is a subgroup of S; 
(2) for any 1, n2eN(S), n14# n2=> S(n1) N S(n2) = ©; 
(3) S$ = E ines 
Proof. (1) For every keS(n), neut(k) = n, we get that n is an identity element in S(n). Applying 
Proposition 5 (1), there are n*n =n. 
Assume k, w €S(n), then neut(k) = neut(w) =n. Next, we are going to prove that neut(k*w) =n. 
Applying Definition 4, and Corollary 4, we have 
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(k*w)*n = y*(n*k) = w*k = k*u; 
n*(k*w) = (w*n)*k = w*k = k*w. 
Moreover, for any anti(k)e{anti(k)}, anti(w)€{anti(w)}. By using Definition 4 and Definition 8, we 
have 
(k*w)*[anti(k)*anti(w)] = w*l(anti(k)*anti(w))*k] = w*lanti(w)*(k*anti(k))] 
= w*(anti(w)*neut(k)) = [neut(k)*w]*anti(w) = (n*w)*anti(w) 
= w*lanti(w)*n] = w*anti(w) = neut(w) =n. 


[anti(k)*anti(w)|*(k*w) = anti(w)*[(k*w)*anti(k)] = anti(w)*[w*(anti(k)*k)] 
= anti(w)*|w*neut(k)] = anti(w)*(w*n) = anti(w)*w 
= neut(w) =n. 


Thus, according to Theorem 10 and the definition of neutral elements, we get that neut(k*w) =n. 
Therefore, k*weS(n), that is, S(1) is closed under operation *. 


Furthermore, VkeS(n), JueS such that uwe{anti(k)}. Using Proposition 6(3), u*neut(k) €{anti(k)}; 
and applying Proposition 6 (6), neut(u*neut(k)) = neut(k). 


Put d= u*neut(k), we have 
d = u*neut(k)€{anti(k)}, neut(d) = neut(u*neut(k)) = neut(k) =n. 
Thus de fanti(k)}, neut(d) =n, 1.e., deS(n) and d is the inverse element of k in S(n). 


Hence, (S(1), *) is a subgroup of S. 


(2) Suppose keS(n1)NS(n2) and m, n2zeN(S). There are neut(k)=m, neut(k)=n2. Applying Theorem 
10, we get m= nz. Hence, 114 n2=> S(n1)NS(nz) = ©. 


NX 


(3) VkeS, Aneut(k)€S. Put n=neut(k), then keS(n), ne N(S). This means thatS = E S(n).a 


ei N(S) 
Example 7. T2CA-NET-groupoid of order 5, given in Table 7, and 
neut(a) = a, anti(a) =a; neut(s) =a, anti(s) =s; 
neut(d) = d, anti(d) = {a, d, gi; neut(f) = d, anti(f) = {s, f}; neut(g) = g, anti(g) =. 
Denote S; = {a, s}, S2 = {d, f}, S3 = {g}, then Si, S2 and S3 are subgroup of S, and S=S; U S2 U $3, $17N So= SD, 
S1NS3= SW, S2N S3= S. 


Table 7. Cayley table on S = {a, s, d, f, gi}. 


d 


ay QRw® QIa 
NaH RQ wD 
UAH VS A 
SA SR DS 
0g SK DH 2109 


CPA NUH 8 


i 


Theorem 13. Suppose (S, *) is a groupoid, then S is a T2CA-NET-groupoid if and only if it is a 
commutative regular semigroup. 


Proof. If S is a T2CA-NET-groupoid. By Corollary 4 and Proposition 3 (2), we know that S is a 
commutative semigroup. By Definition 8, there are: 
k*anti(k)*k = neut(k)*k =k. (WkeS) 

Therefore, element k is a regular element and S is a commutative regular semigroup. 

Next, if S is a commutative regular semigroup. Applying Proposition 3 (1), we get S is a T2CA- 
groupoid. VkeS, JweS we have 

k*(w*k) = k. 
Also, 
(w*k)*k = (w*k)*[k*(w*k)] = [(w*k)* (w*k)|*k = [(k*(w*k))*w]*k = (k*w)*k = k. 
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Therefore, there exists (w*k)<S, such that k*(w*k) = (w*k)*k = k. 


Moreover, since 
w*k = w*[k*(w*k)] = [(w*k)*w!l*k = k*[(w*k)*w]. 


Then, 
[(w*k)*w]*k 
= [(w*k)*w]*[k*(w*k)] = [(w*k)*((w*k)*w) |*k 
= [(w*k)*(w*(w*k))]*k = [((w*k)*(w*k))*w]*k 
=[(w*k)*w]*k (by (w*k)*(w*k) = (w*k)) 
= w*[k*(w*k)] = w*k. 
Thus, there exists [(w*k)*w]leS, such that k*[(w*k)*w] = [(w*k)*w]*k = w*k. Then S is a T2CA- 
NET-groupoid. o 
Example 8. T2CA-NET-groupoid of order 5, given in Table 8, and 
neut(a)=a, lanti(a)} = {a, w, r, t}; neut(q) =a, anti(q) = q; 
neut(w) =r, anti(w) = w; neut(r) = 1, anti(r) = 17; neut(t) = t, anti(t) = t. 
Also (S, *) is a regular semigroup, due to the fact that a = a*a*a, q = q*q*q, w=w* ww, r=r*7*r, t= Et. 


Obviously, (S, *) is a commutative. 


Table 8. Cayley table on S = {a, g, w, 1, t}. 


ig a q W r t 
a a q a a a 
q q ’ 4 | q 
w a q r Ww a 
r a q Ww r a 
t a q a a t 


Definition 9. Let (S, *) be a T2CA-groupoid. (1) If VkeS, 4s, teS such that k*s =k, and t*k=s. Then, S 
is called a T2CA-(r, 1)-NET-groupoid. 

(2) If VkeS, 4s, teS such that k*s =k, and k*t=s. Then, S is called a T2CA-(r, r)-NET-groupoid. 

(3) If VkeS, 4s, teS such that s*k =k, and k*t =s. Then, S is called a T2CA-(L, r)-NET-groupoid. 

(4) If VkeS, 4s, teS such that s*k =k, and t*k =s. Then, S is called a T2CA-(I, 1)-NET-groupoid. 


Theorem 14. Suppose (S, *) is a groupoid, then S is a T2CA- (1, 1)- NET-groupoid if and only if it is a 
commutative regular semigroup. 


Proof. If S is a T2CA-(r, 1)-NET-groupoid. V keS, by Definition 8, Definition 9 (1) there are: 
k*neut(k) =k, anti(k)*k = neut(k). 
Moreover, we have 
k*anti(k) = [k*neut(k)]*anti(k) = [anti(k)*k]*neut(k) = neut(k)*neut(k), 
neut(k)*k = (anti(k)*k)*k = k*(k*anti(k)) = k*[(k*neut(k))*anti(k)] 
= (anti(k)*k)*(k*neut(k)) = neut(k)*(k*neut(k)) = [neut(k)*neut(k)]*k 


= (k*anti(k))*k (By k*anti(k) = neut(k)*neut(k)) 
= anti(k)*(k*k) = anti(k)*[(k*neut(k))*k] = (k*anti(k))*(k*neut(k)) 
= (anti(k)*k)*(neut(k)*k) (Using Proposition 4 (1)) 


= neut(k)*(neut(k)*k) = (k*neut(k))*neut(k) 
= k*neut(k) =k. 
Thus, neut(k)*k = k*neut(k) = k. 
Further, we have 
k*anti(k) = neut(k)*neut(k) = (anti(k)*k)*(anti(k)*k) 
= (k*anti(k))*(k*anti(k)) (Using Proposition 4 (1)) 
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= anti(k)*[(k*anti(k))*k] = anti(k)*[anti(k)*(k*k)] 
= anti(k)*[neut(k)*k] (By anti(k)*(k*k) = neut(k)*k) 
= [k*anti(k) ]*neut(k) = anti(k)*[neut(k)*k] 
= anti(k)*k = neut(k). 
Thus, anti(k)*k = k*anti(k) = neut(k). 
Therefore, we prove that S is a T2CA-NET-groupoid. By Theorem 13, we get that T2CA-(r, l)- 
NET-groupoid is equivalent to commutative regular semigroup. o 


Theorem 15. Suppose (S, *) is a groupoid, then S is a T2CA- (1, r)- NET-groupoid if and only if it is a 
commutative regular semigroup. 


Proof. If S is a T2CA-(r, r)-NET-groupoid. VkeS, by Definition 8, Definition 9 (2) there are: 
k* neut(k) =k, k * anti(k) = neut(k). 
Moreover, we have 
neut(k)*k = [k*anti(k)]*k = anti(k)*(k*k) = anti(k)*[k*(k*neut(k))] 
= [(k*neut(k))*anti(k)]*k = [neut(k)*(anti(k)*k) |*k 
= (anti(k)*k)*(k*neut(k)) = (anti(k)*k)*k = k*(k*anti(k)) 
= k*neut(k) =k. 
Thus, neut(k)*k = k*neut(k) = k. 
Further, we have 
anti(k)*k = anti(k)*(neut(k)*k) = anti(k)*[neut(k)*(k*neut(k))] 
= anti(k)*[(neut(k)*neut(k))*k] = (k*anti(k))*[neut(k)*neut(k)] 
= neut(k)*[neut(k)*neut(k)] = neut(k)*[(k*anti(k))*neut(k)] 
= neut(k)*lanti(k)*(neut(k)*k)] = neut(k)*[anti(k)*k] 
= [k*neut(k) ]*anti(k) 
= k*anti(k) = neut(k). 
That is, anti(k)*k = k*anti(k) = neut(k). 
Therefore, we prove that S is a TZCA-NET-groupoid. By Theorem 13, we get that T2CA-(r, r)- 
NET-groupoid is equivalent to commutative regular semigroup. o 


Theorem 16. Suppose (S, *) is a groupoid, then S is a T2CA-(L, r)- NET-groupoid if and only if it is a 
commutative regular semigroup. 


Proof. If S is a T2CA-(L, r)-NET-groupoid. VkeS, by Definition 8, Definition 9(3) we have 
neut(k)*k =k, k*anti(k) = neut(k). 
Moreover, 
anti(k)*k = anti(k)*(neut(k)*k) = (k*anti(k))*neut(k) = neut(k)*neut(k) 
= neut(k)*[k*anti(k)] = lanti(k)*neut(k)]*k = [anti(k)*(k*anti(k))]*k 
= [(anti(k)*anti(k))*k]*k = k*[k*(anti(k)*anti(k))] 
= k*[(anti(k)*k)*anti(k)] = lanti(k)*k]*[anti(k)*k]. 


neut(k)*neut(k) = [neut(k)*neut(k)]*[neut(k)*neut(k)] 
= [anti(k)*k]*[neut(k)*neut(k)] (By anti(k)*k = neut(k)*neut(k)) 
= k*[(neut(k)*neut(k))*anti(k)] = k*[neut(k)*(anti(k)*neut(k))] 
= [(anti(k)*neut(k))*k]*neut(k) = [neut(k)*(k*anti(k)) ]*neut(k) 
= [neut(k)*neut(k) ]*neut(k). 
Then, 
k*neut(k) = k*(k*anti(k)) = [anti(k)*k]*k 
= [neut(k)*neut(k)]*k (By anti(k)*k = neut(k)*neut(k)) 
= [(neut(k)*neut(k))*neut(k)]*k 
(By [neut(k)*neut(k) |*neut(k)=neut(k)*neut(k)) 
= [neut(k)*(neut(k)*neut(k))]*k = [neut(k)*neut(k)]*[k*neut(k)] 
= neut(k)*[(k*neut(k))*neut(k)] = neut(k)*[neut(k)*(neut(k)*k)] 
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= neut(k)*[neut(k)*k] = neut(k)*k = k. 
Thus, neut(k)*k = k*neut(k) = k. 
Further, we have 
[neut(k)*neut(k)]*neut(k)= neut(k)*[neut(k)*neut(k)] 
= neut(k)*[anti(k)*k] (By anti(k)*k = neut(k)*neut(k)) 
= [k*neut(k) ]*anti(k) 
= k*anti(k) = neut(k). 
Thus, [neut(k)*neut(k) ]*neut(k) = neut(k)*neut(k) = anti(k)*k = neut(k) = k*anti(k). 
Therefore, we prove that S is a T2CA-NET-groupoid. By Theorem 13, we get that T2CA-(I, r) 
-NET-groupoid is equivalent to commutative regular semigroup. o 


Theorem 17. Suppose (S, *) is a groupoid, then S is a T2CA-(I, l)-NET-groupoid if and only if it is a 
commutative regular semigroup. 


Proof. If S is a T2CA-(L, l)-NET-groupoid. VkeS, by Definition 8, Definition 9 (4) we have neut(k)*k = 
k, anti(k)*k = neut(k). Moreover, 
k*neut(k) = k*[anti(k)*k] 
= (k*k)*anti(k) = [(neut(k)*k)*k]*anti(k) 
= [(k*(k*neut(k))) ]*anti(k) = [k*neut(k)]*[anti(k)*k] 
= [k*neut(k) ]*neut(k) = neut(k)*[neut(k)*k] 
= neut(k)*k =k. 
Thus, k*neut(k) = neut(k)*k = k. 
Further, we have 
k*anti(k) 
= [k*neut(k) ]*anti(k) = neut(k)*[anti(k)*k] = neut(k)*neut(k) 
= [anti(k)*k]*neut(k) = k*[neut(k)*anti(k)] = k*[(anti(k)*k)*anti(k)] 
= k*[k*(anti(k)*anti(k))] = [(anti(k)*anti(k))*k]*k = [anti(k)*(k*anti(k))]*k 
= [k*anti(k)]*[k*anti(k)] = anti(k)*[(k*anti(k))*k] = anti(k)*[anti(k)*(k*k)] 
= [(k*k)*anti(k) ]*anti(k) = [k*(anti(k)*k) ]*anti(k) = [k*neut(k)]*anti(k) 
= [neut(k)*k]*anti(k) = k*[anti(k)*neut(k)] = k*[anti(k)*(anti(k)*k)] 
= k*[(k*anti(k))*anti(k)] = [anti(k)*k]*[k*anti(k)] = neut(k)*(k*anti(k)) 


= neut(k)*(neut(k)*neut(k)) (By neut(k)*neut(k)= k*anti(k)) 
= [neut(k)*neut(k) ]*neut(k)) 
= [k*anti(k)]*neut(k) (By neut(k)*neut(k)= k*anti(k)) 


= anti(k)*[neut(k)*k] = anti(k)*k = neut(k). 
Thus, anti(k)*k = k*anti(k) = neut(k). 
Therefore, we prove that S is a TZCA-NET-groupoid. By Theorem 13, we get that T2CA-(I, 1)- 
NET-groupoid is equivalent to commutative regular semigroup. o 


Example 9. T2CA-(r, 1)-NET-groupoid of order 4, given in Table 9, and 
neut, p(c) = c, {antic n(c)} = {c, v, b, n}; neuti, n(v) =n, lantic, n(v)} = v; 
neuti, n(b) = b, antic, n(b) = b; neuta nm) =n, antic, n(n) =n. 
It is easy to verify that (S, *) is also a T2CA-(r, r)-NET-groupoid, T2CA-(L, r)-NET-groupoid, T2CA- 
(I, l)-NET-groupoid. Moreover, (S, *) is a regular semigroup, due to the fact that c=c*c*c, v=v*v*v, 


b=b*b*b,n=n*n*n. Obviously, (S, *) is a commutative. 


Table 9. Cayley table on S = {c, v, b, nj. 


* 


Cc U b n 
C € C é C 
U é n @ v 
b C C b C 
n C v C n 
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6. Quasi Neutrosophic Extended Triplet (QNET) Groupoids and T2CA-QNET-Groupoids 


Definition 10. Let (S, *) be a groupoid. If for any x €S, there exists y, z¢ S such that 

(x*y =x, or y*x =x), and (z*x = y or x*z = y). 
then (S, *) is called a quasi neutrosophic extended triplet groupoid (shortly, QNET-groupoid). 
Suppose (S, *) is a semigroup and QNET-groupoid, then (S, *) is called a quasi neutrosophic triplet 
eroup (shortly, QNETG). Suppose (S, *) is a T2CA-groupoid and QNET-groupoid, then (S, *) is 
called a T2CA-QNET-groupoid. 


Let (S, *) be a QNET-groupoid and x €S. We introduce the following concepts: 

(1) If Fy,zeS,st.x*y=xandx*z=y, then x is called an QNET-element with (r-r)- property; 
(2) If FJy,zeS,s..x*y=xandz*x=y, then x is called an QNET-element with (r-l)- property; 
(3) If FJy,zeS,s.t.y*x=xandz*x=y, then x is called an QNET-element with (I-l)- property; 
(4) If FJy,zeS,st.y*x=xandx *z=y, then x is called an QNET-element with (l-r)- property; 
(5) If Fy, zeS,s.t.x*y=y*x=x and z* x=y, then x is called an QNET-element with (lr-l)-property; 
(6) If Fy,zeS,s.t.x*y=y*x=x and x* z= y, then x is called an QNET-element with (lr-r)-property; 
(7) If Fy,zeS,s.t.y*x=xand x *z=z* x=y, then x is called an QNET-element with (I-lr)-property; 
(8) If Fy, zeS,s.t.x *y=x andx*z=z*x=y, then x is called an QNET-element with (r-lr)-property; 
(9) lf Jy,zeS,stx*y=y*x=xandx*z=z*x=y, then x is called an QNET-element with 

(lr-lr)-property. 


Easy to verify: (i) if x is an QNET-element with (r-Ir)-property, then x is an QNET-element with 
(r-r)-property and (r-l)-property; if x is an QNET-element with (lr-r)-property, then x is an QNET- 
element with (l-r)-property and (r-r)-property; and soon; (ii) if * is commutative, then the above 
properties coincide. 


Example 10. Denote S = {1, 2, 3, 4}, define the operation * on S in Table 10. Then (S, *) is QNET- 
eroupoid, and 1 is an QNET-element with (lr-lr)-property; 2 is an QNET-element with (lr-r)- 
property; 3 is an QNET-element with (r-r)-property; and 4 is an QNET-element with (l-Ir)-property. 
Obviously, (S, *) is not a NET-groupoid. 


Table 10. The operation *on S 


‘ 1 2 3 4 
1 1 1 1 4 
2, 3 1 2 3 
3 3 Z 4 1 
4 1 4 2 1 


Example 11. Denote S = {1, 2, 3, 4, 5}, define the operation * on S in Table 11. Then (S, *) is QNETG, 
and 1 is an QNET-element with (lr-lr)-property; 2 is an QNET-element with (lr-lr)-property; 3 is an 
QNET-element with (lr-lr)-property; 4 is an QNET-element with (lr-r)-property; and 5 is an 
QNET-element with (lr-r)-property. Obviously, (S, *) is nota NETG. Moreover, since 5 * (5* 4) =54 
1=(4*5)*5, (S, *) is not a T2CA-groupoid. 


Table 11. The operation * on S 


7 1 2 3 4 5 
1 1 1 1 1 1 
2 1 2 1 4 1 
3 1 1 3 1 5 
4 1 4 1 1 2 
5 1 1 5 3 1 
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Theorem 18. Suppose (S, *) is a groupoid, then S is a T2CA-OQNET-groupoid if and only if it is a 
T2CA-NET-groupoid. 


Proof. Let (S, *) be a T2CA-QNET-groupoid. In particular, we consider the local unit element of each 
element. By Definition 10, we know that for any a, b €S, there are four cases of their local unit. 

Case 1: There exists y, ze S, such that a*y =a, b*z =b. Then ais an QNET-element with (r-l, or r-r, 
or r-lr)-property, b is an QNET-element with (r-l, or r-r, or r-lr)-property. We have 

a*b = (a*y)*b = y*(b*a) = y*[b*(a*y)] = y*l(y*b)*al 

= (a*y)*(y*b) = a*(y*b) = (b*a)*y = [(b*z)*a]*y 

= [z*(a*b)]*y = (a*b)*(y*z) 

= (b*a)*(z*y) (Applying Proposition 4 (1)) 
= [y*(b*a)]*z = [(a*y)*b]*z = (a*b)*z = b*(z*a) 

= 2° (z*a)*b] = z*la*(b*z)] = z*(a*b) = (b*z)*a 

= b*a. 

Case 2: There exists y, ze S, such that y*a =a, z*b = b. Then ais an QNET-element with (1-1, or 1-1, 
or |-lr)-property, D is an QNET-element with (1-1, or I-r, or I-lr)-property. According to case 1, we can 
similarly get 

a*b = (y*a)*(z*b) = (a*y)*(b*z) = b*a. 

Case 3: There exists y, ze S, such that y*a = a, b*z =b. Then ais an QNET-element with (1-1, or 1-1, 

or |-lr)-property, b is an QNET-element with (r-l, or r-r, or r-lr)-property. We have 


Za =z*(y*a) =z" ly*(y*a)] = l(y*a)*z]*y 
= [a*(z*y) ]*y = (z*y)*(y*a) 


= (z*y)*a; 
b*a = b*(y*a) = (a*b)*y = [(y*a)*b]*y = [a*(b*y) ]*y = (b*y)*(y*a) 
= (b*y)*a = y*(a* b) (By a*b = a*(b*y)) 
= y*[a*(b*y)] = [(b*y)*y]*a = Ly*(y*b) ]*a = (y*b)*(a*y) 
= (b*y)*(y*a) (Applying Proposition 4 (1)) 
= (b*y)*a 
= y*(a*b); 
a*b = a*(b*z) = (z*a)*b = [(z*y)*al*b (By z*a = (z*y)*a) 
=A1O(Z yl =a ly 0) 2] 
= (z*a)*(y*b) = (a*z)*(b*y) (Applying Proposition 4 (1)) 
SZ (by) al=Z iy (a°b)} 
= z*(b*a). (By y*(a*b) = b*a) 
Moreover, 
b = b*z = (b*z)*z = z*(z*b) = z*[z*(b*z)] = [(b*z)*z]*z = [z*(z*b) ]*z 
= (2*b)*(z*z) = (b*z)*(z*z) (Applying Proposition 4 (1)) 
= b*(z*z). 
Thus, 
a*b = a*(b*z) = a*[b*(z*z)] (By b*z = b*(z*z)) 
= [(z*z)*a]*b = [z*(a*z) ]*b= (a*z)*(b*z) 
= (2*a)*(z*b) (Applying Proposition 4 (1)) 


= [b*(z*a)]*z = [(a*b)*z]*z 
= (b*a)*z = [(b*a)*z]*z= z*[z*(b*a)] 
= z*(a*b) (By a*b = z*(b*a)) 
= (b*z)*a = b*a. 
Case 4: There exists y, ze 5S, such that a*y =a, z*b =b. Then a is an QNET-element with (r-l, or r-r, 


or r-Ir)-property, b is an QNET-element with (1-1, or I-r, or I-Ir)-property. According to case 3, we can 
similarly get a*b = (a*y)*(z*b) = (y*a)*(b*z) = b*a. 
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From Case 1, Case2, Case 3, and Case 4, we know that S is a commutative T2CA-ONET- 
eroupoid. Then, for any x<5S, there exists y, zeES such that x*y = x, y*x =x, and z*x = y, x*z = y. 
Therefore, we prove that S is a T2CA-NET-groupoid. 


Conversely, it is obvious. o 
Corollary 5. Assume (S, *) is a TZCA-QNET-groupoid, then (S, *) is a QNETG. 


Proof. Assume that S is a T2CA-QNET-groupoid. By Theorem 18 and 13, we get that S is a 
commutative regular semigroup. According to the Definition 10, we get that S isa QNETG. o 


The inverse of Corollary 5 is not true, see Example 11. 


Corollary 6. Let (S, *) be a T2CA-groupoid. Then, the following statements are equivalent: 
(i) Sis a T2CA-OQNET-groupoid; 

(ii) S is a T2CA-NET-groupoid; 

(iii) S is a CA-NET-groupoid; 

(iv) Sis acommutative regular semigroup. 


Proof. (i) P (ii). Suppose that S is a T2CA-QNET-groupoid. Applying Theorem 18, we get that S is a 
T2CA-NET-groupoid. 

(ii) (iii). Suppose that S is a T2CA-NET-groupoid. Applying Theorem 13, we get that S is a 
commutative regular semigroup. Then by Theorem 2 (1) and (6), we get S is a CA-NET-groupoid. 

(iii) (iv). Suppose that S is a CA-NET-groupoid. Applying Theorem 2 (1) and (6), we get that 
S is a commutative regular semigroup. 

(iv) P (i). Suppose that S$ is a commutative regular semigroup. Applying Theorem 13, we get S 
is a T2CA-NET-groupoid. Then by Theorem 18, S is a T2CA-QNET-groupoid. o 


7. Conclusions 


In the paper, we introduced the new concepts of T2CA-groupoid, T2CA-NET-groupoid, and 
QNET-groupoid for the first time. We precisely discussed some fundamental characteristics of 
T2CA-groupoids and T2CA-NET-groupoids, then a decomposition theorem of T2CA-NET- 
eroupoid is proved (see Theorem 8), and the relationship between T2CA-NET-groupoids and 
commutative regular semigroups is strictly proved. Furthermore, we investigated relationships 
among T2CA-ONET-groupoid, T2CA-NET-groupoid, CA-NET-groupoid and commutative regular 
semigroup. The results show that T2CA-groupoids, as a non-associative algebraic structure, are 
typically representative and closely related to a variety of algebraic structures. 

For future research directions, we will discuss the integration of the related topics (such as 
algebraic systems related fuzzy logics and non-associative groupoids, see [29-34]). 
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Abstract: In this paper, we will define a new set called fuzzy neutrosophic strongly alpha 
generalized closed set, so we will prove some theorems related to this concept. After that, we will 
give some interesting properties were investigated and referred to some results related to the new 
definitions by theorems, propositions to get some relationships among fuzzy neutrosophic 
strongly alpha generalized closed sets, fuzzy neutrosophic closed sets, fuzzy neutrosophic regular 
closed sets, fuzzy neutrosophic alpha closed sets, fuzzy neutrosophic alpha generalized closed sets 
and fuzzy neutrosophic pre closed sets which are compared with necessary examples based of fuzzy 


neutrosophic topological spaces. 


Keywords: Fuzzy neutrosophic set, fuzzy neutrosophic topological space, fuzzy neutrosophic 


strongly alpha generalized closed set. 


1. Introduction 


The concept of fuzzy set "FS"was introduced by Lotfi Zadeh in 1965 [1], then Chang 
depended the fuzzy set to introduce the concept of fuzzy topological space "FTS" in 1968 [7]. After 
that the concept of fuzzy set was developed into the concept of intutionistic fuzzy set "IFS" by 
Atanassov in 1983 [4-6], the intutionistic fuzzy set gives a degree of membership and a degree of non- 
membership functions. Cokor in 1997 [7] relied on intutionistic fuzzy set to introduced the concept of 
intutionistic fuzzy topological space."IFTS". In 2005 Smaradache [23] study the concept of 
neutrosophic set. "NS". After that and as developed the term of neutrosophic set, Salama has studied 
neutrosophic topological space "NTS"and many of its applications [18-21]. In 2013 Arockiarani 
Sumathi and Martina Jency [2] introduced the concept of fuzzy neutrosophic set as generalizes the 
concept of fuzzy set and intutionistic fuzzy set. where each element had three associated defining 
functions on the universe of discourse X, namely the membership function (T), indeterminacy 


function (I), the non-membership function (F) that 1s added an indeterminacy degree between the 
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degree of membership and the degree of non- membership. In 2012 Salama and Alblowi defined 


fuzzy neutrosophic topological space [18]. 


In the present work, we will generalized the concept of strongly alpha generalized closed set 
in fuzzy neutrosophic topological spaces which was studied by Santhi and Sakthivel in 2011 [22] via 
intuitinistic topological spaces and generalizing our works in 2018 [ 9,10 ], the new set will called 
fuzzy neutrosophic strongly alpha generalized closed set in fuzzy neutrosophic topological spaces. 

Finally, there are many application of neutrosophic sets in many fields so we can enhance our 
work, we will try in the future to applied this work in different fields such as many authors 
applications see [11] and [13-17]. 

2. Preliminaries: 
In this section, we will define some basic definitions and some operations which are useful in 


our present study. 


Definition 2.1 [18]: Let X be a non-empty fixed set. The fuzzy neutrosophic set (FNS, for short), nn 
is an object having the form nn = {< X, Hyn (X), On (XK), Van (X) >: XE X } where the functions py, 
Oyn, Vrn: X > [0, 1] denote the degree of membership function (namely Ly (x)), the degree of 
indeterminacy function (namely Oyn (x )) and the degree of non-membership (namely vyn (x)) 
respectively of each element xe X to the setnn and O< py (X) + Oy (X) + Vyn (X) S 3, for each 
xe X, 


Remark 2.2 [18]: FNS nn = {< X, Lyn (X), Onn (X), Van (X) >: X € X} can be identified to an ordered 


triple < X, Unn, Onn, Van > in [0, 1] on X. 


Definition 2.3 [18]: Let X be a non-empty set and the FNSs ny and yy be in the form: 
TIN = {<X, Uyn, OyNs Ven >: X © X} and yy ={<X, Uyn, Own, Vyn >: X EX} On X then: 
lk YNGSyniff MynS Mn, ONS Ow and vyn = Vy. 

Hl. N= Yn ill NN © yn and yn E Mn, 

ili. Ly- Nn = {<X, Van, | — Onn, Un >: X E Xf, 

Iv. Nn U yn= {< X, Max(tan, Lyn ), Max(oyn, Own , Min(Vyn, Vyn ) >: X E Xf, 

Vv. TW!) Yn = {< X, Min( Lyn , Lyn ), Min(oyn, Cyn), Max(Vyn, Vyn ) >: x © XH, 

vi. Ov =<x, 0, 0, 1> and ly = <x, 1, 1,0>. 


Definition 2.4 [18]: "Fuzzy neutrosophic topology (FNT, for short) on a non-empty set X is a 
family Ty of fuzzy neutrosophic subsets in X satisfying the following axioms. 

1. Ov, lvEtn, 

li. NN1 M Nn2 € Tn for any Nni, Nn2 € Tn, 

ili. U nni € Tn, Vi nit 1 © J} S Ty." 

In this case the pair (X, Ty) 1s called fuzzy neutrosophic topological space (FNTS, for short). 
The elements of Ty are called fuzzy neutrosophic open set (FNOS, for short). The complement of 
FNOS in the FNTS (X, Ty) 1s called fuzzy neutrosophic closed set (FNCS, for short). 
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Definition 2.5 [18]: Let (X, Ty) be FNTS and nn = < X, Mynx, Onn, Van > be FNS in X. Then the 
fuzzy neutrosophic closure of nx (FNCL, for short) and fuzzy neutrosophic interior of ny 
(FNIn, for short) are defined by: 
FNCL(nn) =A {Cw: Cw is FNCS in X and nn © Cn }, 
FNIn (nn) = U {Ow: On is FNOS in X and Ow € yn }. 
We know, FNCL(nn) 1s FNCS and FNIn (nn) is FNOS in X. Further, 
I. Anis FNCS in X iff FNCL (yn) = on, 
li. WN 1S FNOS in X iff = FNIn (nn) = my. 


Proposition 2.6 [25]: Let (X, Tx) is FNTS and nn, yn are FNSs in X. Then the following properties 
hold: 

i. FNIn (Wy) © nw and nn S FNCL(ny), 

li, NS Yn = FNIn (yn) © ENIn (yn) and nn © yy = FNCL(yn) S FNCL(yy), 

ili, FNIn (FNIn (yn)) = FNIn (qn) and FNCL(FNCL(nn)) = FNCL(nn), 

iv. FNIn (qn 9 yn) = FNIn (qn) N FNIn (yn) and FNCL(nn U yn) = FNCL(qn) UFNCL(yy), 

v. ENIn (1) =ly and FNCL(1y) = In, 

vi. FNIn (Ow) = Ow and FNCL(Oy) = On. 


Definition 2.7 [9]: FNS ny in FNTS (X, ty) is called: 
1. Fuzzy neutrosophic regular closed set (FNRCS, for short) if nn = FNCL(FNIn (ny)). 
11. Fuzzy neutrosophic pre closed set (FNPCS, for short) if FNCL(FNIn (nn)) © nw. 
11. Fuzzy neutrosophic ao closed set (FNaCS, for short) if FNCLCFNIn(FNCL(nn))) © nn. 


Definition 2.8 [10]: Let (X, Ty) be FNTS and nn = < X, yn, Onn, Van > be FNS in X. Then the fuzzy 
neutrosophic alpha closure of ny (FNaCL, for short) and fuzzy neutrosophic alpha interior of nn 
(FNalIn, 

for short) are defined by: 
FNaCL(yn) = 9 {Cw: Cn is FNaCS in X and ny © Cn }, 
FNaIn (qn) = U {On: Ow is FNaOS in X and On € ny}. 
We know, FNaCL(nn) is FNaCLsS and FNalIn (nn) is FNaOS in X. Further, 
I. Nn1iS FNaCS in Xiff FNaCL(nn) =m, 
li. WN 1S FNaOS in X iff FNaln (qn) = m. 


Definition 2.9 [9,10]: Fuzzy neutrosophic sub set nv of FNTS (X, ty) is called: 

1. fuzzy neutrosophic generalized closed set (FNGCS, for short ) if FNCL(nn) © Un 
wherever, Nn © Un and Un is FNOS in X. And my is said to be fuzzy neutrosophic 
generalized open set (FNGOS, for short) if the complement Iy- nn is FNGCS set in 
(X, Ty). 

il. fuzzy neutrosophic alpha generalized closed set (FNaGCS, for short ) if FNaCL(qn) © 
Uy wherever, nn © Uy and Uy is FNOS in X. And ny is said to be fuzzy neutrosophic 
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alpha generalized open set (FNaGOS, for short) if the complement Iy- nn 1s FNaGCS 


set in (X, Ty). 


3. Fuzzy Neutrosophic Strongly Alpha Generalized Closed Sets in Fuzzy Neutrosophic 
Topological Spaces. 


Now, we will introduce the concept of fuzzy neutrosophic strongly alpha generalized 


closed set in fuzzy neutrosophic topological spaces. 


Definition 3.1: Fuzzy neutrosophic subset nx of FNTS (X, ty) is called fuzzy neutrosophic strongly 
alpha generalized closed set (FNSaGCS, for short ) if FNaCL (nn) S Un wherever, nn © Un and Uy is 
FNGOS in X. 


Example 3.2: Let X= {a, b} define FNS ny in X as follows: 

Nw =<x, (0.2,a), 0.35), (O.5(a), 0-56)), (0-8(a),0.7(6)) >, Where the family Ty ={On, Ly, NN }. 

If we take, ww= <x, (0.8), 0.7), (0.5a), 0.5(6)), (O- 1/00) >. 

And, Uy = Ix where Uy is FNGOS such that, yy © Uy. Then, FNaCL(yy) = ly. So, FNaCL(yy) & 
Un. 

Hence, Wr is FNSaGCs. 


Theorem 3.3: For any FNSs, the following statements are true in general: 
i. Every FNOS is FNGOS. 
ii. Every FNCS is FNaCs. 
ii. Every FNCS is FNSaGCs. 
iv. Every FNRCS is FNSaGCS. 
v. Every FNaCS is FNSaGCs. 
vi. Every FNaGCS is FNSaGCs. 
vii. Every FNRCS is FNCS. 
viii. Every FNaCS is FNaGCs. 


Proof:. 

1. Let nn = <X, Man, Onn, Van > be FNOS in the FNTS (X,ty). 

Then by Definition 2.5 ii we get, FNIn (nn) = ny. 

Now, let Uy is FNCS such that, Uy € ny. Therefore, FNIn (qn) =n 2 Un. 
Hence, nn is FNGOS in (X,ty) . 


u. Let TIN = <X, Unn, Onn, Van > be FNCLS in the FNTS (X, TN). 
Then by Definition 2.5 (i) we get, FNCL(qn) = mw...... (1). 
And by Proposition 2.6 i we get, FNIn (nn) © nn. 
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So we get, FNIn (FNCL(n)) © nw 

This implies FNCL(FNIn (FNCL(nn))) S& FNCL(yy). 
So by (1) we get, FNCL(FNIn (FNCL(nn))) © nw. 
Hence, nn 1s FNaCS in (X, ty). 


ili. Let nn = <X, Un, Onn, Van > be FNCS in ENTS (X,tN). 

Then by Definition 2.5 (i) we get, FNCL(qn) = nn. Now, let Uy be FNGOS such that, nn 
C Ux. 

Since, FNaCL(nn) SFNCL(nn) by Definition 2.5 and Definition 2.8. 

So we get, FNaCL(nn) S FNCL(y) = nw & Un. 

Hence, nn 18 FNSaGCS in (X,tyN). 


iv. Let nn= <X, Lyn, Onn, Van > be FNRCS in the FNTS (X, ty). 
Then, FNCL(FNIn (nn)) = nw....--- (1). 
This implies, FNCL(FNIn (nn)) = FNCL(ny)......- (2). 
Now, let Uy be FNGOS such that, nn © Un. 
From (1) and (2) we get, KNCL( yn) = m. 
That nn is FNCS in X. 
So by iii we get, FNaCL(nn) S FNCL(nn) = yn © UN. 
Hence, nn 1s FNSaGCS in (X,ty). 


v. Let Nn= <X, Un, Onn, Van > be FNaCLOS in the FNTS (X, ty). 
Then by Definition 2.8 i we get, FNaCL (nn) = nn. 
Now, let Uy be FNGOS such that, nn S Un. So, FNaCL (nn) = nn & UN. 
Hence, nn 18s FNSaGCS in (X, ty). 


vi. Let n= <X, Un, Onn, Van > be FNaGCS in the FNTS (X, ty). 
Then, FNaCL (nn) & Un, nn © Un and Un be FNOS, so by i we get , FNOS be 
FNGOS in (X, Ty). 
Therefore, FNaCL (nn) S Un, nn S Un and Uy be FNGOS. Hence, nn is FNSaGCS 
in (X, Ty). 


vil. Let qnn= <X, Lyn, Onn, Van > be FNGCS in the FNTS (X, ty). Then, FNaCL (nn) = nw. 
Now, let Uy be FNOS such that, nn S Un, so, FNaCL (Wn) = nn © Un. 
Hence, nn 1s FNaGCsS in (X, ty). 


Remark 3.4: The convers of Theorem 3.3 is not true and this can be clarified in the following 
examples. 


Example 3.5: 
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ii. 


iil. 


IV. 


Let X= {a, b} define FNS ny in X as follows: 

NW = <X, (0.5 (a), 0.7), (O-5(a), 0.5), (O-5(a),0.25)) >. 

The family Ty = {On, In, Nn } be FNT. 

If we take, w= <x, (0.1 (a, 0.6)), (0.5(a), 0.5)), (0-9(a),0.3.6)) >. 

And let, Uy = On, where Uy be FNCS such that, Uy © wy. 

Then, FNIn (wy) = <x, (Ora), Ow), (Ova), 9), Cas Ly) > ES <x, (0.1 (a, 0.60)), (0-5 (a), 
0.5), (O0.9(a),0.3@)) > such that, (Oia, Ow) S (O-1(a, 0-6)), (O(a, Oy) SS (O-5(a), O.5y) 
and (Lq),l@) 2 (0.9(a),0.3~)) = On. So, FNIn (yn) 2 Un. Hence, wy is FNGOS but, 
not FNOS. 


Since Wy € Ty. 


Let X={a } define the FNSs ny and yy in X as follows: 

NW = <X, (0.5(a)), (0.42), (0.7) > -YN=<X, (0.4), (0-1 (ay), (0-8 (a) >. 

The family Ty ={On, In, NN, Yn } be FNT. 

If we take, wy = <x, (0.8,a)), (0.62), (O.5(a)) >. 

Then, FNCL(yy) = <x, (0.8(a)), (0.9(2)), (0.4) >. And, FNIn (FNCL(yy)) = <x, (0.52), 
(0.4(a)), (0.7(a)) >. So, FNCL(FNIn (FNCL(yy))) = <x, (0.7(a)), (0.6,a)), (O-5(a)) >. 
Therefore, <x, (0.7(a)), (0.6), (O.5(a)) > & WN. 

Hence, wy is FNaCS but not FNCS. Since yn € In-ty. 


Take Example 3.2. Then, yy is FNSaGCS but, not FNCS. 


Since, Wn € In- Tn. 


Take Example 3.2. Then wy is FNSaGCS but, not FNRCS. 
Since, FNIn (Wn) = <X, (0.2 (a), 0.3.)), (0.5 (a), 0.5), (0.8(a),0.7)) > and 
FNCL(FNIn (Wn)) = <X, (0.8 (a), 0.7), (0.5 (a), 0.5)), (0.2(2),0.3 6) > F WN. 


Let X={a, b } define the FNSs ny and yy in X as follows: 

TW = <x, (0.4), 0.26), (O.5(a), 0.5(6)), (O0-6(a),0.7 6) >, 

Yn =<X, (0.8 (a), 0.8(5)), (O-5(a, 0.5(6)), (0.2(2),0.2(5)) >. 

The family Ty ={On, In, NN, Yn } be FNT. 

Now if, Wy = <x, (0.6,), 0.7()), (0.5a), 0.5(6)), (O-4(a),0.36)) >- 
By Theorem 3.3 i. If Uy is FNOS then is FNGOS. 

So, Uy = Yn where, Uy be FNGOS such that, yy © Un. 
By Theorem 3.3 _ ii. Every FNCS is FNaCs. 
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Vi. 


Vii. 


Vili. 


Then, FNaCL(yy) = In- nn. Therefore FNaCL(yy) © UN. 
Hence, wy is FNSaGCS but, not FNaCs. 

Since, FNCL(wy) = In- HN, FNIn GFNCL(yn)) = nn and 
FNCL(FNIn (FNCL(yy))) = In- HN EWN. 


Let X={a} define the FNSs ny and yy in X as follows: 

TW = <X, (0.5(a)), (O.5(a), (0-5) >, -YN=<X, (0.5), (O (ay), Aa) >- 
The family Ty ={On, In, NN, Yn } be FNT. 

Now if, Wn = <x, (0.6;a)), (0.64), (O-6(a)) >. 

Let Uy = <x, (lay), Cay), (0-4(a)) > be FNGOS such that, yy © Uy. 
Then, FNaCL(yy) = In- yn. So FNaCL(yyn) © Un. 

Hence, yn is FNSaGCS but, not FNaGCs. 

Since, Uy is FNGOS but not FNOS. 


Let X={a } define the FNSs ny and yy in X as follows: 

TW = <X, (0.5(a)), (O.5(a)), (0.7) > -YN=<X, (0.4), (O(a), Aa) >- 
The family Ty ={On, In, NN, Yn } be FNT. 

Now if, Wy = <x, (lia), Ca), (0-4(a)) >. 

Then, ynis FNCS. Since yy € Iy- Ty but, not FNRCS. 

Since FNIn (wy) = <x, (0.5,a)), (O.5(a)), (O.7()) > and 

FNCL(ENIn (yy)) = <x, (0.7(a)), (O.5(a)), (O-5(a) > F Wn. 


Let X={a} define the FNSs ny and yy in X as follows: 

NW = <x, (0.5,a)), (0.5,a)), (0-64) >, = -Yw=<X, (0.5(a)), (O(a), a) >- 

The family Ty ={On, In, NWN, Yn } be FNT. 

Now if, Wy = <x, (0.6,a)), (0.6@)), (0.6.2) >. 

Let, Uy = 1y be FNOS such that, yy © Un. 

Then, FNCL(wy) = <x, (a), Aq), (0-5(a)) > and FNCL(wn) © Uy. 

Hence, Wy is FNaGCS but, not FNaCs. 

Since, FNCL(wy) = <x, (l(a), (ia), (0-5(a) >, FNIn (FNCL(wy)) = <x, (0.5(a)), (0-5 (a), 
(0.6,2)) > and 

FNCL(FNIn (FNCL(yy))) = <x, (0.6.2), (O0-5(a)), (0.5(a)) > EWN. 


Remark 3.6: i. The relation between FNPCS and FNSaGCS is independent and this can be 


clarified in the next example. 
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ll. The intersection of two FNSaGCS is not FNSaGCS in general and we explained it in 


the next example. 


Example 3.7: 

i. (1) Let X= {a, b} define FNS ny in X as follows: 

TW = <X, (0.5(a), 0.55), (0-5 (a), 0.5m), (O-4(a),0.5 () >- 

The family Ty = {On, In, Nn } be FNT. 

Now if, wy = <x, (0.54), 0.46), (O-5(a), 0.56)), (0.6(2),0.5(p)) >. 

Then, FNIn (wy) = On and FNCL(FNIn (wy)) = On. So, FNCL(FNIn (wy)) © vy. 

Hence, Wy is FNPCS but, not FNSaGCS. Since 

Let, Uy = nn, Where Uy be FNGOS such that, yy © Uy. Then, FNaCL(yy) = ly. So FNaCL(yy) € 
Un. 


(2) Let X={a, b} define the FNSs nn and yy in X as follows: 

NW = <X, (0.5,4), 0.26), (0.5/4), 0.5(6)), (O-5(a),0.7 6) >, 

Yn =<X, (0.8 (a), 0.8(6)), (O.5(a), 0.5(6)), (0.2(2),0.2(6)) >. 

The family Ty ={On, In, NN, Yn }be ENT. 

Now if, Wy = <x, (0.5(), 0.7), (0.5(a), 0.5(6)), (O-5(a),0.36)) >- 

Let, Uy = yn, where Uy be FNGOS such that, yy © Un. 

Then, FNaCL(wy) = <x, (0.5,a), 0.7(6)), (0-5(a), 0-5(6)), (0.5 (a),0.2)) > ES Un. 

Hence, Wn is FNSaGCS but, not FNPCS. 

Since, FNIn (wy) = nnand FNCL(FNIn (wy)) = <x, (0.5,a), 0.7(6)), (O-5(a), 0-56)), (0.5 (a),0.2()) >. 
So, FNCL(FNIn (wy)) & wn. 


ii. Let X= {a, b} define FNS ny in X as follows: nn = <x, (0.5), Ow), (O-5(a), 0-5), (O-1(a, 1) >. 
The family Ty = {On, In, Nn } be FNT. 

Now if, Wi = <x, (0.2(a), Li), as Lip), (0.7(a),0 @) > and Wro= <x, (0.6(a), 0), lias Loy), (0.351 (wy) 
> are FNSaGCS. But, wyiN Wyo = <x, (0.2), Oy), Aa), ly), (0-751 (w)>- 

Now let, Uy = nn, where Uy be FNGOS such that, wniN wr2 © Un. Then, FNaCL(yyin wn) = ly E 
Un. 

Hence, WniN Wn 1s not FNSaGCs. 


Remark 3.8: The next diagram explains the relationships among different sets in the FNTS and the 


convers is not true in general. 
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F-NPCS 


Diagram 3.1 


5. Conclusions 


In this present paper, we have defined new class of neutrosophic generalized closed sets called, 
fuzzy neutrosophic strongly alpha generalized closed set in fuzzy neutrosophic topological spaces. 
Many results have been discussed with some properties. Further, we giving some theorems, 
propositions and provided some useful examples where such properties failed to be preserved in order 
to get the relations between fuzzy neutrosophic strongly alpha generalized closed set and existing 
fuzzy neutrosophic closed sets in fuzzy neutrosophic topological spaces . We think, our studied class 
of sets belongs to the new class of fuzzy neutrosophic — sets which is useful not only in the deepening 
of our understanding of some special features of the well-known notions of fuzzy neutrosophic 


topology but also useful in neutrosophic control theory. 
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Abstract: The neutrosophic sets were known since 1999, and because of their wide applications and their 
great flexibility to solve the problems, we used these the concepts to define a new types of neutrosophic 
crisp closed sets and limit points in neutrosophiccrisp topological space, namly [neutrosophic crisp 
Gem sets and neutrosophic crisp Turig points | respactvely, we stady their properties in details and 
join it with topological concepts. Finally we used [neutrosophic crisp Gem sets and neutrosophic 
crisp Turig points] to introduce of topological concepts as : neutrosophic crisp closed (open) sets , 
neutrosophic crisp closure, neutrosophic crisp interior, neutrosophic crisp extrior and neutrosophic 
crisp boundary which are fundamental for further reserch on neutrosophic crisp topology and will 
setrengthen the foundations of theory of neutrosophic topological spaces. 


Keywords: Neutrosophic crisp set, Neutrosophic crisp topology, Neutrosophic crisp closed set, 


1. Introduction 


In 1999, Smarandache firstly proposed the theory of neutrosophic set [1] which is the generalization 
of the class sets, conventional fuzz set [2] and intuitionistic set fuzzy [3]. After Smarandache, 
neutrosophic sets have been successfully applied to many fields such as; topology, control theory, 
databases, medical diagnosis problem, decision making problem and so on, [4-37] . 


A.A. Salama, et, al.[38] proposed a new mathematical model called " Neutrosophic crisp sets and 
Neutrosophic crisp topological spaces ". 


The idea of "Gem-Set", which is a characterization of the concept of closure is introduced by 
AL-Nafee ,Al-Swidi [39] . After AL-Nafee, the idea of "Gem-Set has been successfully using to many 
topological concepts such as; interior, exterior, boundary ,separation axioms, continuous functions , 
bitopological spaces, compactness, soft topological spaces, and so on, [40,41,42,43,44,45,46,47,48]. 


The idea of "controlling soft Gem-Set" and join it with topological concepts in soft topological space 
is introduced by [49]. The concept of the soft Turing point and used it with separation axioms in soft 
topological space is introduced by [50,51]. 


The goal of this research is to combine the concept of "Gem-Set" and Turing point with 
neutrosophic crisp set to define a new types of neutrosophic crisp closed sets and limit points in 
neutrosophic crisp topological space, namly [neutrosophic crisp Gem sets and neutrosophic crisp 
Turig points ] respactvely, we stady their properties in details and we also use it to introduce the 
some of topological concepts as : neutrosophiccrisp closed (open) sets , neutrosophic crisp closure, 
neutrosophic crisp interior, neutrosophic crisp extrior and neutrosophic crisp boundary which are 
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fundamental for further reserch on neutrosophic crisp topology and will setrengthen the 
foundations of theory of neutrosophic topological spaces. 


The paper is structured as follows; In section 2, we first recall the necessary background on 
neutrosophic and neutrosophic crisp points [NCPn for short]. In section 3, a neutrosophic crisp 
Turing points properties are introduced with their properties. In section 4, the concept of 
neutrosophic crisp Gem sets are introduced and studied their properties. 


Throughout this paper, NCTS means a neutrosophic crisp topological space , also we write (H_) by 
H (for short),the collection of all neutrosophic crisp sets on H will be denoted by N(H). 


2. Preliminaries 


2.1. Definition [52] 
Let H be anon-empty fixed set, a neutrosophic crisp set (for short NCS) D is an object having the 
form D=<D:,D2,D3> where D1,D2 and D3 are .subsets of H . 


We will exhibit the basic neutrosophic operations defnitions (union, intersection and 
complement) . Since there are different definitions of neutrosophic operations , we will organize 
the existing definitions into two types in each type these operations will be consistent and 
functional . In this work we will use one Type of neutrosophic crisp sets operations . 


2.2. Definition [52] 

A neutrosophic crisp topology (NCTS) on anon-empty set H is a family T of neutrosophic crisp 
susets in H satisfying the following conditions ; 
On, Hn € T. 
CnDeT, for C,D €T 
The union of any number of set in T belongs to T . 
The pair ( H,T) is said to be a neutrosophic crisp topological space(NCTS) in H . Moreover the 
elements in T are said to be neutrosophic crisp open sets. A neutrosophic crisp set F is closed iff its 
complement (F°) is an open neutrosophic crisp set . 


2.3. Definition [52] 
Let NI be a non-null collection of neutrosophiccrisp sets over a universe H . Then NI is called 
neutrosophic crisp ideal on H if ; 
e CeéeNIandDeNIthenCUDENI . 
® CeENIandDECthenDeENI. 


2.4. Definition [52] 
Let (H,) be NCTS ,A be a neutrosophic crisp set then: The intersection of any neutrosophic crisp 
closed sets contained A is called neutrosophic crisp clusuer of A (for short NC-CL(A)) . 


2.5. Definition [52] 
((neutrosophic crisp sets operations of Type.])) 

Let H be anon-empty set and C=< C1, C,, C3 > , D=< D1, Dz, D3 > be two neutrosophic crisp 
sets, where D1, Ci,D2,C2and Ds Ci are subsets of H ,such that (DiND2)=@ , (Di1NDs)=@ , ( D2N 
D3)=@ , (iN@)=0 , (CiNGs)=@ , (C2N Cs)=@ then: 

¢ @nx=<@,0,H> (Neutrosophic empty set) . 

e Hn=<H,@,0> (Neutrosophic universal set) . 
CNM D=[GNDi1],[ NM D2] and [C3 U Ds] . 
CU D=[CGiU Di],[C2 U Dz] and[G3N Ds] . 
e CeEedecae Di ,2€ D2 and DsECs. 
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e The complement of a NCS (D ) may be definedas: D=<Ds3,D2,Di> . 
e C=DeCED,DEC . 
2.6. Definition [53] 
((neutrosophic crisp sets operations of Type.2)) 
Let H be anon-empty set and C=< Ci,@, C3 > , D=< Di, Dz, D3 > be two neutrosophic crisp 
sets, where Di, C1, D2 ,C2and D3 ,Ci are subsets of H then: 
e On=<@,0,@> (Neutrosophic empty set) . 
e Hn =<H,H,H> (Neutrosophic universal set) . 
e CND=[GaND:i],[ CN Dz] and [C3N Ds]. 
e CUD=[CGUDi],[CU D2] and [CsU Ds]. 
e CEedesec €Di1,@ ECbreandGs €D3. 
e The complement of a NCS (D ) may be defined as: D© = <D1s, D2, D3e> . 
e C=De CED,DEC". 
2.7. Definition [53] 
For all a,b,c € H .Then the neutrosophic crisp points related to a,b,c are defined as follows ; 
® ay, =<ta}@,0> onH . 
® by,= <@,{b},@> onH . 
® Cy, =<@,8,{c}>onH . 
(The set of all neutrosophic crisp points (ay,, by,, Cy.) is denoted by NCPN) . 


3. Neutrosophic crisp turing point 
In this work, we will use Type.2 of neutrosophic crisp sets operations , this was necessary to 
homogeneous suitable results for the upgrade of this research . 


3.1. Definition 

Let (H,T) be NCTS ,P € NCPN in H, we define a neutrosophiccrisp ideal NI with respect to a 
neutrosophic crisp point P, as follows : 

NI(P) ={D € T:P € (D)°%} 

3.2. Definition 

Let (H,T) be NCTS,P € NCPN in (H,T), Yc H, we define a neutrosophic crisp ideal YNI(P) respect 
to subspace (Y,Ty), as follows: 

YNI(P) ={[DE Ty:P € (H\D)} . 

3.3. Remark 

Let (H,T) be NCTS, YCH, for each D# @y and P € NCPN inY , then ; 

YNI(P) ={ D€ Ty: P € (H\D)}={D € Ty :P E(Y\D)}. 
Proof 
YNI(P) = {De Ty: P € (H\D)}={ De Ty: P ¢D,for each Pe Y}={ DE Ty: P €(Y\D), for each PeY} . 

3.4. Remark 

Let (H,T) be NCTS ,YcCH, for each D¥ @y and P € NCPN in H,then ; 

YNI(P) = { D € Ty:P € (H\D)}={DOY:for each D¥ Oye NI(P)}. 

3.5. Example 

Let (H,T) be NCTS, such that H={1} , 

T={ @y,Hy, A, B,C,D,E,F,G}, P, =< @.{1},0 > , such that; 
A =< {13,6,06>,B=<@,{1},0>,C =< {1} 1}, @> ,D=< {13,0} >, 
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E =< @, {1}, {1} >, F=< @,@, {13} > , G=< {1}, {1}, {1} >. 
Then, NI(P,) ={9n , A,D,F }. 
3.6. Definition 

Let (H,T) be NCTS ,P € NCPNinH and NI be a neutrosophic crisp ideal on (H,T), we say that p 
is a neutrosophiccrisp turing point of NI if DceNIsfor each DeTr ,Tr is collection of all 
neutrosophic crisp open set of neutrosophic crisp point p. 

3.7. Remark 

Let (H,T) be NCTS,P € NCPNinH and NI(P) ={D eT: P € (D)‘} be aneutrosophiccrisp ideal 
on (H,T) . 
Then, p is aneutrosophic crisp turing point of NI(P) . 
3.8. Example 

Let (H,T) be NCTS, such that H={1}, 

T={ @y, Hy, A, B,C,D,E,F,G}, P, =< @,{1},@ >, P, =< {1},0,0 > , such that; 
A=< {1},00>,B=<@,{1},0>,C=< {1}, {13,0@> ,D=< {1},¢,{4}>, 
E=<@ {1}, {3 >,F=<@0@0 (}>,G=< {1}, 0} (}>. 
Then, P,; is aneutrosophic crisp turing point of neutrosophic crisp ideal NI(P,) ,but not P, . 
3.9. Theorem 

Let (H,T) be NCTS, ay _ # by, € NCPN in H, then, < {b},@,@ > is a neutrosophiccrisp closed set 

if and only if ay, is not a aneutrosophic crisp turing point of NI(by, ). 
Proof 

Let ay, # by, € NCPNinH. Assume that< {b},@,@> is a neutrosophiccrisp closed set ,so 
that < {b},@,@ > = cl (< {b},0,@>). But ay, # by, get that ay, € cl (< {b},0,@>). Therefore, 
there exists a neutrosophic crisp open set U such that, ay,€ U, Un< {b},0,@ > =Oy . So that 
ay,€ U, Ucé NI(by,) ,because if Use NI(by,), then< {b},O,@ > EU ,that means Un< {b},@, 0 > 
#Oy _,this a contradiction!. Hence ay,is not a neutrosophic crisp turing point of NI(by, ). 
Conversely, 

Let ay, # by, © NCPNinH. Since ay, is not a neutrosophiccrisp turing point of NI(by,), then 
there exists a neutrosophiccrisp open set U such that, ay,€ U, Usé NI(by,), so < {b},0,@> 
€U.Thus ay, € U, Un< {b},0,@ > =Oy implies ay, €cl(< {b},9,@ >). 

Hence < {b},@, @ >=cl(< {b},0,@ >), thus < {b},@,@ > is aneutrosophic crisp closed set in H. 
Proof by the same proof of 2.10. Theorem . 

4. Neutrosophic crisp Gem set 

4.1. Definition 


Let (H,T) be NCTS, P € NCPN in H ,NI(P) be aneutrosophic crisp ideal on (H, T) and D c(H,T), 
we defined the neutrosophic crisp set ND‘ with respect to space (H,T) as follows: 

ND” ={P, € NCPN in H; FnD € NI(P), for each FeTp,,Tp,is collection of all neutrosophic crisp open 
set of neutrosophiccrisp point P,.The neutrosophiccrisp set ND‘ is called neutrosophic crisp 
Gem-Set . 

4.2. Example 

Let (H, T) be NCTS, such that H={1,2,3}, 
T ={ @_N, H_N, A,B,C,D,E,F,G},P=< @,{1},@ >,D=< @,{1,3},@ >, such that; 
A=< @,{1},0 >,B= < @,{2},0 >,C=<@, {3}, @ >,D=<@,{1,2},0 >. 


Ahmed B. AL-Nafee, Florentin Smarandache, A. A. Salama, New Types of Neutrosophic Crisp Closed Sets 


179 


E=<@,{1,3} 0,0 >,F =< 0{2,3},0 >,G=<@, {1,2,3},0 >. 
Then, NI(P)={9,N, B,C,F} and ND’ =< {1},0,@ >. 


4.3. Theorem 
Let (H,T) be NCTS, P € NCPN in H, and let D,C be subsets of (H,T).Then 
1. Oy? =On 


2. Hy? =Hy, whenever NI(P) = @y . 

3. C&D —> NCP END?. 

4. Forany points P,,P, € NCPNinH ,with NI(P,)2>NI(P,) then ND*’2 C ND*F1, 
5. PeDifand only if Pe ND®. 

6. If P€D, then (ND*)‘=ND?. 

7. If P, €D,P, EC with P, +,P,, DAC= Oy, then ND*P1ANC*P2 = Oy. 


8. If ay,, by, € NCPN in Hwith ay,#by,, then by, €(ay,)*implies ay, ¢(ay,)"bn, and 
by, €(bn,)'an, - 


4.4. Remark 
The equality of theorem part (3),(4) does not necessarily hold as shown: 
Let (H,T) be NCTS, such that H={1,2}, D =< @,{2},0 >, C =< @G,{1},@>, 
T={ On, Hy, A,B,G}, Ph) =<, {2},0 >,P, =< {13,0 >, 
A =< @,{1},0>, B=< @,{2},0 >, G=< @,{1,2}, 8 >, 
Then, NI(P, )= {Oy, A}, NI(P, )= {Oy, B}and ND*P1 =< @,{2},@ >,ND*?2 = Oy ,NC*P1 = Oy 
Note that, 
1) ND**2 CND*P1 but NI(P,) 2 NI(P,). 
2) NC*P1 CND**1 but CED. 


4.5 .Theorem 
Let(H, T) be NCTS, P, € NCPNinH and D,C be subsets of (H,T).Then ND*?1 U NC*P1 = N(D UC)*?2, 
Proof 
It is obviously known that D c (DUC) and C c (DUC), then from theorem 3.3 part(3) we get, 
ND*F1 CN(DUC)*Pt1and ND*?1 cCN(AUC)*1, for any P, € NCPN in H. Hence 
ND*?1 U NC*P1 C N(DUC)* ----(1) 
For reverse inclusion, let P, ¢ ND*?1.Then there exists neutrosophiccrisp open set U containing p 
»with DnUe NI P, ).Similarly, if P, ¢ NC*P ,then there exists neutrosophiccrisp open set V 
containing P,with CnVe NI(P,) .Then by hereditary property of neutrosophiccrisp ideal, we get , 
DnUnVe NI(P,) and CnUnVe NI(P,). Again by the finite additivity condition of neutrosophic crisp 
ideal, we get (DUC)NUNVE NI(P,).Hence P,¢ N(D UC)*?1.So, 
N(D UC)**1 c ND*P1 UNC*P1 ----(2), 
From (1) and (2) we get, ND*P1 U NC*P1 = N(DUC)*F2 . 
4.6 .Theorem 
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Let (H.T) be NCTS, P,; € NCPN in H and D,C be subsets of (H,T).Then N(D nN C)*P1c ND*P1 q NC*P1, 
Proof 

It is known that DNCcD and DnCcC, then from theorem part (3), N(DNC)*P1c ND*P1 and 
N(D N C)*P2c NC*P1.Hence N(DNC)*Ptc ND*P1 q ND*P1,for any P, € NCPN in H. 

4.7 .Theorem 

Let (H,T) be NCTS, ay, € NCPN in H, for each neutrosophic crisp open set U containingay,, then 
(ay,) an, CU. 
proof 

Let by, ¢U ,so ay,#by, ,then we get that Un(by,)= Oy € NI((ay,).That means (by, ¢(an,)’an, 
-Thus{(ay,)'an, ¢ U. 

4.8 .Theorem 
Let (H,T) be NCTS, P, € NCPN in H and D be subsets of (H, T).Then 
pri ={ On poet 
cl(P,)  ifP, ED 
Proof 
Case(1) 

IfP, €D,To proveD*?1 = Gy .Let D*?1 # @y, then there exists least one element. say P, € D*?1 (by 
definition of D*P1), we have Cp, ND € NI(P,). HenceP, € DN Cp, So P, € D which contradiction], 
then D*?1 = Oy. 

Case (2) 

If P, €D, to prove D1 = cl(P,). Let P, € D*?t implies P, EDN Vp,for each Vp, € Tp, implies 
that P, € Vp, for each Vp, € Tp, it follows P, € cl(P,) then D*P1 € cl(P,) for each D be subsets of 
(H.T). Let P, € cl(P,) and P, ¢ D**1 then there exists neutrosophiccrisp open set Vp, containing 
P, such that DN Vp, € NI(P,), which implies that P; €DN Vp,then P, €D or P, ¢ Vp,which means 
that P, €D or P, € cl(P,) which contradiction! in two case. Hence P, € D*?1 implies thatcl(P,) © 
D*P1, Therefore, D*?1 = cl(P,). if P, € D. 

4.9. Definition 
Let (H,T),(Y,6) be NCTS. Then, the mapping f:(H, T)—(Y, 6) is called NI’- map ,if and only if, 
for every subset D of (H,T), P, € NCPN in H, f(D*"t) =(f (D))*P)). 
4.10. Example 
Let (H,T),(Y,5) be NCTS, such that H={1,2,3}, Y={a,b,c}, 
T={ Oy, Hy, A,B}, 5={ Oy, Yn, G}, such that. 
A < {1},0,0 >, B= < {2,3},0,0 >,G =< {a},0,@ >. 
Define f(2)=f(1)=c and f(3)=a, Put D={3} subset of (H,T) . 
Then D** = B= < {2,3},0,@ >, so f(D*3)=(f (D))**#6="= (< {a,c}, 0,@ >)*a =< f{a,b,c},9,@ >. 
4.11. Definition 

Let (H,T),(Y,6) be NCTS.Then, the mapping f:(H,T) — (Y,6) is called NI“-map if and only if, 
for every subset D of (Y,5),p € NCPNinY, f1(D*P) =(f71 (D))f7®. 
4.12. Example 

Let (H,T),(Y,5) be NCTS, such that H={a,b,c}, Y={1,2,3} 

T={ Oy, Hy, A,B}, 5={ Oy, Yn, G}, such that. 
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A =< {a},0,@ > , B= <{b,c}},0,0 > , G =< {1},4,@ >. 
Define f(b)=f(a)=3 and f(c)=1.Put D={3} subset of (Y,5) . 
Then D*t =B =< {2,3},0,0 > , sof! (D") =(f1 (D))*= (< {b,a},@,@ >)*=< {b,c}, 0,@ > 


Conclusion 


We defined a new types of neutrosophic crisp closed sets and limit points in neutrosophic crisp 
topological space namly [neutrosophic crisp Gem sets and neutrosophic crisp Turig points] 
respactvely , we stady their properties in details and we also use it to introduce the some of 
topological concepts as : neutrosophic crisp closed (open) sets , neutrosophic crisp closure , 
neutrosophic crisp interior , neutrosophic crisp extrior and neutrosophic crisp boundary which are 
fundamental for further reserch on neutrosophic crisp topology and will setrengthen the 


foundations of theory of neutrosophic topological spaces . 


We expect, this paper will promote the future study on neutrosophic crisp topological spaces and 


many other general frameworks . 
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Abstract: The main objective of this paper is to propose a new type of set which we call 


pentapartitioned neutrosophic set. We also prove some of its basic properties. 


Keywords: Neutrosophic set, Single valued neutrosophic set, Pentapartitioned neutrosophic set. 


1. Introduction: 


Smarandache [1] defined Neutrosophic Set (NS) to deal with uncertainty, indeterminacy and 
inconsistency involved in mathematical objects. It generalizes fuzzy set [2] and intuitionistic fuzzy 
set [3] by incorporating degrees of indeterminacy and rejection (falsity or non-membership) as 
independent components. Wang et al. [4] defined Single Valued Neutrosophic Set (SVNS) in 2010. 
Chatterjee et al. [5] defined Quadripartitioned SVNS (QSVNS) that involves truth, falsity, unknown 
and contradiction based on four valued logics [6, 7]. 

Smarandache [7] split indeterminacy into unknown, contradiction, ignorance and proposed 
Five Symbol Valued Neutrosophic Logic (FSVNL). In this paper we utilize FSVNL and propose 
pentapartitioned neutrosophic set. We also establish some basic properties of the proposed set. The 
proposed structure is generalization of existing theories of SVNS and QSVNS. 

The organization of the paper is as follows: Section 1 provides a brief introduction; Section 2 is 
dedicated to recalling some preliminary results; Section 3 introduces the concept of a 
pentapartitioned neutrosophic set. Section 4 deals with some basic set-theoretic operations over 


pentapartitioned neutrosophic sets. Section 5 concludes the paper stating future scope of research. 


1. Preliminary: 


Definition 1: An NS [1] N on the universe of discourse Q is defined as: 


N ={<q,Ty (q).1y (4). Fy (a) = q €Q} whereT,1,F :Q—>] 0,0, and ~0<T,(q)+1y(a)+Fy(a)s3- 


2. Single Valued Pentapartitioned Neutrosophic Sets: 
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Based on Smarandache FSVNL [7], we define the concept of Pentapartitioned Neutrosophic Set 
(PNS). The term “pentapartitioned” means something that divided into five characteristic features. 
The indeterminacy is split into three parts signifying contradiction, ignorance and unknown 
respectively. We now defined a PNS as follows: 


Definition 3: Let P be a non-empty set. A PNS A over P characterizes each element p in P by a 


truth-membership function 7, , a contradiction membership function C, , an ignorance 
membership function G,, unknown membership function U, and a falsity membership function 


F such that for each peP, T,,C,,G,,U,,F, €[0,1] and 


A 


O<T,(p)+C,(p)+G,(p)+U, (p)+F,(p) <5. 


Example: Consider the statement: “Is Facebook good for society?”. 

Suppose, this statement is posed in front of a group of five people, say, P={Dp,,P,,P3P4,P;} (which 
constitute the universe under consideration) and they are requested to express their opinion 
regarding this statement. Now it may so happen that the opinion of the people may vary among the 
following possible options: “a degree of agreement with the statement”, “a degree of both agreement 
as well as disagreement regarding the statement “a degree of neither agreement nor disagreement 
regarding the statement”, “a degree of ignore agreement and disagreement” and “a degree of 


disagreement with respect to the statement”. According to the response of the people, the available 


information can be represented in terms of a PNS as follows: 


From the above PNS, it is seen that the person p, is to great extent, in agreement with the statement 
whereas, p, mostly disagrees with the statement while p, opines that the statement is both true as 
well as false, p,is mainly in ignorance regarding the truth of the statement and p, totally ignores 
the truth and false of the statement. 

It is to be noted that when Indeterminacy (I) is refined into [1, I2, 13, and together T, I1, 12, I3, F form a 
pentapartitioned neutrosophic set. It is a special case of the n- valued refined neutrosophic set, introduced by 
Smarandache [7] in 2013. 

Definition 4: A PNS A is said to be absolute PNS if and only if its truth-membership, contradiction 
membership, ignorance membership, unknown membership and falsity membership function 


values are defined as follow, 
T, (P)=LC,(P)=1.G, (P)=0.U, (P)=0,F, (Pp) =0- 


Definition 5: A PNS is said to be null @ PNS if and only if its truth-membership, contradiction 
membership, ignorance membership, unknown membership and falsity membership function 


values are respectively defined as follows: 


qT (p) =0,C, (p) =0,G, (p)=LU, (p)=LF, (p)=1. 
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3. Basic properties: 
Definition 6: Consider two PNS R, and R, overP, R, is said to be contained in R,, denoted 
by RCR, iff 7, (p)<T, (p),Cp (Pp) < Cg (P),Ge (P) = Ge, (P),U p (p) 2 Ug, (p)and F, (p) = Fy, (p) 


where peEP. 
Definition 7: The complement of PNS R, is denoted by R¥ and is defined as: 


Ry ={(F, (P),U pg, (P).1-G g, (P), Cp, (P)-Te, (PY)! p EP} 1.€. Te (P) = Fr (P)s Cp (P) =U, (P): 


Gp (p) =1=G, (p), UR. (p) = Cr, (p)and F, (p) =T, (P), P eP 


Definition 8: The union and intersection of any two PNSs R, and R, is denoted by R,UR, and 

R, OR, is defined as: 

R, OR, ={(max(Tx (P).Te, (P)),Max(Cy (P)s Cp, (P)).MinG, (P).Gp, (p)),minU g (p).U g, (P)). min Fy, (P)s Fe, (P)) | p € P} 
={ (Tx, (P)sCp, (P)s Gp, (P)»U p, (P)s Fe, (PV La, (P)s Cp, (P)s Gp, (P)>U p, (P)s Fe, (P)) |p € P} 


R, OR, = {amin (p), Tr, (P)), min(Cr (Pp), Cr, (P)), Max(Gp (P), Ge, (Pp), max(Up (p),U pz, (P)), max(Fe (Pp), Fr, (p)) |p € P} 
={(Tpr (Pp), Ce (P), Gr (P).U R (P)s Fre (PATE (P)» Cr, (P)» Gr, (P),U ze, (P)s Fr, (P)) | p = PS 


Example: Consider any two PNSs defined over P, presented as: 
E =(0.6,0.4,0.3,0.2,0.3)/ 7, +(0.5,0.3,0.4,0.5,0.4}/ 1, +(0.3,0.7,0.5,0.2,0.4)/ 7, 
F =(0.7,0.2,0.4,0.3,0.5)/7, + (0.7,0.4, 0.3, 0.4,0.5)/1, + (0.6,0.5,0.6,0.4,0.3)/ 7, 


Then we have, 

E© =(0.3,0.2,0.7,0.4,0.6)/7, + (0.4,0.5,0.6,0.3,0.5)/1, +(0.4,0.2,0.5,0.7,0.3)/ 7, 
EUF =(0.7,0.4,0.4,0.3,0.5)/ 4, + (0.7,0.4,0.4,0.5,0.5)/ 1, +(0.6,0.7,0.6,0.4,0.4)/ 1, 
EOF =(0.6,0.2,0.3,0.2,0.3)/7, +(0.5,0.3,0.3,0.4,0.4)/ 1, + (0.3,0.5,0.5,0.2,0.3)/ 1, 


Proposition 1: PNSs satisfy the following properties under the aforementioned set theoretic 
operations: 


i. Commutative law 
(a)R,UR, =R, UR, 
(D)R, OR, = ROR, 


il. Associative law 


(c)R, UCR, UR,) =(R, UR,) UR, 
(d)R, OCR, OR,) =(R, OR) OR, 


iii. Distributive law 
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(e)R, UCR, OR,) =(R, UR) A(R, UR; ) 
(f)R, ACR, UR,) =(R, OR,) UCR, OR;) 


iv. Absorption law 
(g)R, U(R, OR) =R, 
(A)R, OCR, UR,)=R, 


V. Involution law 


(i)(R ye = R, 


vi. Law of contradiction 


(AR, ARS =0 


vii. De Morgan’s law 


(k)(R, UR,)S =RS ORS 
()(R,OR,)° =R° URS 


Proof: 

(a) RUR, =RKYVUR, 

We know that, 

R, UR, = {(max(T, (p), Tp, (p)), max(Cz (Pp), Ce, (p)), min(Ge (P),Ge, (Pp), min, (p),U gz, (P)), min(FR (Pp), Fe, (P))| p< P} 
={(TR (P), Cr (P), Gr (P). Up (P), Fr (PIV Tr, (P)> Cr, (P), Gr, (P) Ue, (P) Fre, (P) | p € PJ 


Let,x, ER, UR, 
=> x, e{max(T, ,T,, ),max(C, Cp, ),min(G, ,G, ),min(U, ,U, ),min(F . Fe, )} 
=> x, e{max(T, ,T, ),max(Ce ,Cp ),min(Gp ,Gp ),min(U, ,U, ),min(Fe , Fe )} 


=> x, Ek, UR, 


>R, VR, CR, VR, (1) 
Let, y, ER, UR, 
=>y,€ {max(Tp, TR ),max(Cp Ce ), min(Gp .Gp ), min(U 2 UR ), min( FR : Fp y} 
=>y,€ {(max(7;, TR ),max(Cp ; Cr, ), min(G, Gp ), mn(U, Up ), min(F, FR )y} 
=> y, ER VR, 
=> R, UR, CR UR, (2) 
Therefore, from (1) and (2) we obtain, 
Kk UR, =K, VR, 
(b) Similarly, we can prove that 
ROK =ROR, 
(c) RK UCR, VR,)=(R, VR)UR, 
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Assumthat,x, € R, UCR, UR;) 
=> x, ER, U(max(T,, ,T,,).max(Cy, Cp, ),min(G,, Gp, ),min(Uy, Ug, min Fy, » Fp, )) 
=> x, €(max(T, ,T,, .T,, ,max(C,, ,Cy, Cz, ),min(G,, ,G,, ,G,,),min(U, ,U,, ,U,, )»min(Fy, Fp,» Fe, )) 
=> x, €(max(T;, Tp, )max(C,, ,C,, ),min(G, .Gy, ),min(U, ,U x, )»min(Fy , Fe, )) UR; 
=> x, €(R, UR) UR, 
Rk, U(R, UR,) C(R, VR, )UR, (3) 
Assumthat, y, € (R,UR,)UR, 
=> y, €(max(T), Ty, ),max(C,, ,C,, ),min(G, ,G,,),min(U, ,Up, ),min(Fy, , Fy,)) OR 
=> y, €(max(Tj, .Tp, »Te, )max(Cp, ,Cy, Cy, )smin(Gy, Gp, Gp, ),min(Uy ,Up, Up, ),min(Fy, , Fp, Fe,)) 
=> y, €R, U(max(T,, Tp, ),max(C,, Cy, ),min(G,, ,G,,),min(U,, U,, ),min(F,, Fy, )) 
=> y, €R U(R, VR) 
(R,UR,)UR, CR, U(R, VR,) (4) 
From (3) and (4) we conclude that, 
Rk, U(R, UR,) =(R, UR) UR, 
(d) Similarly, we can prove that 
R, OCR, OR,) =(R, OR) OR, 
(e) R, UCR, OR) =(R, VR) A(R, UR) 
Assume that, x, € R, UCR, OR;) 
=> x, € R, U(min(Ty, Ty, ),min(Cy, ,Cp, ),Max(Gp, ,G,,),mMax(U g, Ug, Max(Fy, , Fy, )) 
max(T, , min(Tp, : Tp. )), max(C R? min(C Ry? Cc R, )), min(Gp ; max(Gp : Gp. )), 
ae poe ,max(U,, ,U,, )),min(F,, ,max(F,, . Fy, )) 
=x € (max(T,, ,T, )smax(Cp Cp, ),min(G, ,G,, ),min(U, Up )-min(Fy, . Fp, )) 
(max(Tp, .Tp, )emax(Cy, ,Cy, ),min(G,, ,G,,),min(Uy, Ug, ),min( Fy, , Fe, )) 
=> x, €(R, UR) OC, VR,) (5) 
Assume that, y, € (R, UR,) A(R, UR;) 
=> y, €(max(T,, 7, ),max(Cy ,Cy, ),min(G, .Gp, ),min(U,, Up, )»min(F,, , Fy, )) 
(max(Ty, Te, ).max(Cy, Cp, ),min(G,, .G,,),minU,, Ug, ),min(Fy, Fy, )) 
max(Tp smin(T, Tr, )), max(C R, ,min(C Ry? C R )), min(Gp ,max(Gp Gp )), 
ey ions, ,max(U,, ,U,, )).min(Fy, ,max( Fe, Fy, )) 
=> y, €< Ty Cy +Gy Ug,» Fe, >U(min(T,, ,T,, ),min(C,, Cy, ),max(G,, ,G,,),max(U,, Ug, )max(F,, » Fp, )) 
=> y, ER, VU (min(T,, ,T,),min(Ce ,Cp ),max(Ge ,Gp ),max(Up ,Up )max( Fe , Fe )) 
=> y, ER, U(R, OR,) (6) 
From (5) and (6), we conclude that 
R, UCR, OR) =(R, VR) OCR, VR; ) 
(g) RU(R, OR, )=R, 
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Assume that, x, € R, U(R, OR,) 

=> x, € R, U(min(Z, ,T,, ),min(C,, ,Cy, ),max(G,, ,Gy, ),max(U, Ug, )max(Fy, , Fy, )) 
max(T;, ; min(T; Tp )), max(C R ,min(C Rs C R, )), min(G, »max(Gpz , Gr, )), 

es ee ,max(U,, Usp, )),min(F,, ,max(Fy,, Fy, )) 

=> xX, €<Tp Ce Gp .Up . FR > 

=> x, ER, 

=> KR UR AR) CR, (7) 


Assume that, x, € R, 


=> xX, E< Tp CR Ge U, FR > 
=>X,€ (max(T, ; min(T,, Tp, )), max(C Re min(C RoCR, )), min(G, ; max(Gp Gp )), min(U R? max(U x oUr, )), min R? max(F, RoR, ))) 
=> x, € R, U(min(T, ,T,, ),min(C,, ,Cp, ),max(G,, ,Gy, ),max(U, Up, max( Fy, , Fy, )) 


=> x, ER U(R, OR,) 
=>R oR UR, OR,) (8) 


From (6) and (8), we conclude that 


R UR, OR,)=R, 


(h) Similarly, we can prove that 


ROR VR,)=R, 
(i) (RO) =R 


Assum that, x, € (R,° )° 
C 
=> x, € (e UR 1G 30 27, 
=> x, € (Ty Ce . Gp Ug Fe) 
=> X; € R, 
=> (R,°)° Ck, ) 


Assum that, y, € R, 
=~ y, © (Tr, 2 Cr, Gr, UR, ‘ Fa ) 


C 
=> y, €( Fy Ug 1-G, Cy »Ty, ) 
=> y,€ (R,“)° 
=> R, <(R°)° (10) 


From (9) and (10), we obtain 
(RS ye = R, 


(j) R, AR, =0 
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Assum that, x, € R, AR 

a, SDs C5 G30 yy Og sU gl GeC, Le) 

=> x, e<min(T, .F, ),min(C, ,U, ),max(G, .1—G, ),max(U,, .C,, ),max(F, .T,, ) > 
=> x, €0 

=>+RAR° oO (11) 


Assum that, y, € @ 
=> y, e< min(T, , F, ),min(C, .U, ).max(G, .1-G,, ),max(U, .C,, )smax(F,, .T,, ) > 


=, € (as €. 5G, Ups, OC gsU pl Gp 56, Te) 
=> y ER ARS 

=+OCR ARS (12) 

From (11) and (12), we obtain 


R,ARS =0 


(k) (R,UR,)° =RS ORS 


Assum that, x, € (R, U R,)° 

=> x, € (max(Tp Tr, ), max(C Ce ),min(G, . Gp, ),min(U , : Up, ), min( Fp ; FR y)© 
=> x, €(min(F, , F,,),min(U, ,Ux, ).1—min(G, ,Gp, ),max(C, »C,, ),max(T,, .T», )) 
Spe EU al G) CF WAU VG, 5057) 

=> x, €R° OR, 

=> (R,UR,)° CRS OR, (13) 

Again, Assumthat, y, € R,° OR,° 

=> y, € (Fy Ug, 1-Gp sCy »Ty, )O( Fp, Ug, 1- Gy, »Cy, »Tr, | 

=> y, €(min(F, , Fy, ),min(U,, U,, ),1-min(G,, ,Gz, )»max(C,, ,C,, ),Max(Ty, Tp, )) 
=> y, € (max(T, ,Tp, ),max(Cp ,Ce ),min(Gp ,Gp ),min(U, Uz ),min( Fe , Fe ye 


=> y, €(R, UR,)* 
=> R° AR, C(R, VUR,)* (14) 


From (13) and (14), we conclude that 


RURY SR WR 


(1) (R,OR,)° =R° URS 


Assumthat, x, € (R, 0 R,)° 

=> x, €(min(T, ,T,,),min(C, ,C,, ),max(G, ,Gp,),max(U, ,U,, ),max( Fy , Fp )) 
=> Xx, € (max(F, , F,),max(U, ,U, ),1—max(Gz ,Gp, ),min(C, ,Cp, ),min(Tp Te, )) 
=54,'6 (aU l-GC 7, \O (FU al G36 .47 | 


=> x, ER, UR, 
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=> (R,OR,)° CRS URS (15) 


Again, Assumthat, y, € R, UR,° 

=> y,€ (F Up eGicC. 40, YC FR RCP len Ca Ory be ) 

=> y, €(max(F, , Fy, )»max(U,, ,Ug, ),1—max(G,, .Gp, ),min(C,, Cy, ),min(T, .T,, )) 
=> y, €(min(T, ,T,,),min(C, ,Cx,),max(G, ,G, ),max(U, ,U, ),max(Fy Fe, ))° 
=> y, €(R, OR,)° 

=> Ro URS C(R,OR,)* (16) 


From (15) and (16) we conclude that, 


RAR) aR OR 
4. Conclusion: 


In this article we have develop pentapartitioned neutrosophic set. The pentapartitioned 
neutrosophic set is extension of SVNS and QSVNS. The concept of complement law, inclusion law, 
union law, intersection law, commutative law, etc. have been defined on pentapartitioned 
neutrosophic sets. Future works may comprise of the study of different types of operators on 
pentapartitioned neutrosophic sets dealing with actual problems and implementing them in 


decision-making problems [8-13]. 
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Abstract. The primary goal of this article is to establish and investigate the idea of interval-valued neutrosophic 
soft subring. Again, we have introduced function under interval-valued neutrosophic soft environment and 
investigated some of its homomorphic attributes. Additionally, we have established product of two interval- 
valued neutrosophic soft subrings and analyzed some of its fundamental attributes. Furthermore, we have 
presented the notion of interval-valued neutrosophic normal soft subring and investigated some of its algebraic 


properties and homomorphic attributes. 
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ABBREVIATIONS 

TN indicates “T-norm”. 

SN indicates “S-norm”. 

IVTN indicates “Interval-valued T-norm”. 
IVSN indicates “Interval-valued S-norm”. 
CS indicates “Crisp set”. 

US indicates “Universal set”. 

FS indicates “Fuzzy set”. 

IFS indicates “Intuitionistic fuzzy set”. 

NS indicates “Neutrosophic set”. 

PS indicates “Plithogenic set”. 

SS indicates “Soft set”. 
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IVES indicates “Interval-valued fuzzy set”. 

IVIFS indicates “Interval-valued intuitionistic fuzzy set”. 

IVNS indicates “Interval-valued neutrosophic set”. 

NSSR indicates “Neutrosophic soft subring” . 

NNSSR indicates “Neutrosophic normal soft subring”. 
IVNSR indicates “Interval-valued neutrosophic subring”’. 
IVNSSR indicates “Interval-valued neutrosophic soft subring”. 
IVNNSSR indicates “Interval-valued neutrosophic normal soft subring”. 
DMP indicates “Decision making problem”. 

o(F) indicates “Power set of F”. 

K indicates “The set [0,1]”. 


1. Introduction 


Uncertainty plays a huge part in different economical, sociological, biological, as well as 
other scientific fields. It is not always possible to tackle ambiguous data using CS theory. 
To cope with its limitations Zadeh introduced the groundbreaking concept of FS theory. 
Which was further generalized by Atanassov as IFS theory. Later on, Smarandache ex- 
tended these notions by introducing NS |3) theory, which became more reasonable for managing 
indeterminate situations. From the beginning, NS theory became very popular among various 
researchers. Nowadays, it is heavily utilized in numerous research domains. PS theory is 
another innovative concept introduced by Smarandache, which is more general than all the 
previously mentioned notions. In NS and PS theory some of Smarandache’s remarkable contri- 
butions are the notions of neutrosophic robotics b], neutrosophic psychology (6), neutrosophic 
measure [7], neutrosophic calculus [3], neutrosophic statistics (9, neutrosophic probability [10), 
neutrosophic triplet group [11], plithogenic logic, probability [12], plithogenic subgroup [13], 
plithogenic aggregation operators [14], plithogenic hypersoft set [15], plithogenic fuzzy whole 
hypersoft set [16], plithogenic hypersoft subgroup |17|, etc. Moreover, NS and PS theory 
has several contributions in various other scientific fields, for instance, in selection of suppli- 


ers |18], professional selection [19], fog and mobile-edge computing [20], fractional program- 
ming (21), linear programming (22, shortest path problem 30], supply chain problem [31], 


DMP 37|, healthcare [381/39], etc. 


Interval-valued versions of F'S [40], IFS [41], and NS are further generalizations of their 


previously discussed counterparts. Since the beginning, various researchers have carried out 





this concepts and explored them in different research domains. For instance, nowadays in 


logic [42], abstract algebra 46|, graph theory [47 |48}, DMPs 51], etc., these concepts 


are widely used. 
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Another set theory of utmost importance is SS theory. It was introduced by Molodtsov 
to deal with uncertainty more conveniently and easily. At present, it is extensively used in 
different scientific areas, like in DMPs [53H57], abstract algebra [58H61], stock treading [62], etc. 
Furthermore, to achieve higher uncertainty handling potentials researchers have implemented 
5S theory in different interval-valued environments. The following ‘lable |1] comprises some 


momentous aspects of different interval-valued soft notions. 


TABLE 1. Significance of different interval-valued soft notions in various fields. 


Author & references Year Contributions in various fields 

Yang et al. 2009 Introduced soft IVFS and defined complement, 
“and” and “or” operations on them. 

Jiang et al. 2010 Proposed soft IVIFS and defined complement, 


“and”, “or”, union, intersection, necessity, and pos- 
sibility operations on them. 

Feng et al. 2010 Introduced soft reduct fuzzy sets of soft IVFS and 
utilizing soft versions of reduct fuzzy sets and level 


sets, proposed flexible strategy for DMP. 





Broumi et al. 2014 Presented generalized soft IVNS, analyzed some set 
operations and further, applied it in DMP. 

Mukherje et al. 2014 Proposed relation on soft IVIFSs and presented a 
solution to a DMP. 

Broumi et al. 2014 Proposed relation on soft IVNSs and studied reflex- 
ivity, symmetry, transitivity of it. 

Mukherje and Sarkar 2015 Defined Euclidean and Hamming distances between 


two soft IVNSs and presented similarity measures 


according to distances within them. 


Deli 2017 Defined soft IVNS and introduced some operations. 
Further, implemented this in DMP. 
Garg and Arora 2018 Solved DMP with soft IVIF'S information. 


Group theory and ring theory are essential parts of abstract algebra, which have various 





applications in different research domains. But these were initially introduced under the crisp 
environment, which has certain limitations. From the year 1971, various mathematicians 
started implementing uncertainty theories to generalize these notions. Some noteworthy con- 
tributions in the field of group theory under uncertainty can be found on [72}|76]. In ring theory 
under uncertainty, the following articles are some important developments. Again, sev- 
eral researchers introduced these notions under soft environments. For instance, researchers 


have introduced the concepts of ring theory under soft fuzzy [81], soft intuitionistic fuzzy [82], 
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and soft neutrosophic environments. Also, some more articles which can be helpful to 
different researchers are 91], etc. Now, by mixing interval-valued environment with soft 
neutrosophic environment, we can introduce a more general version of NSSR, which will be 


called IVNSSR. Also, their homomorphic attributes can be studied. Again, their product and 





normal versions can be introduced and studied. Based on these perceptions, the followings are 


our primary objectives for this article: 


e Introducing the concept of IVNSSR and a analyzing its homomorphic attributes. 

e Introducing the product of IVNSSRs. 

e Introducing subring of a IVNSSR. 

e Introducing the concept of IVNNSSR and a analyzing its homomorphic properties. 


The arrangement our article is: in Section |2} some desk researches of IVI'N, IVSN, NS, 
IVNS, IVNSS, NSR, NSSR, etc., are discussed. In Section |3| the concept of IVNSSR has 
been introduced and some fundamental theories are provided. Also, their product and nor- 
mal versions are defined and some theories are given to understand their different algebraic 
characteristics. Lastly, in Section [4] mentioning some future scopes, the concluding segment 


is given. 


2. Literature Review 


Definition 2.1. A function T: K + K is known as a TN iff Vg,n, z € K, the followings 


can be concluded 


Definition 2.2. A function T : ¢(K) x 6(K) > @¢(K) defined as T(g,n) = 
IT(g-,n_),T(g*,n7)] (T is a TN) is known as an IVTN. 


Definition 2.3. A function S : kK — K is known as SN iff Vg,n,z € K, the followings 


can be concluded 


(i) S(g,0) =g 

(ii) S(g,n) = S(n,g) 
(iii) S(g,n) < S(z,n) if g < z 
(iv) S(g, S(n, z)) = S(S(g,n), Z) 


Definition 2.4. The function S : 6(K) x ¢(K) — $(K) defined as S(g,n) = 
IS(g-,n-), S(gt,n)] (S is a SN) is called an IVSN. 
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Definition 2.5. A NS o of a CS Q is denoted as o = {(g, to(g),%0(g), fo(9)) :g € Oi. 
Here Vg € Q, te(g),tc(g), and f,(g) are known as degree of truth, indeterminacy, and falsity 
which satisfy the inequality ~0 < te(g) +is(g) + fo(g) < 3°. 


The set of all NSs of Q will be expressed as NS(Q). 


Definition 2.6. Let @ be a US and A be a set of parameters. Also, let L C A. Then 
the ordered pair (f, LZ) is called a SS over Q, where f : L > $(Q) is a function. 


Definition 2.7. Let @ be a US and A be a set of parameters. Also, let IM C A. Then a 
NSS over Q is denoted as (f, M/) where f : M — NS(Q) is a function. 


The following Definition is a redefined version of NSS, which we have adopted in this 


article. 


Definition 2.8. Let Q@ be a US and A be a set of parameters. Then a NSS 0 of Q is 
denoted as 6 = {(r,ls(r)) : r € A} where Js : A + NS(Q) is a function which is also known 
as an approximate function of NSS 6 and [s(r) = {(g, t, (r)(9)s Us(r) (9) fis(r) (9 yi: g € Qh. 
Here, Vg € Q, tis(r)(9)s Usery(g), and fis(r)(9 - € |0,1] and they satisfy the inequality 3 > 
tis(r) (9) + tiger (9) + fis(ry(g) = 9. 


The set of all NSSs of a set Q will be expressed as NSS(Q). 


Definition 2.9. An IVNS of Q is defined as the mapping o : Q > ¢(K) x o(K) x o(K), 
where o(9) = { (9, ta(9), ta(9), fe(g)) «9 € Q}, where Vg € Q, ta(g), te(g), and fs(g) C [0, 1]. 


The set of all IVNSs of a set Q will be expressed as IVNS(Q). 


Definition 2.10. Let Q@ be a US and A be a set of parameters. Then a IVNSS W of Q is 
denoted as VW = {(r,lw(r)) : r € A}, where ly : A > IVNS(Q) is a function which is also known 
as an approximate function of IVNSS W and ly(r) = { (4g, tin (r)(9)s tty (r) (9) hie (ry (9 rg EQ. 
Here, Vg € Q, tig (r)(9)s ttg(ry(g), ad fig (ry (g) E [0, 1). 


The set of all IVNSSs of a set Q will be expressed as IVNSS(Q). 


Definition 2.11. YW, = {(r,lu,(r)) : r € A} and Wy = {(r,lu,(r)) : r © A} be two 
IVNSSs of Q. Then VW = Vy UV. = ae ly(r)) -re A} is defined as 


tiger) = [max thy, (>t, (n FM Uh, (ting (r)H 


tivity) = | min iy ( ret, (r) fy main Ley ( thy, nS 


thy (r) — [mini fy, ny tig, (Po min {fy oy tig, ryt 
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Definition 2.12. Ww, = {(r,lu,(r)) :r € A} and Wy = {(r,ly,(r)) : r € A} be two 
IVNSSs of Q. Then UV = 1 V2 = {(r,lu(r)) : r € A} is defined as 
iy (r) = [main bi, (n)? th (nb min LE (rn) trys 


fry (r) = [max ting (ry Brag (r) MAX LEG, (0 bi (nS 


fiy(r) = | max Lig (r) F(t ae fig, (n)? fe (r) 5 
2.1. Neutrosophic subring 


Definition 2.13. Let (Q,+,-) be acrisp ring. ANS o = { (9, to(g), ic(g), fo(9)) : 9 € Q} 
is called a NSR of F, iff Vg,n € Q, 
(i) to(g +n) > T(to(g),to(n)), to(g +n) = I (io(g),tc(n)), fo(g +n) < F(fo(g), fo(n)) 
(ii) to(—g) 2 to(g), tc(-9) 2 to(9), fo(-9) < fol) 
(iii) to(g-n) > T(to(g), to(n)), to(g-m) > T(ic(g), to(n)), folg-n) < S(fo(9), fo(n)). 
Here, 7’ and J are two TNs and S isa SN. 


The set of all NSR of a crisp ring (Q,+,-) will be expressed as NSR(Q). 


Proposition 2.1. A NSo= 1 (Gita G)stalG) tel 9)) :g € Q} is called a NSR of Q, iff 
Vg,n € Q, 
(i) to(g _ 7) 2 T (te(g),to(n)), io(g — n) 
(ii) to(g-n) > T(to(g), to(m)), to(g-n) = 
Here, T and I are two TNs and S is a SN. 


> I(i Ao) e))), jeG-)) = ta )) 
T(io(g), te(n)), fo(g-n) < S(fo( (n)). 


Proposition 2.2. Let 01,02 € NSR(Q). Then o, N02 € NSR(Q). 


Theorem 2.3. [80/ Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, leth: Q— Y be a 
homomorphism. If o is a NSR of Q then h(a) is a NSR of Y. 


Theorem 2.4. [80/ Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, leth:Q— Y be a 
homomorphism. If o’ is a NSR of Y then h~'(a') is a NSR of Q. 


Definition 2.14. Let o = {(g,tc(9),ic(9), fo(g)) : g € Q} be a NSR of Q. Then 
Vs € |0, 1] the s-level sets of Q are defined as 
(i) (toJs = 19 € Q: to(g) = 5}, 
(ii) CAE = 1g S Q : io(g) = s}, and 
(iii) (fo) = {9 € Q: fo(g) < 5}. 


Proposition 2.5. A NS o = {(g,to(g),t0(g9), fo(9)) 29 € Q} of a crisp ring (Q,+,°) is 
a NSR of Q iff Vs € [0,1] the s-level sets of Q, i.e. (ta)s, (tc)s, and (fo)*® are crisp rings of 


Q. 
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2.2. Neutrosophic soft subring 


Definition 2.15. Let (Q,+,-) be a crisp ring and A be a set of parameters. Then a NSS 
6 = {(r,Is(r)) sr © A} with Is : A > NS(Q) is called a NSSR if Vr € A, I(r) € NSR(Q). 


The set of all NSSR of a crisp ring (Q,+,-) will be expressed as NSSR(Q). 


Proposition 2.6. A NSS 6 = {(°: {(9, tis(ry (9 ),ts(r) (9), Sis(ry(9)) 2 9 € Q}) :re A} 
over a crisp ring (Q,+,-) is called a NSSR iff the following conditions hold: 


(i) tise (g—7) = T(tasiry (9), tis (2) taser (9 — 2) = L(tts(r) (9), tas (7), fisen (9-2) < 
F(fis(r) (9)s Fis(r) a me 

(ii) ty (9-7) > T(tiery(9)s tise (2))s tary (9-2) = Tt (9), tise), ise (G 7”) < 
S(fisry(Q)s fis a 


Proposition 2.7. Let 61,62 € NSSR(Q). Then 61162 € NSSR(Q). 


Theorem 2.8. Let (Q,+,:) and (Y,+,-) be two crisp rings. Also, let h:Q-— Y be an 
isomorphism. If 6 is a NSSR of Q then h(d) is a NSSR of Y. 


Theorem 2.9. Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, let h: Q—- Y bea 
homomorphism. If 6’ is a NSSR of Y then h~+(6') is a NSSR of Q. 


Theorem 2.10. 6; € NSSR(Q) and 6g € NSSR(Y), then their cartesian product 61 Xx 62 € 
NSSR(Q x Y). 


Definition 2.16. A NSSR 6 = {(r,ls(r)) : r € A} of a crisp ring (Q,+,-) is known as a 
NNSSR of @ iff ti, (7) (9°) = tig(r) (M9), Us) (9°) = Ug (ry(M-g), and fis(r)(G-M) = fig(r) (2-9). 


The set of all NNSSR of Q will be expressed as NNSSR(Q). 
Proposition 2.11. Let 61,62 € NNSSR(Q). Then 6,162 € NNSSR(Q). 


Theorem 2.12. Let (Q,+,:) and (Y,+,-) be two crisp rings. Also, leth:Q— Y be an 
isomorphism. If 6 is a NNSSR of Q then h(6) is a NNSSR of Y. 


Theorem 2.13. Let (Q,+,:) and (Y,+,-) be two crisp rings. Also, let h:Q—-Y bea 
ring homomorphism. If 5’ is a NNSSR of Y then h~'(6') is a NNSSR of Q. 


3. Proposed notion of interval-valued neutrosophic soft subring 


Definition 3.1. Let (Q,+,-) be a crisp ring and A be a set of parameters. An IVNSS 


Vv = (°: {(9; tig (ry (9 lis (r)(9), fig (r) (9 )) rg € Q}) Ire A} is called an IVNSSR of (Q, +, -) 
if Vg,n € Q, and Vr € A, the followings can be concluded: 
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tinry(g +n) = Thy (9)s tarry (™)), 
(i) ty (r) Sian n) = I (ity (r) (9)> that (n)), 


eon) 2 Thea) Ga). 
Gi) < a(@=) <1 Oiaq i), 
2) SF (fig (ry (9)s fig (ry (2), 


The set of all IVNSSR of a crisp ring (Q,+,-) will be expressed as IVNSSR(Q). 


Example 3.2. Let (Z,+,-) be the ring and N be a set of parameters. Also, let UV = 


(75 {(9 biwery(9 aie (r) (9), hie (r) (9 2 Ge Z}) : ee € N} be an IVNSS of Z, where 
ly :N > IVNS(Q) and Vg € Z, Vr € N corresponding memberships are 


1 
| —— 72] if g € 2Z 








tia (r) (9) = a L ) 
10, 0] ifg€2Z+4+1 
10, O| if g € 2Z 
tty (r) (9) = 1 1 , and 
———_, — | if 24+1 
Pane ee * 
10, O| if g € 2Z 
fi = — ; 
HOD) red 0 Digg conas 
, r+1 


Here, considering minimum TN and maximum SNs Vr € N, UW € IVNSSR(Z). 


Example 3.3. Let (Z4,+,-) be the ring of integers modulo 4 and A = {rj,r2,7r3} be a set 
of parameters. Also, let V = te { (r, Eig (r)(9)s tg (r) (9), a (ry (9 yi ge Zs} ) :re A} be an 
IVNSS of Z4, where ly : A ~ IVNS(Q). Again, let the membership values of the elements 
belonging to W are specified in Table [2| and [4] 





TABLE 2. Membership values of elements with respect to parameter rj; 





ie: 
77% aa cae on 10.13, 0.14] 
10.7, 0.72] | (0.21, 0.23] | [0.77, 0.79] 
10.74, 0.76] | [0.24, 0.26] | [0.51, 0.53] 
10.66, 0.68] | [0.31, 0.33] | [0.28, 0.3] 
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TABLE 3. Membership values of elements with respect to parameter r2 


as 
ie 0.7) | (0.3, eT 0.31, 0.33 
(0.61, 0.63] | [0.31, 0.33] | [0.41, 0.43 


0.52, 0.54 


| | 
| | 
(0.57, 0.59] | [0.4,0.42] | [0.65, 0.67] 
(0.7, 0.72] | [0.26, 0.28] | | 


os ERT (0.15, 0.17] 
(0.83, 0.85] | [0.15, 0.17] | [0.24, 0.26] 
(0.68, 0.7] | [0.3,0.32] | [0.38, 0.4) 
(0.78, 0.8] | [0.18,0.2] | [0.4, 0.43) 





Here, considering the Lukasiewicz TN (T(g,n) = max{0,g +n —-—1}) and bounded sum SNs 
(S(g,n) = min{g+n,1}), Vr € A, UV € IVNSSR(Z,). 


Proposition 3.1. An IVNSS VU = 1(°: (95 tigi (9 omc Ts (ry (9 Jig € Q}) :re A} 
of a crisp ring (Q,+,-) is an IVNSSR iff the following conditions hold (considering idempotent 


IVTN and IVSNs): 


(i) tip (g — 7) = Thy (9) tom (™)); ty (9 — 2) < Lag (9), tery ()), frowry (9 
2) < F( fig) (9): fiy(ry(m)) and 
WD) pee?) 2 TRO tao): poe?) —1Cna nO) hes = 
F (fia (r)(9)s fla (ry ())- 


Proof. Let V € IVNSSR(Q). Then 


= | 


(ti (r) (9), ty (r)(—n)) [by Definition [3.1] 
(try (ry (9), ty (ry(m)) [by Definition [3.1] 


ty (r) (9 _ n) = 


IV 


Similary, we will have 


by (r) (9 _ n) < I (tty (r) (9); Uy (r) (n)), and 


Again, (ii) follows immediately from condition (iii) of Definition [3.1] 
Conversely, let conditions (i) and (ii) of Proposition [3.1] hold. Assuming 0g as the additive 
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neutral member of (Q, 


Similaly, 


Now, 


Similarly, 


Hence, 


Similarly, 


+,-), we have 


tig (r) (PQ) = tig(r) (9 — g) 
> T (tiy(r) (9), tin) (9)) 


= ty (r) (9) 


fia (r) (OQ) = oe (g) 


2 T (tig (r) (8Q), on )) 
= T (tyr) (9 ); big( (r) (9 )) [by 3-1] 


= ty, r)(g) [since T is idempotent] 


ty oo) = ty a(r)(g) [since I is idempotent] 


Ls =o) = oe (g) [since F' is idempotent] 


thy (r) (g “Ts n) — bie (g _ (—n)) 
> T (tyr) (9); en 
= T (tig (r) (9), Dee (r)(n )) [by [3.4] 


mes (g + n) = I (ity (ry) (9 ); ee (r)(n )) [by 3.5] 
fig(r) (9 +7) a F (fig (r) (g )s fra ( (r)(n )) [by [3-6 


202 


(3.1) 


(3.7) 


(3.8) 
(3.9) 


Hence, Equations and prove part (i) of Proposition Again, part (ii) of 


Proposition |3.1]is similar to condition (iii) of Definition [3.1} So, UV EIVNSSR(Q). 5 


Theorem 3.2. Let (Q, 


IVNSSR(Q) (considering idempotent IVTN and IVSNs). 


+,:) be a crisp ring. If V1,V2 € IVNSSR(Q), then YU, Ve € 
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Proof. Let V = VU, WV». Now, Vg,n € Q and VrEe A 


tty (r) (g a n) WC Cy, (r) (g + n), tly, (r) (g + n)) 


T (tig, ( (r)(9 ), fy, (r) (n))) 


T (ti, ( (r)(n ), ty, (r) (9)) las T’ is commutative] 


v4 (7) (9) tty, (ry (7), 
(n)), 
=i) ayn) (3.10) 


and 


tig (r)(—-g) = T (ty, a 9); tly, (r)(—g)) 
= T (ty, (r) (9), tly, (r) (9)) [by Definition 


= iy oy(9) (3.11) 

Similarly, we can show 
ty(r)(g +2) < L(tig(r) (9); ty (r) (2) (3.12) 
fio (9 +7) < F( fiw) (9); fla ()) (3.13) 

and 

U(r) (—9) < tty (ry (Q) (3.14) 
fC Gee) ae cre) (3.15) 

Also, we can show that 
tig (r) (9°) = T (tig (r) (9); tig (ry (2), (3.16) 
Uy (r) (9 n) < LO Oo) tig) (n)), and (3.17) 
fru (9-”) < F (fig (ry (9)s flair) (”)) (3.18) 


So, from Equations |3.10}/3.18) Ve IVNSSR(Q). 5 


Remark 3.3. In general, if V1, V2 © IVNSSR(Q), then VyUW2 may not always be an IVNSSR 
of (Q, ee 


The following Example [3.4] will prove Remark [8.3] 


Example 3.4. Let (Z,+,-) be the ring of integers and N be a set of parameters. Again, 
let Wr = 1 (7, {G:F 09), 0909) Foon) 2 9 € Zh): r € Nh and W = 
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HG { (9, Ftge,(r)(9)> Bia (7) (9)> Fa, ry (9)) 29 € Z}) -reEN\ {1} } be two IVNSSs of Z, where 
ly, :N ~ IVNSS(Q) be defined as 














=.=] if g € 2Z 
try, (r) (9) Fa 
ifg 62241 
th if g € 2Z 
te, (ry (9 , and 
—| if 9 +1— 
rs eS ene 
if g € 2Z 
fi ik x : 
19 - x | ifge2Z+1 
and ly, : N \ {1} ~ IVNSS(Q) be defined as 
| if g € 32 
tig, (r) (9) ; 
ifg € 3Z+4+1 
ifg € 3Z 
tly, (r) (9 , and 
if 7 7 
= a eae 
if g € 3Z 
fi r =i) 
vated - ee | ifge3Z+1 
|— 


Here, considering minimum TN and maximum SNs Wy, V2 € IVNSSR(Z). Let VW = Wy U Wo. 


Now considering r = 3 we will have 


7 

_ =, =| if ge OZ 

tig, (3) (9) = 4°3 and 
0,0) ifge2Z+1 
Ee a if g € 3Z 

_ -| if g 

tig. (3) (9) = 4 |3°2 


0,0] ifge3Z+1 


Now, taking g = 10 and n = 15, we will have 


ti(3)(9 + 2) = tay (3) (10 + 15) 
= t1,,(3) (25) 
= max{ty,, (3) (25), tly, (3) (25) } 
= max{ (0, 0], [0, 0] } 
= [0,0] 
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Again, if V ¢ IVNSSR(Q), then Vg,n € Q, tiys3y(g +n) = min{t),(3)(9), tig (3) (nm) }. But, here 
for g = 10 and n = 15, min{t), (3) (10), tin (3 (15) } = min { |}, ar } |} = 4. | Z 


ti, (3) (10 +15). So, Vg IVNSSR(Q). 


Corollary 3.4. [f U,, V2 © IVNSSR(Q), then UV, U V2 € IVNSSR(Q) iff one is a subset of 


other. 


Definition 3.5. let UV = 1 (7 {(9 Fw 9 GG): ie wi(g)) :g € Zs} a A} be an 
IVNSS of a crisp ring (Q,+,-). Also, let [gi, 71], [g2,n2], and [g3,n3]| € d(). Then the CS 
Ww Coen) is called a level set of IVNSSR W, where for any g € WU ( pend iaast son) 
the following inequalities will hold: t,,(,)(g) => [91,71], tig (g) < [ge,ne2], and he (ry(g) < 


[93,3]. 


Theorem 3.5. Let (Q,+,:) be a crisp ring. Then VW € IVNSSR(Q) iff 
Vig1, 21]; [92,2], [93,23] € O(K) with tyy(Q) > [om], tiy~yGQ) < [92,n2], and 


Sts) (Aq) = 193; ns3|, ea ee gat 
potent IVT'N and IVSNs). 


) is a crisp subring of (Q,+,-) (considering idem- 


Proof. since, tis (r) (PQ) Zz lg, 1], ty (r) (8Q) < lg2, na], and fi (r) (OQ) < [93,3], Ta € 
i.e., U is non-empty. Now, let UV € IVNSSR(Q) and 


2 ({91 n1],[92,n2],[93,n3]) ((91 n1],|92,2],[93,73] 


ee > (nea eae) TOON anno a ecules aaa oe 
big (7) (g _ n) = T (ti, (7) (9), big (r) (n)) [by Proposition [3. 1] 
= 
<— T (91, ni], 91 n]) las g, nm € Me dancebbandl 
> [91,71] [as T’ is idempotent! (3.19) 
Again, 
tig (r)(g-m) > T (tig (ry (9); tig) (m)) [by Proposition [3.1] 
=. 
—2 T ([91, ny], 91 n4]) las g, nm € a 
> [91,71] [as T is idempotent] (3.20) 
Similarly, as J and F' are idempotent, we can prove that 
Om (r) (g — ‘es 92, no\, fool) 
ta ( (r) (g- n) < 92; na), (3.22) 
fie (ry(g — 1m) < [g3, ng], and (3.23) 
fia( (r)(g +) < |g3, na). (3.24) 
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, 1.@., 


So, from Eaations te 3.24/(g—n) andg:-n Ev 


(I91 na],[g2,n2],[93.ns]) (I91 na],[g2,n2],[93.n3]) 


is a crisp subring of (Q,+,- 
Conversely, let a is a crisp subring of (Q,+,-). To show that, UV € 
IVNSSR(Q). 


Let g,n € Q, then there exists [g1,n1] € ¢(K) such that T(t, (9), tiga (2)) = [91,4]. 


[a1 .m1],[92,n2],[93.n3] ) 


Wherefrom ¢),(r)(g) = [g1,m1] and tj, (r)(m) = [91,1]. Also, let there exist [g2, m2], [93,3] € 


o(K) such that I(t, (9), tipo (™)) = [92,n2] and F (fig) (9), fig(ry(r)) = [g3,n3]. Then 


g, NE 7 ({91,n1],[92,n2],[93,n3] ) ) 


Now, as = ) is a crisp subring, g —n € sa ) and g-n € 


[91 n1],[92,n2],[93,73] [91 .n1],[92,n2],[93,73] 


({91,n1],[92,n2],[93,n3]) 
Hence, 


tig (r)(g — ) = [hi, $1] 


= Thea (9), tly (r) (n)) and (3.25) 
tin(r)(g >) = [Ai, $1] 
= T (tig (r) (9); tia (ry (2) (3.26) 


Similarly, we can prove that 


tty (ry (g — n) < [ka, 89] 


=O isa) (3.27) 

te (r(g >) < (ke, 82] 
= T tivG@(G) tists @))s (3.28) 

fia(ry(g — ”) < [k3, 83] 
=F (fig (9)s fig(n(™)), and (3.29) 

fia(r(g 7) < [ks, 83] 
= F (fie (9)s flair (™)) (3.30) 


Hence, from Equations |3.25})3.30) UV € IVNSSR(Q). 5 


Definition 3.6. Let U and W’ be two IVNSSs of two CSs Q and Y, respectively. Also, let 
h:Q—-Y bea function. Then 


(i) image of VW under h will be 
nD) = { (7, {(m Excuery(™)s Trcew ny), Frc (™)) 22 € Y}) sr € Ah, 


where trig (ry) (2) = V tay cry (s > th(ly(r)) (2%) = tn (r)(8), and fry (ry) (Y) = 


/\ 
sch—l(n) sch—1(n) 
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a inhale )(s). Wherefrom, if h is injective then trig (r)) (2) = Eig (r) (h-1(n)), 


intstp(t) = =i tiie) =—Iinegyh  @)): 
(i) preimage of W’ under h will be 


h-*(0") = i( { (9; tr-1(1gr(r)) (9) th-2 (dy (r)) (D)s Fr-Agr(r)) (9) + 9 € Q}): Sig = A\, 
where t,-1(1,,(r))(9) = fig (ry(R(9)), tht gry (M) = Bayer) (h(Q)), Fr-rdgriry () = 
Figs (r) (R(9)): 


Theorem 3.6. Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, let h : Q — Y be an 
isomorphism. If V is an IVNSSR of Q then h(W) is an IVNSSR of Y. 


Proof. Let nz, = h(gi) and ng = h(g2), where gi, g2 € Q and n1,n2 € Y. Now, 


trig (r)) (M1 —ng)= bites (h~* (ny = n2)) las h is injective] 


= ng (h~*(n1) — h7*(ng)) [as h7! is a homomorphism] 


ly (r) (91 — 92) 
2 Tr (r) (91) ~ ™ 
= ae ie) (n-ne) 
= T (tn(iy(r)) (m1) Sande (3.31) 
Aon. 
th(ly(r)) (M1 « M2) = tigi (h "(m1 + n2)) [as h is injective| 
= thy (ry (h (ni) -h-*(n2)) [as h~* is a homomorphism] 
= tig (r)(91 * 92) 
> T (tig (r) (91) tty (r) (92) 
= T (thy (r) (n-" (n1)), tig (ry) (Rh (n2)) ) 
= T (tn(tg (r)) (M1), tay (r)) (M2)) (3.32) 
Similarly, 
tn(ty (ry) (M1 ~ M2) SL (nce ry (M41); tne (ry) ("2)), (3.33) 
in(la (ry) (Ma M2) SL (indy (ny) (M4) tad (ry) (M2); (3.34) 
frde(r)) (ma — 22) < F (fray (ry) ("1), frig (ry) (M2)), and (3.35) 
fatty (ry) (M1 + 22) < F( frag) (21); frye (ry) (N2)) (3.36) 


So, from Equations 3.36] h(W) is an IVNSSR of Y. g 
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Theorem 3.7. Let (Q,+,:) and (Y,+,-) be two crisp rings. Also, leth : Q—- Y bea 
homomorphism. If U' is an IVNSSR of Y then h7'(W’) is an IVNSSR of Q. (Note that, h7! 


may not be an inverse function but h~'(W’) is an inverse image of V'). 


Proof. Let n; = h(gi) and ng = h(g2), where gi, g2 € Q and n1,n2 € Y. Now, 


th-1(1gr(r)) (G1 — 92) = thy, (r) (C91 — 92)) 
= th, (r) (h(g1) — h(gz)) [as h is a homomorphism] 
> T (t1,,(r) (M1), ty, (r) (2) 


= Deke (h(91)) ty, (r) (n(g2)) ) 


= T (th-1(g1(r)) (G1): Er-1(Lgr (vr) (92)) (3.37) 
Again, 
Eh-1(1gr(r)) (G1 * 92) = ty, (rv) (h(t - 92) 
= thr (r) (h(g1) h(g2)) las h is a homomorphism] 
= th ,(r)(m1 M2) 
> T(t, (r) (M1), try, (r) (n2)) 
= T (hin (A(91)), try, (r) (n(92)) ) 
= T (th-1 (14, (r)) (91) En-1(gs (r)) (92) (3.38) 
Similarly, 
Ome 92) < L(tn-10y,(r)) (91) th-1 (tyr (v)) (92) (3.39) 
th—-L(lgr(r)) (91 * 92) S L(th-21 (tgs (r)) (G1) th-2 (tgs (vr) (92) (3.40) 
fr-A(igr(r)) (91 — 92) SF (Fr-1(dgi (ry) (91)s Fr—2 (ig (vy) (92) (3.41) 
fr-A(dgr(r)) (91° 92) S F'(Fr-2 ge (r)) (91) Fr-2 ge (r)) (92)) (3.42) 


So, from Equations |3.37}}3.42| h~+(W’) is an IVNSSR of Q. 4 


Definition 3.7. Let (Q,+,-) be acrisp ring and V € IVNSSR(Q). Again, let @ = |a1,a2|,v = 
M1, V2], xX — X15 X2| = o( kK). Then 
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(i) W is called a (a,v,x)—identity IVNSSR over Q, if Vg © Q 


; a ifg=% 

tig(r) (9) = 0,0] if #60 

; pd ifg=4 

tly (r) (9) = 1) if g #00 , and 
_ x ifg=4Q 
fig(r)(g) = 41) ite #80” 





where @g is the additive zero element of Q. 
(ii) W is called a (a, V, %)—absolute IVNSSR over Q, if Vg € Q, tig (ry) (g) = & its (9g) =D, 


and fia (r) (9) = X: 


Theorem 3.8. Let (Q,+,-) and (Y,+,-) be two crisp rings and VW EIVNSSR (Q). Again, let 
h:Q—-Y bea homomorphism. Then 


(i) A(W) will be a (a, Vv, X)—identity IVNSSR over Y, if Vg © Q 


a if g © Ker(h) 


ty r (g) = ) 
ue 10,0] otherwise 


7 V if g © Ker(h) 


“a (r (g) — ) and 
me [1,1] otherwise 


_ Xx  ifg © Ker(h) 
fia (ry) (9) _ ) 


[1,1] otherwise 


(ii) A(W) will be a (a,vV,%)—absolute IVNSSR over Y, if V is a (a,v, ¥)—absolute IVNSSR 


over Q. 


Proof. (i) Clearly, by Theorem [3.6] h(W) € IVNSSR(Y ). Let g € Ker(h), then h(g) = by. 
So, 


tn(ty(r)) OY) = tig ry (R (Ov) 


= tig (r)(g) 
=a (3.43) 
Similarly, 
tn(ty(r)) (OY) =p, and (3.44) 
fritw(r)) (Ov) = X (3.45) 
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Again, let g € Q \ Ker(h) and h(g) =n. Then 


tn(tp(r)) (%) = tig (ry) (Rh *(n)) 


= thy (r) (9) 
= [0,0 (3.46) 
Similarly, 
inde (ry) (2) = [1,1] and (3.47) 
frtea(r) (m) = [1,1] (3.48) 


So, from the Equations |3.43}}3.48] h(W) is a (a, v, ¥)—identity IVNSSR over Y. 
(ii) Let h(g) =n, forg€ Q andneY. Then 


En(ty(r)) (%) = tig (ry) (h-*(n)) 


= ty (r)(g) 
=a (3.49) 
Similarly, 
inde(n)(n) = and (3.50) 
fa(ty (ry) (2) = X (3.51) 


So, from the Equations |3.48}3.51)h(W) is a (a, 7, x)—absolute IVNSSR over Y. 5 


3.1. Product of interval-valued neutrosophic subrings 


Definition 3.8. Let (Q,+,-) and (Y,+,-) be two crisp rings. Again, let ¥; © IVNSSR(Q) 
and Wz € IVNSSR(Y), where VW, = (ru { (9, ery) thy, ( Tae Te (ri) (9 ))i ge Q}) 


n= A} and Wy = { (v2 1 (2, tig, (ra) (™)s tw, (ra) (> is, (r2)()) ole Se Y}) Po A\. Then 
cartesian product of VY, and W2 will be 


V= Wy, x Wo 
= {((ri, 72), bw, x (71,72) : (71,72) EC AX A} 
where the approximate function ly,.u, : Ax A—IVNS(Q x Y) is defined as 
fay xy (rire) (97) = T (ty, (r1)(9)s Fag (v2) (™)); 
Oe gs a ) =L (ty (r1)(G)s tg, (ra)()), and 
Fay xq (ruta) (9) = F (fig, (71) (9)) iw, (ra) (7) 


Similarly, product of 3 or more IVNSSRs can be defined. 
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Theorem 3.9. Let (Q,+,-) and (Y,+,-) be two crisp rings with VU; © IVNSSR(Q) and V2 € 
IVNSSR(Y). Then V1 x Vo € IVNSSR(Q x Y). 


Proof. Let UV = Vy, x We and (91,71), (g2,n2) € Q x R. Then 


tig (ri ro) (91,71) — (g2,72)) 
= thy 9 (rare) ((91 — 92s m1 — N2)) 
= T (tig, (rr) (M1 — 92), thy, (ro) (m1 — 22) 
> T(T (br, (r1)(91)> try, (r1) (92)), T (ty, (ro) (1); tty, (r2) (n2)) ) 


(T (ty, (r1) (91), tly, (r2) (n1)) T (tig, (r1) (92), tia, (r2) (n2)) ) 


las T’ is associative] 


|| 
MW 


— Crore (91, ni), Ol aaas (92, n2)) (3.52) 


Again, 


Decne (91, n1) (92, n2)) 


a ly, XW (1,72) ((g1 nog el * n2)) 


|| 
MN 


(tiy,, (r1) (91 * 92), bty,, (ra) (M1 22) 
(T (try, (71) (91), tly, (71) (g2)) , T (tig, (r2) (n1), oe (r2) (n2)) ) 


T(T (hr, (r1) (91), tly, (r2) (n1)) T (ty, (r1) (92), tly, (r2) (n2)) ) 


las T’ is associative] 


MW 


2 


— TO ees (M1, n1), Ce (92, n2)) (3.53) 


Similary, 


ty (ryyro) (91,21) — (92, M2)) < L(tig (rrp) (91s 1)s ty (1,2) (92> M2), (3.54) 
by (riro) (9121) « (92, 2)) < L (tig (ry yra) (G1 21) Btw (rr yro) (92, 22), (3.55) 
fla (ry yra) (915 21) — (g2,22)) < F (fig (rye) (G15 21) Fig (rr ro) (G2,2)), and (3.56) 
ie ae (g2,72)) < F( fre (rire) (91s 1), Fg (ri ro) (92522) (3.57) 


So, by Proposition [3.1] and from Equations [3.52}3.57| U1 x W2 € IVNSSR(Q x Y). 5 


Corollary 3.10. Let Vi € {1,2,...,n}, (Qi,+,-) are crisp rings and UV; © IVNSSR(Q,;). Then 
Wy x Wo Betts x WW, is a IVNSSR of Q1 x Qo Ke XO as wheren EN. 
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3.2. Subring of a interval-valued neutrosophic soft subgring 


Definition 3.9. Let (Q,+,-) be a crisp ring and W,,W. € IVNSSR(Q), where 
H = {(r{(Gty ty, tvn()) : 9 € Qh): r € A} and w% = 
1 (5 { (9: Fig (9) > Bt (r)(9)> Frog (9) :g EQ): re A}. Then WV, is called a subring 
of We if V9 €Q, by, (r)(9) S by, (r)(9)> ty, (7) (9) 2 ty, (7) (9), and fig, (”)(9) 2 fv, (ry (9): 

Theorem 3.11. Let (Q,+,-) be a crisp ring and VW € IVNSSR(Q). Again, let UV, and Wo be 
two subrings of V. Then Vy Wo is also a subring of V, considering all the IVT'N and IVSNs 


as idempotent. 
Proof. Here, Vg € Q 


Wenaa (r) (q) = T (ty, (r) (9), tig, (r) (g)) 
<TigaG isa) 
= ty, (r)(g) [as T is idempotent] (3.58) 


Similarly, since J and F are idempotent we have, 


ake, (r) (g) = tit) (g) and (3.59) 


So, from Equations |3.58}}3.60} YW; 1 We is a subring of VW. 7 


Theorem 3.12. Let (Q,+,-) be a crisp ring and V1,V2 © IVNSSR(Q) such that Vy, is a 
subring of Vg. Let (Y,+,-) is another crisp ring andh:Q— Y be an isomorphism. Then 


(i) h(W,) and h(W2) are two IVNSSRs over Y and 
(i) h(W,) ts a subring of h(WV2). 


Proof. (i) can be proved by using Theorem |3.6 
(ii) Let n = h(g), where g € Q andne€ Y. Then 


tly, (r) (g)< tly, (r) (g) [as Vy is a subring of Wo] 


stig, (7) (A (M)) < thy (7 (2)) 
=>tr(iy, (r)) (2) S& trig, (r)) () (3.61) 
Similarly, 
tn(lw, (r))(%) = thy, (r))(m) and (3.62) 
Friww, (r))(®) = Fada, (r)) () (3.63) 


So, from Equations h(W 1) is a subring of h(W2). 5 
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3.3. Interval-valued neutrosophic normal soft subrings 


Definition 3.10. Let (Q,+,-) be a crisp ring and W is an IVNSS of Q, where UV = 
1 (5 (9; Biv(r)(9)s Fu (9) Fra (ey (9) 7g € Q}) [eG A}. Then W is called an IVNNSSR 


over Q if 
(i) WV is an IVNSSR of Q and 
(ii) Van € Q, tyyl(9- 7?) = tyin (2-9), tin (G >) = tig (ry (n-g), and figan(g-n) = 
fia (ry) (n ° g)- 
The set of all IVNNSSR of (Q,+,-) will be expressed as IVNNSSR(Q). 


Example 3.11. Let (Z,+,-) be the ring and N be the set of parameters. Also, let VU = 


i(: otis (9), tty (ry (9), fig (r)(9)) Sg € Z}) ore N} be an IVNSS of Z, where ly(r) : N > 
IVNSS(Q) and Vg € Z, Vr € N corresponding membership values are 





1 

. (11 Vtg coz 

ti (r)(g) _ r+ilr-t ) 
10, 0] ifgE€2Z4+1 
10, O| if g € 2Z 

ig(r) (Gg) = 1 , and 
——_—_ if 22,+1 
ea) ee + 
10, O| if g € 2Z 

eC), . r—? r 
——, ——_| if 22,+1 
sq] ifs 7 


Here, considering minimum TN and maximum SNs Vr € N, UV € IVNNSSR(Z). 


Theorem 3.13. Let (Q,+,-) be a crisp ring. If Vy,Vo € IVNNSSR(Q), then VU, N V2 © 
IVNNSSR(Q). 


Proof. As V1, V2 € IVNSSR(Q) by Theorem ]3.2} Uj MN Vg €E IVNSSR(Q). Again, 


tip nv,(r)(9°”) = T (ty, (r) (9-2), tty, (nr) (9 2) 
— T (try, (r) (n- 9), tig, (r) (n- 9)) jas Wy, 2 € IVNNSSR(Q), 


— ty AW, (n g) (3.64) 

Similarly, 
te nv, (r) (g : n) — Utes (r) (n ° g) (3.65) 
Fts.ce M9 ° n) = Vii) (n ° g) (3.66) 


Hence, UW, M Vg © IVNNSSR(Q). 5 
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Remark 3.14. In general, if V,,V2 © IVNNSSR(Q), then UV, U V2 may not always be an 
IVNNSSR of (Q,+4,°-). 


Remark can be shown by Example 


Theorem 3.15. Let (Q,+,:-) be a crisp ring. Then VW € IVNNSSR(Q) iff 
Vig1, 71], [g2, 2], [g3, 23 = o(kK) with tia (r) (BQ) = lg1, 21], ty (r) (8Q) < [g2, n2], and 


oe (Aq) = 93, nal, > (andl tag!) 
idempotent IVTN and IVSNs). 


is a crisp normal subring of (Q,+,-) (considering 


Proof. ‘This can be proved using Theorem [3.5] q 


Theorem 3.16. Let (Q,+,-) and (Y,+,-) be two crisp rings. Also, let h:Q—- Y be a ring 
isomorphism. If UV is an IVNNSSR of Q then h(W) ts an IVNNSSR of Y. 


Proof. As V is an IVNSSR of Q, by Theorem [3.6] h() is an IVNSSR of Y. Let h(gi) = m1 
and h(g2) = n2, where gi, g2 € Q and n1,n2 € Y. Then 
tra(tg (r)) (M1 719) = - —_ : " las h is injective] 
(r) (Rh ( ' h—"(n2)) [as h7* is a homomorphism] 
= tiy(r)(91 * 92) 


= ty, (r)(g2- 91) [as V is an IVNNSSR of Q] 


= tia (r) (h-" n2) h—"(n1)) 
( 


= tng (r) (A (ma + m1) 

= th(iy(r)) (m2 +1) (3.67) 
Similarly, 

econ = taee ser ane (3.68) 

fra (r)) (M1 * 22) = fatty (ry) (M2 - 11) (3.69) 


So, from Equations h(W) is an IVNNSSR of Y. g 


4. Conclusions 


Interval-valued neutrosophic field is a dynamic research domain. Under soft environment, 
it becomes more general and productive. For this reason, we have adopted this mixed envi- 
ronment and defined the notions of interval-valued neutrosophic soft subring along with its 
normal version. Also, we have studied several homomorphic attributes of these newly intro- 


duced notions. Again, we have introduced the product of two interval-valued neutrosophic 
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soft subrings. Furthermore, we have given several fundamental theories to understand some 


of its algebraic characteristics. These newly introduced notions have the potentials to become 


fruitful research domains. In future, for generalizing this concepts one can introduce them 


under the hypersoft set environment. 
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Abstract. The main purpose of this article is to develop and study the notion of interval-valued neutrosophic 
subring. Also, we have studied some homomorphic characteristics of interval-valued neutrosophic subring. 


Again, we have defined the concept of product of two interval-valued neutrosophic subrings and analyzed some 





of its important properties. Furthermore, we have developed the notion of interval-valued neutrosophic normal 


subring and studied some of its basic characteristics and homomorphic properties. 


Keywords: Neutrosophic set; Interval-valued neutrosophic set; Interval-valued neutrosophic subring; Interval- 


valued neutrosophic normal subring 


ABBREVIATIONS 

TN signifies “T-norm”. 

SN signifies “S-norm”. 

IVTN signifies “interval-valued T-norm”. 
IVSWN signifies “interval-valued S-norm”. 
CS signifies “crisp set”. 

FS signifies “fuzzy set”. 

IFS signifies “intuitionistic fuzzy set”. 

NS signifies “neutrosophic set”. 

PS signifies “plithogenic set”. 

FSG signifies “fuzzy subgroup”. 

IFSG signifies “intuitionistic fuzzy subgroup”. 
NSG signifies “neutrosophic subgroup”. 
CR signifies “crisp ring”. 

FSR signifies “fuzzy subring”. 


IFSR signifies “intuitionistic fuzzy subring”. 
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NSR signifies “neutrosophic subring” . 

IVFSR signifies “interval-valued fuzzy subring”. 

IVIFSR signifies “interval-valued intuitionistic fuzzy subring” . 
IVNSR signifies “interval-valued neutrosophic subring”. 
IVNNSR signifies “interval-valued neutrosophic normal subring”. 
DMP signifies “decision making problem”. 

w(P) signifies “power set of P”. 

L signifies “the set [0,1]”. 


1. Introduction 


Zadeh’s vision behind introducing the revolutionary concept of FS theory was to tackle 
uncertainty in a better way than CS theory, which has certain drawbacks. Later on, following 


his vision Atanassov introduced a more general version of it, which is known as IFS |2/ theory. 





These IFSs are a little step ahead in managing ambiguities and hence are welcomed by numer- 
ous researchers. Furthermore, following their footsteps Smarandache introduced NS |3} theory, 
which is more capable of handling vague situations. It is a significant generalization over CS, 
FS, and IFS theories. Smarandache has also initiated the concept of PS theory which has 
broader aspects than those previously discussed concepts. In NS and PS theory, he has also 
developed the notions of neutrosophic calculus [5], neutrosophic probability (6), neutrosophic 
statistics [7], integral, measure (8), neutrosophic psychology [9], neutrosophic robotics [10], 
neutrosophic triplet group [11], plithogenic hypersoft set [12], plithogenic fuzzy whole hyper- 
soft set [13], plithogenic logic, probability [14], plithogenic subgroup [15], plithogenic hypersoft 
subgroup [16], etc. Again, NS theory has various other contributions in different scientific re- 


searches, like in linear programming , decision making (21}127], healthcare [28]/29], short- 


est path problem [30}/37], neutrosophic forecasting [38], resource leveling [39], transportation 
problem [40]|41), project scheduling [42], brain processing [43], etc. 

Gradually, interval-valued versions of F'S [44], IFS [45], and NS were introduced, which 
are further generalizations of their CS, FS, IFS, and NS counterparts. Presently, these set 
theories are extensively used in different scientific domains. From the very start, various 


researchers have carried out this concepts and explored them in different dimensions. In the 





subsequent Table [1] we have referred some significant aspects of these notions. 


TABLE 1. Importance of interval-valued notions in different domains. 


Author & references Year Contributions in various fields 
Biswas 1994 Introduced interval-valued FSG. 


continued ... 
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Author & references Year Contributions in various fields 

Atanassov 1999 Studied basic definition and some properties of 
IVFS. 

Mondal & Samanta 2001 Defined and studied topology of IVIFSs. 

Wang et al. 2005 Proposed and studied IVNS and _ interval-valued 
neutrosophic logic. 

Ye 2009 Worked on multi-criteria DMP under IVIFSs. 

Kang & Hur 2010 Introduced and studied the notion of IVFSR. 

Akram & Dudek 2011 Defined some basic operations on interval-valued 
fuzzy graphs and studied some of their properties. 

Aygtnoglu et al. 2012 Introduced interval-valued IFSG and studied some 
homomorphic properties of it. 

Moorthy & Arjunan 2014 Introduced and studied some properties of IVIFSR. 

Aiwu et al. 2015 Worked on multi-attribute DMP under IVNSs. 

Broumi et al. 2016 Worked on interval-valued neutrosophic graph the- 
Ory. 

Deli 2017 Applied soft version of IVNS in DMP. 

Broumi et al. 2019 Studied some properties of interval-valued neutro- 


sophic graphs. 


Group theory and ring theory are fundamental building blocks of abstract algebra, which 
are utilized in different scientific domains. But, initially, these concepts were introduced upon 
crisp environment. Gradually, from 1971 on-wards researchers started introducing these con- 
cepts under various uncertain environments. Some significant developments of these notions 
under uncertainty are the concepts of FSG [57], IFSG [58], NSG [59], FSR [60)|61), IFSR [62], 
NSR [63], etc. Again some researchers have introduced these concepts under interval-valued 
environments and initiated the notions of interval-valued FSG [47], interval-valued IFSG [52], 
interval-valued NSG [64], interval-valued FSR (50), interval-valued IFSR [53], etc. Some more 
articles which can be helpful to different researchers are (65}171), etc. But, still, the notion 
of interval-valued NSR is undefined. Hence, by mixing interval-valued environment with neu- 
trosophic environment, we can introduce a more general version of NSR, which will be called 


IVNSR. Also, their homomorphic properties can be studied. Again, their product and normal 





forms can be developed and analyzed. Based on these observations, the followings are some 


of our main objectives for this article: 


e Introducing the notion of IVNSR and a analyzing its homomorphic properties. 
e Introducing the product of IVNSRs. 
e Introducing subring of a IVNSR. 
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e Introducing the notion of IVNNSR and a analyzing its homomorphic attributes. 


The subsequent arrangement of this article is: in Section |2} some desk researches of FS, 
IFS, NS, IVFS, IVIFS, IVNS, FSR, IFSR, NSR, IVFSR, IVIFSR, etc., are discussed. In 
Section [3} the idea of IVNSR has been introduced and some basic theories are provided. Also, 





their product and normal versions are defined. Also, some theories are given to understand 
their algebraic attributes. Lastly, in Section [4] the concluding segment is given and also some 


opportunities for further studies are mentioned. 


2. Literature Review 
Definition 2.1. A FS of a CS P is defined as the function vy: P > L. 


Definition 2.2. An IFS p of a CS P is defined as p = {(r,t,(r), fy(r)) : r € P}, where 
Vr € P,t,(r) and f,(r) known as the degree of membership and non-membership which satisfy 
the inequality 0 < t,(r) + fo(r) < 1. 


Definition 2.3. A NS « of a CS P is defined as & = {(r,tx(r),ix(r), fa(r)) : r € Ph, 
where Vr € P, t,(r),7,(r), and f,(7) are known as degree of truth, indeterminacy, and falsity 
which satisfy the inequality ~0 < t,(r) + in(r) + f(r) < 37. 


Definition 2.4. An interval number of L = [0,1] is denoted as k = [k~, kt], where 
L>kt>k >0. 


Definition 2.5. An IVFS of P is defined as the mapping v : P > (ZL). 


Definition 2.6. An IVIFS of P is defined as the mapping p : P > y(L) x (ZL), It is 
denoted as p = {(r,ta(r), fa(r)) : r € P}, where ta(r), fa(r) C [0, 1). 

Definition 2.7. An IVNS of P is defined as the mapping & : P > W~(L) x w(L) x w(L), It 
is denoted as & = {(r,tx(r), iz (r), fa(r)) sr € P} where Vr € P, tg(r), ta(r), and fg(r) C L. 


Definition 2.8. Let fi = {(r,ta(r)ia(r),fa(r)) : r € P} and k& = 
{(r, tis (7), ta (7), fas (r)) 7 € P} be two IVNSs of P. Then union of #1 and #9 is defined as 


ACs = | max 1. ie 7.7 Max {tes te }] 


Laws = | min ee meociue! cs 
Lies = Peston ee pe min { 2 Ky? Fz, } | 


Then intersection of K, and Ko is defined as 


baie — | min \tagle) iui {t5,b6 } 


Lan — | max eee >" max ee ie } 


tang. = [mee Fao I bs max {fiz Ky? Pa 
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Definition 2.9. A function T’': L — L is called a TN iff Vr,v,z € L, the followings can 


be concluded 


GC) Le 

(ii) T(r, v) = T(v,r) 
Gii) T(r,v) < T(z, v) ifr<z 
iv) Pa T0,2)) =F v),2) 


Definition 2.10. A function T : W(L) x vW(L) > wW(L) defined as T(k,@) = 
IT(k-,w),T (kt, w*)], where T is a TN is known as an IVIN. 


Definition 2.11. A function S': L + L is called a SN iff Vr,v, z € L, the followings can 


be concluded 


Definition 2.12. The function S : w(L) x w(L) > y(L) defined as S(k,w) = 
[S(k-,w), S(kt,w)], where S is a SN is called an IVSN. 


2.1. Fuzzy, Intuitionistic fuzzy & Neutrosophic subrings 


Definition 2.13. |60| Let (P,+,-) be a crisp ring. A FS ) is called a FSR of P, iff Vr,u € P, 
(i) A(r — v) > min{A(r), A(w) f, 
(ii) A(r- v) > min{A(r), A(v)} 


The set of all FSR of a crisp ring (P,+,-) will be denoted as FSR(P). 


Theorem 2.1. Any FS X of a ring (P,+,-) is a FSR of P iff the level sets A, (A(Op) > 


s > 0) are crisp subrings of P, where 0p is the zero element of P. 


Definition 2.14. Let A be a FSR of (P,+,-) and A(@p) > s > 0, where Op is the zero 


element of P. Then A, is called a level subring of 4. 
Proposition 2.2. Let 1,A2 € FSR(P). Then 10 rA2 € FSR(P). 


Theorem 2.3. Let (P,+,-) and (R,+,-) be two crisp rings. Also, letl: P > R be a 
homomorphism. If X is a FSR of P then (A) is a FSR of R. 


Theorem 2.4. Let (P,+,-) and (R,+,-) be two crisp rings. Also, let l: P > R be a 
homomorphism. If ' is a FSR of R then 17\(X) is a FSR of P. 
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Definition 2.15. Let (P,+,-) be a crisp ring. An IFS y = {(r,t,(r), fy(r)) :r € P} is 
called an IFSR of P, iff Vr,v € P, 
(i) ty(r +) 2 T (ty(r),ty(v)), fir +) < S(f,(r), i,(v)) 
(ii) ty(—r) > ty(r), fyl-r) < Ayr) 
(in) ty(e@) > 7 (in), ty), Ful) S Sy) yt) 
Here, 7 isa TN and S isaSN. 


The set of all IFSR of a crisp ring (P,+,-) will be denoted as IFSR(P). 


Proposition 2.5. Let y € IFSR(P). Then the followings will hold 


() ty(—r) =44(7), fy(—r) = f(r) and 
(ii) t,(0p) > t,(r), fy(@P) < fy(r), where Op is the zero element of P. 


Proposition 2.6. An IFS y = ace ty(r), fy(r)) ir € is called an IFSR of P, iff 
Vr,v € P, 

G) ty(r —v) > T(ty(r), ty(v)), Syl —v) < S(fy(0), fy) 

(ii) t re v) > fae Ga? FAT?) < SO) 
Proposition 2.7. Let ¥1,772 € IFSR(P). Then 1072 € IFSR(P). 


Theorem 2.8. Let (P,+,-) and (R,+,-) be two crisp rings. Also, letl: P > R be a 
homomorphism. If y is an IFSR of P then I(y) is an IFSR of R. 


Theorem 2.9. [62/ Let (P,+,-) and (R,+,-) be two crisp rings. Also, letl: P > R be a 
homomorphism. If y' is an IFSR of R then 1~1(4’) is an LFSR of P. 


Definition 2.16. Let (P,+,-) be acrisp ring. A NS w = 1% CAP) tt), ful(r)) -rTe Pe 
is called a NSR of P, iff Vr,u € P, 
G) tolr + v) > T(tolr),tolv)), alr +0) > T(ialr),ta(o)), folr +0) < F(fol0), fulv)) 
(ii) tg =f) = eae tu (—1) = to). fu(—r) < f(r) 
Gt) ty") ST at), Ga @) 2 1 ig)» Ta) SS), Ja): 
Here, 7’ and J are two TNs and S isa SN. 
The set of all NSR of a crisp ring (P,+,-) will be denoted as NSR(P). 


Proposition 2.10. [63] A NSw= Mea bah) isl) fa?) :re€ P} is called a NSR of P, iff 


Vr,uv € P, 
(i) tu(r —v) = T(t.(r), t.(v)), two(r7 — v) 2 T(tu(r), tu(v)), falr -—v) < ee | fu(v)) 
i) Cae) eg), GS Dig). Fol) Sig (v)). 


Here, T and I are two TNs and S is a SN. 
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Proposition 2.11. [63] Let w1,w2 € NSR(P). Then wy we € NSR(P). 


Theorem 2.12. [63] Let (P,+,-) and (R,+,-) be two crisp rings. Also, let l: P > R be a 
homomorphism. If w is a NSR of P. then I(w) is a NSR of R. 


Theorem 2.13. [63] Let (P,+,-) and (R,+,-) be two crisp rings. Also, letl: P > R be a 
homomorphism. If w' is a NSR of R then I~*(w’) is a NSR of P. 


Definition 2.17. Let w = {(r,tu(r),iw(r), fulr)) : r € P} be a NSR of P. Then 
Vs € |0, 1] the s-level sets of P are defined as 
(i) (tw)s = ir € P: tul(r) 2 s}, 
(it) Gslse=47e Peia(7) 2 s}..and 
(iii) (fu)® ={r € P= fulr) < 5}. 


Proposition 2.14. [63] A NSw= +(e tO) tell) to(?)) -re P} of a crisp ring (P,+,-) 
is a NSR of P iff Vs € [0,1] the s-level sets of P, t.e. (tu)s, (tw)s, and (fw)* are crisp rings of 
i eae 


2.2. Interval-valued Fuzzy and intuitionistic fuzzy subrings 


Definition 2.18. Let (P,+,-) be a crisp ring. AnIVFS A = {(r,ta(r)) :r € P} is called 
an IVFSR of (P,+,-) with respect to IVIN T if Vr,v € P, the followings can be concluded: 
(i) ta(r + v) > T(ta(r),ta(v)), 
(ii) t,(—r) > A(r), and 


( 
(iii) ta(r-v) > T(Ea(r), Ea(v)), 


The set of all IVFSR of a crisp ring (P,+,-) with respect to an IVT'N T will be denoted as 
IVFSR(P, T). 


Proposition 2.15. Let X= {(r,ty(r)) :r € P} be a FSR of (P,+,-). Then A= [ty, ty] 
is an IVFSR of P. 


Proposition 2.16. Let A = {(r,ta(r)) -T e€ P} be an IVFSR of (P,+,-). Then 
A~ = {(r,t(r)): 7 € P} and At = {(r,t(r)) sr © P} are FSRs of P. 


Definition 2.19. Let (P,+,-) be a crisp ring. An IVIFS [ = ee tr(r), fr(r)) -re P} 
is called an IVIFSR of (P,+,-) if Vr,v € P, the followings can be concluded: 
(i) i(r +v) > T(tr(r), tre)), fre +r) < FUP), fre), 
(ii) tr(—r) > tr(r), fr(- i re ), and 
(v)), 


(ii) f(r -v) > T(r), fe r-v) < F( fel), fro)). 


The set of all IVIFSR of a crisp ring (P,+,-) will be denoted as IVIFSR(P). 
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Theorem 2.17. Ifl = {(r,tr(r), fr(r)) : r € P} € IVIFSR(P), then tp(r) < tr(@p) 
and fr(r) > fr(@p). 


Theorem 2.18. If, and, € IVIFSR(P), thenT, NV 2 € IVIFSR(P). 


Theorem 2.19. Let T = {(r,tr(r), fr(r)) ir € P} € IVIFSR(P), then Vr,v € P 
(i) tr(r —v) =tp(6p) implies that tp(r) = tp(v). 
(ii) fr(r —v) = fr(@p) implies that fr(r) = fr(v). 


3. Proposed notion of interval-valued neutrosophic subring 


Definition 3.1. Let (P,+,-) be a crisp ring. An IVNS 9 = {(r,to(r),ia(r), fa(r)) :r € P} 
is called an IVNSR of (P,+,-) if Vr,uv € P, the followings can be concluded: 
ta(r + v) >T (ta(r), ta(v)), 


(i) ¢ ia(r +v) <I (ia(r), ia(v)), 


a(-r) Sta(r), 
0( 
fa(—r) <fol(r) 
to(r-v) >T (ta(r), ta(v)), 


(iii) ig(r-v) <I (ia(r), in(v)), 
fa(r-v) <F(fa(r), fa(v)), 
where T is an IVIN, J and F are two IVSNs. 


Sh 


The set of all IVNSR of a crisp ring (P,+,-) will be denoted as IVNSR(P). 


Example 3.2. Let (Z,+,-) be the ring of integers with respect to usual addition and multi- 
plication. Let Q = Ge to(r),ia(r), fa(r)) -re Z\ be an IVNS of Z, where Vr € Z 

(0.2, 0.25] if r € 2Z 

0,0) ifre2Z+1 

10, 0] ifr € 2Z 

ta(r) = , and 

(0.1,0.12] ifr €2Z4+1 

10, 0] ifr € 2Z 

(0.75,0.8] ifr €2Z+1 


Now, if we consider minimum TN and maximum SNs, then 2 € IVNSR(Z). 
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Example 3.3. Let (Z4,+,-) be the ring of integers modulo 4 with usual addition and multi- 
plication. Let Q = {(7,ta(r), ia(r), fa(r)) :r € Z4} be an IVNS of Z4, where interval-valued 


memberships of elements belonging to 92 are mentioned in Table [2] 


TABLE 2. Membership values of elements belonging to 2 


re! Ol 


NO! 


(0.75, 0.85) 
(0.75, 0.9] 





OO! 


Now, if we consider the Lukasiewicz T-norm (T(r, v) = max{0,r +v—1}) and bounded sum 


S-norms (S(r,v) = min{r+v,1}), then 2 € IVNSR(Zz,). 


Proposition 3.1. An IVNS Q = {(r,ta(r), ia(r), fa(r)) : r € P} of a crisp ring (P,+,-) 
is an IVNSR iff the followings can be concluded (assuming that all the IVTN and IVSNs are 
idempotent): 


(i) 4 to 


(ii) ig 


Proof. Let Q © IVNSR(P). Then we have 


to(r — v) > T(to(r), ta(—v)) [by condition (i) of Definition [3.1| 


T (ta(r),ta(v)) [by condition (ii) of Definition [3.1] 


IV 


Similary, we will have 


ia(r — v) <I (ia(r),ie(v)), and 
fa(r —v) <F(fa(r), fo(v)), 
which proves (i). 


Again, (ii) follows immediately from condition (iii) of Definition [3.1] 
Conversely, let (i) and (ii) of Proposition|3.1]hold. Also, let 6p be the additive neutral element 
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in (P,+,-). Then 


Similaly, we can show that 


Now, 
to(—r) = to (Op — Tr) 
2 T (ta(@p), ta(r)) 


> T (fa(r), fa(r)) [by B.l] 


Similarly, we can prove 


Hence, 
to(r + v) =ta(r — (-2v)) 
oe T (ta(r), ta(—v)) 
> T (En(r),Fa(v)) (by Bal 
Similarly, 


io(r +) < I(ta(r),ta(v)) [by B.5] 
fa(r + v) < F(to(r), fa(v)) [by [8.6] 


to(r) [since T is idempotent] 


ig(—r) < ig(r) [since I is idempotent] 


fo(—r) < fe(r) [since F is idempotent] 


229 


(3.7) 


(3.8) 
(3.9) 


So, by Equations and condition (i) of Proposition has been proved. Also, 
condition (ii) of Proposition is same as condition (iii) of Definition Hence, Q € 


IVNSR(P). 5 


Theorem 3.2. Let (P,+,-) be a crisp ring. If 0Q41,Q2 € IVNSR(P), then QyNQ2 € IVNSR(P) 


(assuming all the IVTN and IVSNs are idempotent). 
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Proof. Let Q = Qy] 1 Qe. Now, Vr,v € P 


Again, 


Also, 


Similarly, we can show that 


to(r-v) > T(ta(r), ta(v)), 


i I(ia(r), ia(v)), and 


IA 


tQ(r- v) 


fo(r-v) < F(fa(r), fo(r)) 


Hence, by Equations Q=0,NQ2 €IVNSR(P). g 


| 
| giro, Ee ian ae 
| 

~~ 

Ww) 

fos 

er 

nN” 

oe 

@) 

1) 
a 
Ss 
NN” 
—— 
nN” 
"O" 
NM 
MN 
ie 

NM 
O 
5 
S 
ct 
& 
ct 
ie 
a 
OD 
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(3.10) 


Gane 
oi?) 


(3.13) 


(3.14) 
(3.15) 


(3.16) 
(3.17) 
(3.18) 


Remark 3.3. In general, if Q1,Q2 € IVNSR(P), then Q) UQ2 may not always be an IVNSR 


of (P,+,-). 


The following Example [3.4] will prove our claim. 


Example 3.4. Let (Z,+,-) be the ring of integers with respect to usual addition and multi- 
plication. Let Q1 = {(7, to, (r), ia, (7), fay(r)) sr € Z} and N2 = {(r, ta,(r), ia,(r), fa, (r)) : 
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re Z + be two IVNSs of Z, where Vr € Z 


(0.25, 0.4] if r € 2Z 
0,0] ifre2Z+1 
10, 0] ifr € 2Z 


, and 
10.17, 0.2] if re 2Z4+1 


to, (r . 
10, O| if r € 2Z 
FE 
10.33, 0.4] if rE 2Z+41 
and 
10.5, 0.67] if r € 3Z 
to, (r ’ 
10, 0] ifr Ee 3Z4+1 
10, 0] ifr € 3Z 
10, (r , and 
10.2, 0.25] if re 3Z4+1 
7 10, 0] ifr € 3Z 
IO. (r) = 
10.33, 0.5] if r€ 3Z41 


Now, if we consider minimum TN and maximum SNs, then (Q;,Q2 € IVNSR(Z). 
Now let Q = 2, UQ». Then for r = 4 and v = 9 


to(r + v) =te(44+ 9) 
= to (13) 
= max{tg, (13), te, (13) } 
= max,|0, 0], [0, 0] 
= [0, 0] 
Again, if Q © IVNSR(P), then Vr,v € P, ta(r+v) > min{ta(r),ta(v)}. But, here for r = 4 


and v = 9, min{fo(4), fo(9)} = min{[0.25, 0.4], [0.5, 0.67]} = [0.25,0.4] £ [0,0] = fo(4 + 9). 
Hence, Q ¢ IVNSR(P). 


Corollary 3.4. If 01,Q2 € IVNSR(P), then Q; UQ2 € IVNSR(P) iff one is contained in 


other. 


Definition 3.5. Let Q = {(r,ta(r), ia(r), fa(r)) :r € P} be an IVNS of a crisp ring (P,+4,-). 
Also, let [k1, 81], [k2, 2] and [k3,s3] € U(L). Then the crisp set oy 
a level set of IVNSR Q, where for any r € aie) 


hold: te(r) > [k1, 81], ie(r) < [ke, sa], and fo(r) < [ks, 83]. 


[k1,81],[k2,52],[k3,53] ) is called 


the following inequalities will 
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Theorem 3.5. Let (P,+,-) be a crisp ring. ThenQ € IVNSR(P) iff V|k1, $1], [k2, $2], [k3, 53] € 
W(L) with to (Op) = lA, si], ig (@p) < ko, so], and fo(9p) = lk, s3|, Gs s1| [kz s2| [kg s3| 
crisp subring of (P,+,-) (assuming all the IVTN and IVSNs are idempotent). 


has 


Proof. Since, te(Op) > [ki,s81], io(@p) < [ke,se], and fo(@p) <_ [k3,s3], Op € 


1e., ) ) is non-empty. 


. ({k1,s1],[k2,s2],[k3,83])’ ([k1,81],[k2,52],[k3,83] 
Now, let Q € IVNSR(P) and r,v € a 


a 


(1,81],[k2,52],[k3,s3]) = ene that, (r a v) and 


[a ,81],[k2,82],[k3,83] ) ; Here, 


to(r — v) > T(to(r), ta(v)) [by Proposition [3.1] 
2 P([k1, si]; A, s1)) las Es Ni altienttioadYl 


> [k1, 81] [as T is idempotent] (3.19) 
Again, 


to(r-v) > T(ta(r),ta(v)) [by Proposition [3.1] 
2 T ([k1, $1], [k1, si) las rue © (tas exh feoeshfesves)) 


> [k1, 81] [as T’ is idempotent] (3.20) 


Similarly, we can show that 


G1) Sask (3.21) 
ry Sie aa (3.22) 
Fie ieee. on (3.23) 
fo(r-v) < [ks, 83] (3.24) 


Hence, by Eaeanons (r—v)andr-veé aiid? i.€., 2 (ies sx Jso,s0],[ka,89]) 
is a crisp subring of (P,+,-). 


Conversely, let ma 
IVNSR(P). 

Let r,v € P, then there exists [k,,s;] € W(L) such that T(ta(r),ta(v)) = [ki, si]. So, 
to(r) > [k1, 51] and te(v) > [k1,s1]. Also, let there exist [k2, 82], [k3,s3] € Y(L) such that 


T(ia(r),ie(v)) = [ke, $2] and F(fa(r), fo(v)) = [k3, 83]. Then r,v € o 
Again, as my 


(1,81],[k2,52],[k3,83] ) is a crisp subgroup of Ciaae | To show that, 2 € 


[k1,81],[k2,52],[k3,8a] ) 


is a crisp subring, r—v € Q) and r-v € 


[ky .s1],[k2,82],[k3,83] ) ([ka .81],[k2,82],[k3,83] ) 


([é1,51].[h2,52],[k3,53]) 
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Hence, 


to(r — v) > [k1, 81] 
= T(to(r),te(v)) and (3.25) 

to(r-v) > [k1, $1] 
= T (to (r), fa(v)) (3.26) 


Similarly, we can prove that 


io(r —v) < [ka, 89 


FG). (3.27) 

ta(r-v) < [ke, 82] 
TG). (3.28) 

fo(r —v) < [ks, 83] 
= F(fo(r), fa(v)), and (3.29) 

fa(r-v) < [ks, 83] 
= F(fa(r), fo(v)) (3.30) 


So, Equations imply that follows Proposition [3.1] i.e., Q EIVNSR(P). 5 


Definition 3.6. Let Q and 2’ be two IVNSs of two CSs P and R, respectively. Also, let 
1: P+ R bea function. Then 


(i) image of Q under / will be 1(Q) = {(v, tre y(v v)>4 1(0)(v), fia) (v)) : v € R}, where 


“1 
=. Vs A i \  fa(s). Wheref if 
ti(ay (v) oe ia 8), ta) (v) = set (ny PO)» aaa set yy?) eee 
l is injective then tyq)(v) = to (I~ Ay Vs iay(v) = ta (I~ scone fia) (v) = fa(l*(e)), 
and 


(ii) preimage of ’ under / will be /~ er et t-1an(r), 4-1 (7), fin cay (r)) sr € R}, 
where ¢-1(q7)(") = te (U(r), 1agan(r) = ta (U(r), fiaay(") = for (Ur). 


Theorem 3.6. Let (P,+,-) and (R,+,-) be two crisp rings. Also, let l: P > R be a ring 
isomorphism. If Q is an IVNSR of P then l(Q) ts an IVNSR of R. 





S. Gayen; F. Smarandache; S. Jha; and R. Kumar. Introduction to Interval-valued Neutrosophic Subring 


Neutrosophic Sets and Systems, Vol. 36, 2020 234 


Proof. Let vy = l(r1) and v2 = l(r2), where r1,r2 € P and v1, v2 € R. Now, 


tyqy(v1 — v2) = ta (I-*( Muy — ve ” las 1 is injective] 
Siolt ( ~!(v2)) [as [7* is a homomorphism] 
= to(ri — 12) 


— T (to (I~*(v1)), to (-"(v2))) 
= T (tia) (01), tay (v2)) (3.31) 
Again, 
tray ( V1 + U2) = to (I~ m (v1 - v2 ) | las 1 is injective] 
= ta (I7* (v1) -I7*(v2)) [as I~ is a homomorphism] 
= to(ri - r2) 
> T (ta(ri), ta(re)) 
= T(fa(I-1(01)), fae») ) 
= T (tia)(v1), tay (v2)) (3.32) 
Similarly, 
ane (v4 — v2) I (ing 210 v2)), (3.33) 
a) (U1: v2) < Ting 410 v2)), (3.34) 
7 \(vy — v2) < F( _ fi Hane and (3.35) 
fay (v1 + ¥2) < F (Sia) (1), fray (v2)) (3.36) 


Hence, Equations imply that 1() follows Proposition [3.1] i-e., 1(Q) is an IVNSR of 
R. 4 


Theorem 3.7. Let (P,+,-) and (R,+,-) be two crisp rings. Also, let 1: P— R be a ring 
homomorphism. If Q! is an IVNSR of R then 1~'(Q') is an IVNSR of P. (Note that, 1~' may 


not be an inverse mapping but 1~1(Q’) is an inverse image of 0). 
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Proof. Let vy = l(r1) and v2 = l(r2), where r1,r2 € P and v1, v2 € R. Now, 


f-1qqy ("1 — 2) = ta (U(r1 — 12)) 
= fy (I(r1) — (ro) [as 1 is a homomorphism] 
= fey (v1 — v2) 
> T (fy (v1), for (v2)) 
sited ); fa» (U(r2)) 
= T (199 (11), 149) (12) (3.37) 


Again, 
tad (r1 : ra) = tay (U(r : r2)) 

= ta (I(r1) - U(rz)) [as | is a homomorphism] 

= to (v1 + v2) 

> T (ta (v1), tar (v2)) 

= T (fer (U(r1)) Fax (I(r2))) 

= T (t)- Lay (71), t}-1(@)(12)) (3.38) 
Similarly, 


away (ti — 72) < Lt-1(an (71), 1-109 (72)) (3.39) 
t- 1( \(r1 ra) < I(%- 1(Q") (71), 4-1 (ary ( r2)) (3.40) 
fi-yoay(ri — 72) < F( fan (11); f(a) (72)) (3.41) 
fi-yan(ri re) < F(fi-1(an (11), fi-1(@ (72)) (3.42) 


Hence, Equations |3.37 imply that 1~1(Q’) follows Proposition ie., 171(O’) is an 


Definition 3.7. Let (P,+,-) be a crisp ring and 2 € IVNSR(P). Again, let o = [o1,02|,7 = 
71, 72], 5 = [61, 52] € U(L). Then 
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(i) Q is called a (a,7,6)—identity IVNSR over P, if Vr € P 


oO ifr =Op 


to(r) = 
10, 0] if r = Op 

: T ifr =Op 

ioc = , and 
1,1] if r# Op 

= 6 te Op 

fa(r) = 
1,1] i - Op 





where @p is the zero element of P. 


(ii) Q is called a (G,7,6)—absolute IVNSR over P, if Vr € P, te(r) = G, ig(r) = 7, and 
folr) =6. 
Theorem 3.8. Let (P,+,-) and (R,+,-) be two crisp rings and Q €IVNSR (P). Again, let 
1: PR be a ring homomorphism. Then 
(i) 1(Q) will be a (o,7,5)—identity IVNSR over R, if Vr € P 
o ifr € Ker(l) 
10,0] otherwise 
T ifr e Ker(l) 
io(r) = , and 
11,1] otherwise 
6 ifr € Ker(l) 
fa(r) = 


[1,1] otherwise 
(ii) 1(Q) will be a (G,7,6)—absolute IVNSR over R, if Q is a (o,7,6)—absolute IVNSR 


over P. 


Proof. (i) Clearly, by Theorem [3.6] 1(Q) € IVNSR(R). Let r € Ker(l), then I(r) = Op. 
So, 


= ta(r) 
=o (3.43) 
Similarly, we can show that 
10) (9R) =T, and (3.44) 
fuay(Or) = 6 (3.45) 
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Again, let r € P \ Ker(l) and I(r) = v. Then 


= ta(r) 
= [0,0 (3.46) 
Similarly, we can show that 
iya)(v) = [1,1] and (3.47) 
firoy(v) = [1, Y (3.48) 


Hence, by the Equations 1(Q) is a (G,7,6)—identity IVNSR over R. 
(ii) Let I(r) = v, for r € P and v € R. Then 


= ta(r) 
1, (3.49) 
Similarly, we can show that 
29) (v) = T and (3.50) 
fiay(v) =4 (3.51) 


Hence, by the Equations I(Q) is a (o,T,6)—absolute IVNSR over R. 5 


3.1. Product of interval-valued neutrosophic subrings 


Definition 3.8. Let (P,+,:) and (R,+,-) be two crisp rings. Again, let Q); = 
{(r, ta, (7), 70, (r), fa, (r)) sr € P} and Q2 = {(v, ta, (v), ia, (v), fa, (v)) su € R} are IVNSRs 
of P and R respectively. ‘Then Cartesian product of 2, and Q2 will be 


Q= 04 x Qe 


= { ((r,0), T (Fo, (7), 02(v)); F(a, (7), In, (0), F(Fox (7); fon(v))) = (7,0) € Px RI 
Similarly, product of 3 or more IVNSRs can be defined. 


Theorem 3.9. Let (P,+,-) and (R,+,-) be two crisp rings with Q, © IVNSR(P) and Q2 € 
IVNSR(R). Then Q, x Q2 is a IVNSR of P x R. 
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Proof. Let Q = Q, x Q2 and (11, v1), (r2,v2) € P x R. Then 


ta ((r1, v1) — (r2, v2)) = tay xa ((ri — r2, v1 — v2) 
(ta, (r1 —T2),te, (v1 — v2)) [by Definition [3.8] 


2 n(n to, (71), ta, (r2)), T (ta, (v1), ta, (v2))) [by Proposition [3.1] 
(T(E 
T(t 


I\VV 
KS : 


|| 
KS) 


(71), ta5(v1)), T (ta, (72), ta. (v2))) las T is associative] 


Q (r1, U1), to( (r2, v2)) (9:02) 


Again, 


ta((ri, v1) - (r2,¥2)) = ta, x (71 + 72, U1 * v2) 

= Ear -72), ta, (U1 - v2)) [by Definition [3.8] 
(T( (ta, (71), ta, (r2)), T (ta, (v1), ta. (v2)) ) [by Proposition [3.1] 
(T (Eo, (71), ta9(v1)), T (En, (72), ta, (v2))) las T’ is associative] 
T (tal 


Q (Pin O i); to (r2, v2)) (3.53) 


|\V 
al 


|| 


Similary, the followings can be shown 


ia ((r1,01) — (r2,¥2)) < F(ia(r1, 01), Ia (ra, v2), (3.54) 

to((r1, 1) - (r2,¥2)) < [éa(r1, v1), ia (re, v2)), (3.55) 
fo((r1,01) — (r2,v2)) < F(fa(ri, 01), fa(ra, v2)), and (3.56) 
fa((r1, v1) - (re, v2)) < F(fa(ri, v1), fa(re, v2)) (3.57) 


Hence, using Proposition [3.1] and by Equations 3.57/Q1 x Q2 € IVNSR(P x R). Gg 


Corollary 3.10. Let Vi © {1,2,...,n}, (Pi,+,-) are crisp rings and Q; € IVNSR(P,). Then 
Q, x Q2 xX +--+ x Oy, is aIVNSR of Py x Po x--- x Py, wheren EN. 


3.2. Subring of a interval-valued neutrosophic subgring 


Definition 3.9. Let (P,+,-) be a crisp ring and 02),Q2 ©€ IVNSR(P), where Q) = 
{(r,to,(r), ia, (7), far(r)) : r € P} and Q2 = {(r,to,(r),ia,(7), fas(r)) : r € P}. Then 


Q is called a subring of Q2 if Vr € P, ta, (r) < ta, (r), ig, (r) = ig, (r), and fe, (r) > fa,(r). 


Theorem 3.11. Let (P,+,-) be a crisp ring andQ € IVNSR(P). Again, let Q1 and Q2 be two 
subrings of 2. Then Q,N Q2 is also a subring of Q, assuming that all the IVT'N and IVS'Ns 


are idempotent. 
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Proof. Here, Vr € P 
toynos (7) = T(t, (r), to, (r)) 


< T (ta(r), ta(r)) 
to(r) [as T is idempotent] (3.58) 


Similarly, as J and F' are idempotent we can show that 
(3.59) 


10,AQ> (7) = iQ(r) and 
(3.60) 


fayna,(r) > fo(r) 


Hence, by Equations Q1. Qe is a subring of Q. 5 


Theorem 3.12. Let (P,+,-) be a crisp ring and Q1,Q2 € IVNSR(P) such that Q1 is a subring 
of Qa. Let (R,+,-) 1s another crisp ring andl: P > R be a ring isomorphism. Then 

(i) 1(Q1) and (Q2) are two IVNSRs over R and 

(ii) 1(Q1) ts a subring of I(Q2). 


Proof. (i) can be proved by using Theorem 


(ii) Let v = I(r), where r € P and v € R. Then 
) [as Q1 is a subring of 04] 


to, (7) < tog(r 
to, (I (v ; < ta, (I (v)) 
=tya,)(v) < tia.) (v) (3.61) 
Similarly, we can prove that 
iyo, () > tyo,)(v) and (3.62) 
(3.63) 


Hence, by Equations 1(Q1) is a subring of 1(M2). 


3.3. Interval-valued neutrosophic normal subrings 
Definition 3.10. Let (P,+,:) be a crisp ring and 2 is an IVNS of P, where 2 
{(r,ta(r),ia(r), fa(r)) :r € P}. Then Q is called an IVNNSR over P if 
(i) Q is an IVNSR of P and 
(ii) Vr,u € P, te(r-v) =te(v-r), ig(r-v) =ig(v-r), and fe(r-v) 
The set of all IVNNSR of a crisp ring (P,+,-) will be denoted as IVNNSR(P) 


= fa(v-r). 
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Example 3.11. Let (Z,+,-) be the ring of integers with respect to usual addition and mul- 
tiplication. Let 2 = {(r,ta(r),ia(r), fa(r)) :r € Z} be an IVNS of Z, where Vr € Z 

10.67, 1] if r € 2Z 

0,0) ifre2Z4+1. 

10, 0] ifr € 2Z 

io (r) = , and 

10.33, 0.5] ifr € 2Z4+1 

0,0] ifre2Z 

(0, 0.33] ifr €2Z+1 

Now, if we consider minimum TN and maximum SNs, then Q € IVNNSR(Z). 


Theorem 3.13. Let (P,+,-) be a crisp ring. If Q),Q2 € IVNNSR(P), then Q) 0 Q2 € 
IVNNSR(P). 


Proof. As 01,02 € IVNSR(P) by Theorem }3.2}Q; 9 Q2 € IVNSR(P). Again, 


tans (r v) — Suton (r v), toy (r v)) 


= T (to, (v-7),ta,(v-7r)) [as 1, 2 € IVNNSR(P)| 


= tans (u-1) (3.64) 

Similarly, 
10:NA2 (r v) = 104 NA2 (v r) (3.65) 
foynoas (r v) — fornas (v r) (3.66) 


Hence, (23 N (2 € IVNNSR(P). g 


Remark 3.14. In general, if Q;,Q2 € IVNNSR(P), then Q] UQ2e may not always be an 
IVNNSR of (P,+,-)- 


Remark can be proved by Example 


Theorem 3.15. Let (P,4+,:) be a crisp ring. Then Q € IVNNSR(P) iff 
Vika, S1], ko, so], [k3, 83 cs W(L) with to (Op) = 1, Si ig (Op) as Ko, so], and fo(@p) = [k3, 83], 
Oe ai eesae)) is a crisp normal subring of (P,+,-) (assuming all the IVTN and IVSNs 
are idempotent). 


Proof. ‘This can be proved using ‘Theorem |3.5} 5 
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Theorem 3.16. Let (P,+,-) and (R,+,-) be two crisp rings. Also, letl: P > R be a ring 
isomorphism. If Q is an IVNNSR of P then l(Q) is an IVNNSR of R. 


Proof. As Q is an IVNSR of P by Theorem I(Q) is an IVNSR of R. Let [(r,) = v1 and 


(ro) = v2, where r1,r2 € P and v1, v9 € R. Then 


ta)(v1 + v2) = ta —_ i las | is injective] 


= ta (I! ~!(vg)) [as 17" is a homomorphism] 

= _ r2) 

= te(r2-71) [as QD is an IVNNSR of P| 

= to (I-*( : ~*(v1)) 

= toc (ie (vo + Uy ) 

= tya)(v2- v1) (3.67) 

Similarly, 

ta) (U1 + V2) = tay (v2 - v1) and (3.68) 
fray (v1 - v2) = fay (v2 > 01) (3.69) 


Hence, by Equations 1(Q) is an IVNNSR of R. 4 


4. Conclusions 


As interval-valued neutrosophic environment is more general than regular one, we have 
adopted it and defined the notions of interval-valued neutrosophic subring and its normal 
version. Also, we have analyzed some homomorphic properties of these newly defined notions. 
Again, we have studied product of two interval-valued neutrosophic subrings. Furthermore, 
we have provided some essential theories to study some of their algebraic structures. These 
newly introduced notions have potentials to become fruitful research areas. For instance, soft 


set theory can be implemented and the notion of interval-valued neutrosophic soft subring can 
be defined. 
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Abstract. We answer the following question: Are neutrosophic u-compactness and neutrosophic p-countably 
compactness equivalent? which posted in (10). Since every neutrosophic topology is neutrosophic p-topology, 
we answer the question for neutrosophic topological spaces, more precisely, we give an example of neutrosophic 


topology which is neutrosophic countably comapact but not neutrosophic compact 


Keywords: Neutrosophic topological spaces; Neutrosophic compact; Neutrosophic Lindelof; Neutrosophic 
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1. Introduction 


Neutrosophic sets first introduced in as a generalization of intuitionistic fuzzy 





sets [14], where each element x € X has a degree of indeterminacy with the degree of mem- 





bership and the degree of non-membership . Operations on neutrosophic sets are investigated 
after that. Neutrosophic topological spaces are studied by Smarandache 27], Lupianez 
and Salama |23]. The interior , closure, exterior and boundary of neutrosophic sets can be 
found in [26}. Neutrosophic sets applied to generalize many notaions about soft topology and 
applications [18], [22], [15], generalized open and closed sets , fixed point theorems 
eraph theory [17jand rough topology and applications (21). Neutrosophy has many applications 
specially in decision making, for more details about new trends of neutrosophic applications 
one can consult (1)- [7]. 

Generalized topology and continuity introduced in 2002 in [13], where many generalized open 
sets in general topology become examples in generalized topological spaces, and it become one 
of the most important generalization in topology which has different properties than general 
topology, see for example (9, and [12]. There are a lot of studies about neutrosophic 


topological spaces that shows the importance of studying neutrosophic topology where it has 
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possible applications, see for example [24], Neutrosophic p-topological spaces first introduced 


in [10], and since Neutrosophic p-topological space is a generalization of neutrosophic topo- 





logical space it guarantees generalized results that are still true for neutrosophic topological 
spaces, see for example ‘Theorem 2.30 in which shows that neutrosophic -compactness and 
neutrosophic p-countably compactness are equivalent, and this is not true in crisp topology, 
but it becomes true for neutrosophic topological spaces since every neutrosophic p-topological 
space is neutrosophic topological space, another thing about the importance of neutrosophic 
pi-topological space is that some existing notations about neutrosophic topology can be con- 
sidered as examples of neurosophic p-topological spaces, see for example Theorem 2.9 in 
which shows the relationship between p-topological space and previous studies where we can 
consider all neutrosophic a-open sets over (X; 7 ) and all neutrosophic pre-closed sets in (X; 


T ) (introduced in [8)) as examples of strong neutrosophic p-topology over X. The following 
question appeared in [10]. 


Definition 1.1. [25]: A set A is said neutrosophic on X if A = {(x,wa(x),o4(x),Va(2)); x € 
X}; p,o,v: X >]~0,17[ and ~0 < p(x) + 0(x) + u(x) < 37. 


The class of all neutrosophic set on the universe X is by N(X). We will exhibit the 
basic neutrosophic operations definitions (union, intersection and complement. Since there 
are different definitions of neutrosophic operations, we will organize the existing definitions 


into two types, in each type these operation will be consistent and functional. 


Definition 1.2. [24] [Neutrosophic sets operations] Let A, Ag, B € N(X) such that a € A. 


Then we define the neutrsophic: 





(1) (Inclusion): AE B If wa(x) < p(x), o4(x@) > op(x) and va(x) > vp(z). 


(2) (Equality): A=BS AC BABCA. 

(3) (Intersection) ay Sele) = 44, Na bAc (2); Ww ATAl2): A VAlt))s xe xX}. 

(4) (Union) ae Aalz) 41a. DAC (x), TAl®): A VAlt))s ce x}. 

(5) (Complement) A° = {(x,v4(z),1—o,4(x), wa(x)); 2 € X} 

(6) (Universal set) 1x = {(x,1,0,0);” € X}; will be called the neutrosophic universal set. 
(7) (Empty set) Ox = {(x,0,1,1);” € X}; will be called the neutrosophic empty set. 


Proposition 1.3. For A, Ag € N(X) for every a € A we have: 


(1) AN( Uda) = (AN Aa). 
(2) AU( TN Ag) = FI (AU Ag). 


acA aecA 


Definition 1.4. |Neutrosophic Topology| t C N(X) is called a neutrosophic topology for 
X if 
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(1) Ov,lxy €T. 

(2) If Ag € 7 for every a € A, then U Aa ea. 
ae 

(3) For every A, B € 7, we have A, B € 7. 


The ordered pair (X,7) will be said a neutrosophic space over X. The elements of 7 will be 
called neutrosophic open sets. For any A € N(X), If A° € 7, then we say A is neutrosophic 


closed. 


2. Neutrosophic Countably Compact Spaces 


Definition 2.1. Let X be nonempty, 0 < a,8,y < 1. Then A € N(X) is said a 
neutrosophic point if f there exists x € X such that A = {(x,a,8,7)}U {(¢,0,1,1);4 4 x}. 
Neutrosophic points will be denoted by 2.3.4. 


Definition 2.2. We say %q,g,y in the neutrosophic set A -in symbols rg.g¢ € A- iff 


a< pa(r),8 >o,(x) and y > va(z). 


Lemma 2.3. Let A € N(X) and suppose that for every %o3, € A there exists 
Biaba) EN (X) stich thet te p46 Beaga) A. Then A=>U(BGa64) tape A}. 


Corollary 2.4. Ae N(X) is neutrosophic open in (X,T) if f for every %o,8,y € A there 
exists a neutrosophic set B(®a.g,y) € T; Lo,6,y © Blaby) C A. 


Definition 2.5. Let (X,7) be a neutrosophic topology on X. A sub-collection B C 7 is 
called a neutrosophic base for 7 if for any U € 7 there exists B C B such that U = Uf B; B € B}. 


Definition 2.6. Consider the neutrosophic space (X,7) . We say the collection U from 
T is a neutrosophic open cover of X, if lx =U{U;U €U}. 


Definition 2.7. Consider the space (X,7) and the neutrosophic open cover U of X. 
Then we say the sub-collection U C N (X) is a neutrosophic subcover of X from U, if U is 


neutrosophic covers X and UCU. 
The following is an immediate result of Corollary2.4} 


Corollary 2.8. A sub-collection U from the neutrosophic space (X,T) is an open cover 
of X iff for every Xap, in X there exists U CU such that tag € U. 


Theorem 2.9. Consider the collection B of neutrosophic sets on the universe X. Then B is 
a neutrosophic base for some neutrosophic topology on X if f 


1) For every U €T and every %a.3.y € U there exists BEB such that ra 32,€E€ BCU. 
yy BY 
(2) For every A,B € B we have ANB is a union of elements from B. 
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Proof. —>) Obvious! 

<_) Suppose B satisfies the two conditions in the theorem. Let 7(B) be all possible neutrosophic 
unions of elements from B with 0x. It suffices to show that 7(B) is a neutrosophic topology 
on X. From the first condition and the construction of 7(B) we have 0x,1x € 7(B). Now let 
H,k €7(B). Then H = UH; and kK = UK; where Hj, k; € B for every i,7. So we have (by 
parts (8) and (4) of Proposition.3} 

AK = (UA;) 1 (UA;) = U((UE;) 1 Aj) = UU (A K5) 

Since H;,, K, EB for every ij ame have HT K e T(B). The proof that the union of elements 


from 7(B) is an element from 7(G) is easy! And we done. 5 


T(B) will be called the neutrosophic topology generated by the neutrosophic base B on X . 


Definition 2.10. (X,7) is said to be neutrosophic compact if each neutrosophic open 


(in 7) cover of X has a finite neutrosophic subcover. 


Theorem 2.11. Consider the space (X,7T), and let B be a neutrosophic base for tT. Then 
(X,7) is a neutrosophic compact space if f every neutrosophic open cover of X from B has a 


finite neutrosophic subcover. 


Definition 2.12. A neutrosophic space (X,T) is said: 


(1) A neutrosophic Lindelof space if each neutrosophic open cover of X from 7 has a 
countable neutrosophic subcover of X. 
(2) A neutrosophic countably compact space if each neutrosophic open countable cover of 


X from T has a finite neutrosophic subcover of X. 


The following thee results have proofs similar to their correspondings about neutrosophic 


u-topological spaces in 10). 


Theorem 2.13. Every neutrosophic space with a countable neutrosophic base 1s neutrosophic 


Lindelof . 
Theorem 2.14. Every neutrosophic Lindelof and countably compact space is compact. 


Corollary 2.15. Every neutrosophic countably compact space with a neutrosophic countable 


base 1s neutrosophic compact. 


The following example show that neutrosophic Lindelof spaces are not neutrosophic count- 


ably compact. 


Example 2.16. Let Y = {a,b} and let B = {Anj;n = 1,2,3,...} where A, = {(y,1 — 


ee eee 
2n? 2n? 2n 


sy € X}. We will show that B is a base for some neutrosophic topology on Y ; 
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i.e. we want to show B satisfies (1) and (2) in Theoren]2.9} 

First condtion: 6 neutrosophic covers Y, actually: 

UB = Uf{An;n = 1,2,3,...} = (ly, VP1-— FAR, ARac)iy € Y} = {(y,1,0,0);y € Y} = 
ly. 

Second condition: The neutrosophic intersection of two elements from 6 is the neutrosophic 
union of elements from 6, but is clear that for any A, and A,, in B we have A, Am = At 
where ¢ = max{n,m} which an element of 6, so that B is a neutrosophic base form some 
neutrosophic topology 7(B) on Y. Since 7(B) has a countable base, 7(B) is neutrosophic 
Lindelof. Now, we will show that 7(B) is not neutrosophic countably paracompact (which im- 
plies it is not neutrosophic compact). By contrapositive, suppose Y is neutrosophic countably 
paracompact. Then U = 6 is a countable neutrosophic open cover of Y. But Y is a neutro- 
sophic countably paracompact space, so that we have U has a neutrosophic finite subcover, 
say U* = {Ani, Ang, ---, Ank}. But Ani U Ang U... UU Ang = Ay where t = max{ny, ng, ..., nx}, 
and A; = {(y,1—- aa a a); y€Y}#1y, acontradiction. So Y is not neutrosophic countably 
paracompact and hence it is not neutrosophic compact. 


The following theorem shows that neutrosophic compact spaces and neutrusophic countably 
compact spaces are equivalent if the universe of discourse is countable, which is not true for 


topological spaces. 


Theorem 2.17. For every countable neutrosophic topological space Y , the following two state- 


ments are equivalent : 


(1) Y is neutrosophic compact. 


(2) Y is neutrosophic countably compact. 


Proof. =) Obvious! 


<) Suppose that Y is a countable neutrosophic countably compact space, and let U be a 





neutrosophic open cover of Y. For every y € Y we define the following three subsets of |0, 1]. 

(1) Di = {waly); A € U}. 

(2) Ds = {oa(y); A € U}. 

(3) Dp = {va(y)3 A EU}. 
Let Dj, D3 and D3 be three countable dense subsets of Dj, Dg and D7 respectively in the 
usual sense (the usual topology on the unit interval). Since Y/ is a neutrosophic p-open cover 
of Y, we have sup DY = sup Dj, = 1 ,inf DS = inf D> = 0 and inf D§ = inf Dp = 0. Let 
U(y) = {A € Us pay) € Di, cay) € D3 or va(y) € D3}. It is clear that U/(y) is countable. 
Let U* = U{U(y);y € Y}. Since Y is countable, U/* is a countable sub-collection from U. We 
will show that U/* is a neutrosophic cover of Y. Set B = LIU*. For every y € Y we have: 

(1) way) = V{ualy); A € B} > V{waly); A € Di} = sup Df = 
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(2) op(y) = Afoa(y); A € B} > Af{oa(y); A € Di} = inf DZ = 0. 
(3) ve(y) = A{valy); A € B} > A{Va(y); A € Di} = inf DZ = 0. 


Which implies that B = ly and U* is a neutrosophic countable open cover. Since Y is a 


neutrosophic p-countably compact space, U/* has a finite subcover , that is Y is compact. 5 


The following example shows that neutrosophic compactness and neutrosophic countably 


compactness are not equivalent. 


Example 2.18. Consider the set of all countable ordinals Wop with the usual ordering. Let 
6 = {|s,t),s,t < w,(the first uncountable ordinal) }. We know that £ is a base for some topol- 





ogy T on Y = Wo. For every |s,t) € 6 define the neutrosophic set 


(y,1,0,0) if y € [s,t) 


Als,t) = 
(y,0,1,1) ify ¢ [s,t) 


Set B = {Ajs4); [8,t) € B}. We will show that 8 is a base for some neutrosophic topology on Y. 
First we show it is a neutrosophic cover for Y. Let A = LG ; it suffices to show that A = ly. 
But for every y € Y, we have y € [s,y) for some s < y, so that pa(y) = V{ucly);C € By > 
Hy) = 1, ca(y) = Afoc(y);C € B} < a5) = 0, and va(y) = A{vc(y);C € B} < yoy) = 9, 
that means A = ly and £6 covers Y. Now, we will show that the intersection of any two 
elements from (6 is empty or an element of 6. Let Aj. 4,) and A; be two neutrosophic 


sets in 8 and set C = Aj, 4,) Ay 


so,to) 


to) if [81,t1) M [S2, te) = (), then for every y € Y we have 


S92, 
y & |s1,t1) or y € [S2,t2), which implies uc = M4151 ,t1) \ H[se,t2) = 9, TC = O[s,,t,) V Fs0,t2) = 1 
)= 1 and that means Ajs, tz) [| Ay 


and Vo = Ys, 44) VY ) = Oy. Now, suppose that 


82,t2 $2,t2 


ls1,t1) A [s2,t2) #0. Then for every y < max{s1, 52} or y > min{t,, to} we have y ¢ [s1,t1) or 
y & |so,t2), which means po = 0, 09 = 1 and ve = 1, and if max{s 1, s9} < y < min{ty, to}, 


then y € |s1,t,) and y € [so, tg), that is uc = 1, oc = 0 and ve = 0, so that we have 


(y,1,0,0) ify € [s,t) 
s1,t1) !! Afso,t2) = Als,t) = EB 
(y,0,1,1) if y ¢ [s,t) 


where s = max{s 1,59} and t = max{tj,to}. Let 7(G) be the neutrosophic topology gen- 


Al 





erated on Y by (@. Then 7(() is a neutrosophic countably compact space: We will prove 
this by showing 7(3) has no countable cover form 8. Let C = {Ay = |S8n,tn);n = 1,2,3,...} 
be any countable subset from £, it suffices to show that C does not cover Y; by contaposi- 


tive, suppose C covers Y, then D = UC = OU An = ly. So that for every y € Y we have 
I= 
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ic = V HAn = 1; since 444, = 1 or O for every n = 1,2,3,..., there exist 2 such that wa, = 1, 
that is y © A; = |s;,t;), which implies Y = U [Sn tn), a contradiction, since Y is uncountable 
and U [sn tn) is countable, so 6 has no countable cover for Y, and so Y is neutrosophic count- 
ably compact. Now, to show that Y is not neutrosophic compact. But 6 is a neutrosophic 


open cover of Y and has no countable, and hence no finite, subcover, that means Y is not 


neutrosophic compact. 


Corollary 2.19. There is a neutrosophic u—topological spaces which is neutrosophic countably 


compact but not neutrosophic compact. 


Proof. Since every neutrosophic space is jz—topological space, we have Examplq2.18) is an 


example of a neutrosophic 4s—topological spaces which is neutrosophic countably compact but 


not neutrosophic compact. 5 


The approach we used in Examplg@2.18]can be generalized to get more counterexample for 


neutrosophic topological spaces as follows. 


Theorem 2.20. Let (X,7) be a topological space and for every U € T set 


(v7,1,0,0) ifxaeU 
(v,0,1,1) ifx€éU 


= 
| 


and let Neut(r) = {Ay;U € rT}. Then (X, Neut(r)) ts a neutrosophic topological space. 


Proof. Since 0, X € T, we have Ag, Ax € Neut(r), but 


(v,1,0,0) ifxed (z,1,0,0) ifxed 

Ag = = = 0x 
(x,0,1,1) if ¢é0 (v,0,1,1) ifweXx 
(7,1,0,0) if#ex (v7,1,0,0) ifexXx 
(z,0,1,1) ife¢ Xx (x,0,1,1) ifxed 


So we have 0x, lx € Neut(r). Now, let H = Ay Ay where Ay, Avy € Neut(r). Then 


1 iffEeU 1 if@eV 1 ifxEeUnvVv 
jun (x) = | A | = | ~ PAwavy(e) 
0 ife¢éU 0 ifa#EéV 0 if*gUNnV 
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O tae 0 ifteV 0 ite UNV 
oH(x) = V = =O Kegs (2) 
1 iff ¢éU 1 ifw#¢éV 1 iff €UNV 


0 ifxteU 0 ifxeV 0 ifmeUuUnv 
Vie) = V = = VA ayy (2) 


1 ife¢éU 1 ifw#¢éV 1 iff €UNV 
So we have AyMAy = Aun) € Neut(r). Similarly we show that U Aa € Neut(r) whenever 
Qe 
Ag, € Neut(r) for every ac A. 


3. Applications and further studies 


This paper is a completion part of and gives an answer for the following question: Are 
neutrosophic y-compactness and neutrosophic p-countably compactness equivalent? which 
posted in [10]. We give an example to show that the answer is no! the approach is used to 
give such example can be generalized to give many counter examples in neutrosophic topology 
using those existing in general topology. This paper, also, studied more advanced notations 
about neutrosophic topology such as neutrosophic comapactness and neutrosophic Lindelof, 
which opens doors for more studies about neutrosophic topology, such as neutrosophic para- 


compactness, and other covering properties 
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Abstract. Hyperstructure theory, an 86 years old theory, has been of great interest for many algebraists where 
their researches were divided in to two categories: theory and applications. On the other hand, neutrosophic 
theory which is the study of neutralities, was introduced and developed by F. Smarandache in 1995 as an 


extension of dialectics. ‘The purpose of this paper is to study some connections between the two theories: 





Neutrosophy and hyperstructures. In this regard, we define neutrosophic quadruple H,-rings, neutrosophic 


quadruple H,-subrings, and neutrosophic quadruple homomorphism and study their various properties. 


Keywords: #H,-ring; neutrosophic quadruple number; neutrosophic quadruple AH,-ring; neutrosophic homo- 


morphism. 


1. Introduction 


The concept of neutrosophic quadruple numbers was introduced by Smarandache [14] in 





2015. Where he defined and presented some arithmetic operations of these numbers such as 
addition, subtraction, multiplication, and scalar multiplication. Later in 2017, Akinleye et 
al. [2] considered the set of neutrosophic quadruple numbers and defined some operations on it 
and discussed neutrosophic quadruple algebraic structures. A generalization of the latter work 
was done in 2016 where Agboola et al. [1] considered the set of neutrosophic quadruple numbers 
and defined some hyperoperations on it and discussed neutrosophic quadruple hyperstructures. 
For more details about neutrosophy and its applications, we refer to [8—7, 10,13, 15, 16). 

A generalization of hyperstructures, known as H,-structures was introduced by T. Vou- 
giouklis [19,20]. We refer to [19,20] for basic definitions and results on H,-rings. Al Tahan 
and Davvaz in [3] discussed neutrosophic H,-groups and studied their properties. In this work, 


we extend the results to H,-rings and it is constructed as follows: after an Introduction, in 
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Section 2, we present some basic definitions about hyperstructures that are used throughout 





the paper. In Section 3, we define neutrosophic quadruple H,-rings and provide some examples 





on it. In Section 4, we define neutrosophic quadruple H,-subrings and neutrosophic quadruple 


homomorphism and study their properties. 


2. Basic definitions about algebraic hyperstructures 


In this section, we present some definitions and theorems related to hyperstructure theory 


that are used throughout the paper. (See [8,9,19].) 


Let H be a non-empty set and ?*(#) the set of all non-empty subsets of H. Then, a 
mapping o: H x H + P*(#) is called a binary hyperoperation on H. The couple (H,°) is 
called a hypergroupoid. In this definition, if X and Y are two non-empty subsets of H and 
h € H, then we define: 


XOY =-|) 2094; hox = hpoxX and xX oh.=—xX 6h}. 
LEX 
yeY 


Definition 2.1. A hypergroupoid (H,°) is called a: 


(1) semihypergroup if for every x,y,z € H, we have xo (yoz) = (roy) oz; 
(2) quasi-hypergroup if for every x € H, ro H = H = Ho (The latter condition is called 
the reproduction axiom); 


(3) hypergroup if it is a semihypergroup and a quasi-hypergroup. 


T. Vougiouklis [19, 20] introduced H,-structures as a generalization of the well-known al- 
gebraic hyperstructures. The equality in some axioms of classical algebraic hyperstructures 
is replaced by non-empty intersection in A,-structures. The majority of H,-structures are 


applied in representation theory. 


Definition 2.2. A hypergroupoid (H,°) is called an H,-semigroup if the weak associative 
axiom is satisfied. i.e., (ro (yoz))N((woy)oz) £0 for all z,y,z € H. 


An element 0 € #7 is called an identity if x € OohMho(O for all h € A and it is called a 
scalar identity if h =00h =ho0O for allh € H. A scalar identity (if it exists) is unique. A 
hypergroupoid (H, 0) is called an H,-group if it is a quasi-hypergroup and an H,-semigroup. A 
non-empty subset M of an H,-group (H, °) is called H,-subgroup of H if (M,°o) is an H,-group. 


Definition 2.3. Let R be a non-empty set and “+”, “-” be hyperoperations. Then (R,+, -) 
is a hyperring if the following conditions hold. (1) (R,+) is a hypergroup; (2) (R,-) is is a 
semihypergroup; (3) - is distributive with respect to +. And it is an H,-ring if (1) (R,+) is 
an H,-group; (2) (R,-) is is an H,-semigroup; (8) - is weak distributive with respect to +. 
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(R,+,-) is said to be commutative ifa#+y=yt+aanda2-y=y--2 forallz,y eR. An 

element 1 € R is called a unit if x © 1-x2M2-1 for all x € R and it is called a scalar unit if 
x=1-x=2-1 forallzx € R. If the scalar unit exists then it is unique. A subset M of an 
H,-ring (R,+,-) is called an Hy-subring if (M,+,-) is an H,-ring. To prove that (/,+,-) is 
an H,-subring of (M/,+,-), it suffices to show that m+ M=M+mz=MandM-.-MCM 
for allme M. 
Let (R,+,*) and (R’,+’,*’) be two H,-rings. Then f : R > R’ is said to be Hy-ring ho- 
momorphism if f(r +s) = f(r) +’ f(s) and f(r*«s) = f(r) * f(s) for all r,s € R. (R,4+,x) 
and (S, +’, x’) are called isomorphic H,-rings, and written as R & S, if there exists a bijective 
homomorphism f : R — S. 

The concept of very thin hyperstructures was introduced and studied by Vougioklis |17, 18}. 

An H,-structure is called a very thin H,-structure, denoted as VT-H,-structure, if all hy- 
peroperations are operations except one which has all hyperproducts singletons except only 
one. For example an H,-ring (H,x,0) is said to be a VT-H,-ring if there exists only one 


(x,y) € H* with the property |x x y| > 1 or |x oy| > 1. 


3. Construction of neutrosophic quadruple H,-rings 


Symbolic (or Literal) neutrosophic theory is referring to the use of abstract symbols (i.e. 
the letters 7’, [, F’, representing the neutrosophic components: truth, indeterminacy, and 
falsehood) in neutrosophics. 

In [1,2], Agboola et al. and Akinleye et al. respectively based their study of neutrosophic 
quadruple algebraic structures (hyperstructures) on quadruple numbers based on the set of real 


numbers. In this section, we consider neutrosophic quadruple numbers based on a set instead 





of real or complex numbers and we use them to define neutrosophic quadruple A,-rings. 


Definition 3.1. [11] Let X be a nonempty set. A neutrosophic quadruple X-number is an 
ordered quadruple (a, bT",cl,dF’) where a,b,c,d € X and T, I, F have their usual neutrosophic 
logical meanings. 


The set of all neutrosophic quadruple X-numbers is denoted by NQ(X), that is, 
NQ(X) = {(a, 07, cI,dF):a,b,c,d € X}. 


With respect to the preference law T’ < I < F’, we define the Absorbance Law for the 
multiplications of T, J, and F’, in the sense that the bigger one absorbs the smaller one (or 
the big fish eats the small fish); for example: 

FT =TF = F (because F is bigger), TT = T (T absorbs itself), T7 = IT = I (because I is 
bigger), (because F’ is bigger), and FI = I[F' =I (because F is bigger). 
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Let (R,+,-) be an H,-ring with zero “0” and unit “1” and define “@” and “©” on NQ(R) 





as follows: 
(1, toT", 231, c4F) ® (yr, yoT, ysl, yaF) 
= {(a,67T,cl,dF): a€a,+y1,)€ co+yo,c€ 23+ y3,d € a4 + ys}. 
and 
(a1, oT’, v3l, x4 F) © (yr, yoT, yal, yak) 
= {(a,bT,cl,dF): a€a-y1,0 € 41+ Yy2Ur2-y1 UX: yp, 
CE 2 - Yy3U%2-Yy3 Ur + yi UTZ + yo U3 - Ys, 
dE 21+ ys rq- ys ag - ys Ga- yi UTa- y2U G4 - 3 U G4 - yah. 
Throughout this section, T < I < F and (R,+,-) is an H,-ring with identity “0”, unit “1”, 
0+0=0,1-1=1l1and2-0=0-x2=0 for all x € R (i.e, 0 is an absorbing element). 


Theorem 3.2. /3/ Let R be a set withO € R. Then (NQ(R),®) is an Hy-group (called 
neutrosophic Hy-group) with identity 0 = (0,0T,07,0F) if and only if (R,+) is an Hy-group 
with identity “0” andO0+0= 0. 


Theorem 3.3. /3/ Let R be a set withO € R. Then (NQ(R),®) is a hypergroup (called 
neutrosophic hypergroup) with identity 0 = (0,07, 0/,0F) if and only if (R,+) is a hypergroup 
with identity “0” andO0+0= 0. 


In [1], Agboola et al. gave an example on a hypergroup of order 3 (Example 2.4) and 
said that it is a neutrosophic hypergroup which is an impossible case. We illustrate it by the 


following remark. 


Remark 3.4. A neutrosophic H,-group (hypergroup) NQ(R) = {(a,bT,cl,dF) : a,b,c,d € 
R} is either infinite or of order |R|* where |R| is the number of elements in R in case R is 


finite. This is clear by using Theorem 3.2 and Theorem 3.3 respectively. 


Theorem 3.5. /3/ Let R be a set withO € R. Then (NQ(R),@®) is a commutative Hy-group 
with identity 0 = (0,0T,0/,0F) if and only if (R,+) is a commutative H,-group with identity 
‘O0” and0+0=0. 


Proposition 3.6. Let R be a set containing “0” and “1” with a hyperoperation “”. Then 
(NQ(R),©) is a quadruple Hy-semigroup with unit 1 if and only if (R,-) is an Hy-semigroup 
with unit 1 = (1,07, 01, 0F). 


Proof. Let (NQ(R),©) be a quadruple H,-semigroup and let a,b,c € R. Having x = 
(a,0T, 0,0F) € NQ(R), y = (b,0T,01,0F) € NQ(R), z = (c,0T,01,0F) € NQ(R) and 
(xO (yO©z))N((x© y) Oz) £9 implies that (a-(b-c))N((a-b)-c) FO. 

Let (R,-) be an H,-semigroup and let x,y,z € NQ(R). Then there exist x;,y;,2; € R 
with 7 = 1,2,3,4 such that «© = (2,297, 231,04F), y = (y1,y2T, y3l,y4F) and z = 
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(21, zaT, 231, za’). We have (2; - (ys: 2%)) ON (ai- yi): 2%) AO for 1 = 1, 2,3, 4. Applying the latter 
with some computations on x©(y©z) and on (tO©y) Oz, we get (rO(yOz))N((cOy) Oz) - Oy 


Proposition 3.7. R be a set containing “0” and “1” with a hyperoperation “”. Then 
(NQ(R),©) ts a quadruple semihypergroup with 1 = (1,07,0/,0F) as unit if and only if 


(R,-) is a semihypergroup with 1 as unit. 


Proof. 'The proof is the same as that of Proposition 3.6 but instead of nonempty intersection, 


we have equality. 5 


Proposition 3.8. Let (NQ(R),6,©) be an H,-ring with zero “0” and unit “1”. Then for all 
a,b,c € R, we have: 


(a-(b+c))N((a-b6)+(a-c)) #90. 


Proof. Let a,b,c € R. Then x = (a,07,0/,0F),y = (b,07,0/,0F),z = (c,0T,01,0F) € 
NQ(R). Since (cqO(yOz))N((cOy) O(x#Oz)) # Y, it follows that (a-(b+c))A((a-b)+(a-c)) 4 0.5 


Proposition 3.9. Let (R,+,-) be an H,-ring with identity “0” and unit “1”. Then for all 
x,y,z € NQ(R), we have: 


(tO (YB2z))N(L#Oy) S(y¥Oz)) FU. 


Proof. Let x = (#1, x9T, x31, x4F),y = (y1, yoT, ysl, yaF), 2 = (21, 2eT, 231, 24F) € NQ(R). 
We have: 

LOUD e) = {1 Cintos t33 4) 2 eS 21? Yr 21) tore Bi (Uo 28) U ro (yr ai) Ut (a 2), 
tg € 01+ (y3 + 23) Uae: (y3 + 23) Ua - (yi + 21) U 23 - (yo + 22) Ua « (ys + 23), 

ta © ©1+(Yat+24)UL2:(yat24)UL3-(Yat24)U%4-(Y1 +21) UX4: (Yyot22) U4: (y3+23)UX4:(yatZa) }- 

On the other hand, we have: 

(cx Oy) @(@#©z) = {s = (81,597, s3l,s4F) : ¢ = (g,¢27,¢31,a4F) € cOy,r = 
(11, rol, r3l,raF) €xOz,s; €q +7; for i =1,2,3, 4}. 

Having gq = (m1, qT, q3l,q4F) € «-y and r = (r41,reT,r3l,raF) € x - z implies that 
Gi Ly Us: QoS 1 Ys 2 Wo Yi Te Yo, 3 © a1 U3 Vo Ug 0 3 Yi 3 yo UO 13 3; 
ga © © Ya %2-Y4U73-YsU Tayi UX4-Y2UX4-YZ3UT4-Ya, T1 © 1°21, 12 © 1 -2QUXQ-21 UX2°22, 73 € 
1° 23U0%9-23U%3°21Ur3-29U%3-23 and rg € 11 -24UX-24U%3-2%4UX 4-21 UK4: 2Z9UX4-23UL4-Z4. Since 


Li (Yite)N(ee-Yt+x;-2;) # YW for i = 1, 2,3, 4, it follows that (rO(y@z))N((xOy) P(yOz)) 4 Og 


Proposition 3.10. Let (NQ(R),@,©) be an hyperring with zero 0” and unit “1”. Then for 
alla,b,c € R, we have: 

(a- (b+ c)) = ((a- 6) + (a-e)). 
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Proof. 'The proof is the same as that of Proposition 3.8 but instead of nonempty intersection, 


we have equality. 5 


Proposition 3.11. Let (R,+,-) be a hyperring with identity “0” and unit “1”. Then for all 
x,y,z € NQ(R), we have: 
xO (y@z) € (@Oy) S(yO 2). 


Proof. ‘The proof is straightforward. 5 


Remark 3.12. The equality in Proposition 3.11 may not hold. We illustrate it by the following 


example. 


Example 3.13. Let R = Zz be the ring of integers under standard addition and multiplication 
modulo 2 and let « = (1,17,0/,0F), y = (0,17,0/7,0F) and z = (1,07,0/,0F'). Having 
cO(yez) =(1,17,0/,0F) and (x Oy) 6 (Oz) = {(1, OT, OF, 0F), (1,17, 07,0F)} implies 
that x © (y@z) 4 (xOy) PS (yO2z). 


In the proof of Theorem 2.11, [1], the proof of distributivity contains a gap. Our example, 


Example 3.13 can be used as an illustration. 


Notation 1. Let (R,+,-) be an Hy-ring with “0” and “1” as zero and unit respectively satis- 
fying0+0=0,1-1=1 and0-%4=2-0=0 for allx € R. Then (NQ(R),@,©) is called 


neutrosophic quadruple H,-ring. 


Notation 2. Let (NQ(R),®,©) be a hyperring. Then we call it a neutrosophic quadruple 
hyperring. 


Remark 3.14. Let (R,+,-) be a hyperring. Then (VQ(R), 6, ©) may fail to be a hyperring. 
One can easily see that (VQ(R), @, ©) in Example 3.13 is not a hyperring (as the distributivity 
law does not hold.). 


Theorem 3.15. Let R be any set with two hyperoperations “+” and “”. Then (NQ(R), ®, ©) 
is a neutrosophic Hy-ring with zero and unit 0 = (0,0T,07,0F) and 1 = (1,0T,0/,0F) respec- 
tively if and only if (R,+,-) is an Hy-ring with zero and unit “0” and “1” respectively. 


Proof. 'The proof follows from Theorem 3.2, Proposition 3.6, Proposition 3.8 and Proposition 
3.9.5 


Corollary 3.16. Let (R,+,-) be an Hy-ring containing an identity and absorbing element 0 
and a unit 1 with the property thatO+0=0,1-1=1. Then we can construct infinite number 


of neutrosophic quadruple H,-rings. 
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Proof. Theorem 3.15 asserts that (NQ(R),@,©) is an Hy-ring with zero and unit 0 = 
(0,077,0/,0F) and 1 = (1,07, 0/, OF’) respectively. Applying Theorem 3.15 on (NQ(R), %,©), 
we get NQ(NQ(R)) is a quadruple Hy-ring. Continuing on this pattern, we can construct 
infinite number of quadruple H,-rings. Particularly, we have NQ(NQ(...NQ(...(R))...) is 
a quadruple H,-ring. 5 


Proposition 3.17. Let (R,+,-) be any ring with unit. Then (NQ(R), ©, ©) is a neutrosophic 
H,-ring. Moreover, (NQ(R),®,©) is not a ring. 


Proof. We can consider the ring (R,+,-) as an H,-ring with zero and unit. Theorem 3.15 
asserts that (NQ(R),,©) is a neutrosophic H,-ring. 

Having x = (1,0T,01,0F),y = (1,T,01,0F) € NQ(R) implies that x © y C NQ(R). It is 
clear that (1,07, 0/,0F),(1,7,07,0F) €x Oy. Thus, |1@©y|>1. 4 


Example 3.18. Let R, = {0,1} and define (R1,+1,-1) as follows: 





Then (NQ(R1), 6, ©) is a quadruple H,-ring with 16 elements. 


By setting 
1=(1,07,01,0F), ag = (0,07,I, F), aq, = 1, 0,01, 7); 
ag =(0,7,0/,0F), a7=(0,7,/,0F), ayo = (1,7,0I, F), 
az =(0,07/,/,0F), ag =(0,7,0/, F), ay3 = (1,07, J, F), 
ag =(0,07T,0/,F), ag=(,7,07,0F), ay=(1,7,/7,0F), 


a,=(0,T,1,F), ai =(1,0T,1,0F), ais = (1,T7,1,F), 
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we present some of the results for a; 6a; = a; PB aj, 1,7 = 1,2,...,15 in the following table. 


0@ 2 = {xr} for all x € NQ(R) 


1 @ ag = {ag} 
az Bag = {ag} 

as @ as = {0, 1, a2, a4, a5, a6, a7, Ag, a10} 
1@a4= {ar} 


a5 Bag = {45, a6, 47, aio} 

a5 B ag = 1413, 414, G15 } 
1@ ag = {a13} 

a5 OB ai2 = 1413, 414, 415 } 

a5 © a13 = {ag, 412, 14, 15} 
1 @ ag = {aro} 
G4 B a15 = {14,215} 
a14 ® aya = {1, a2, a3, 47, a9, A190, a14} 
1 @ aio = {a3, a10} 


a15 © a3 = {a42, A415} 


161= {1} 
a2 B as = {45, a6} 
1 @ a3 = {ajo} 


a5 DB ag = {45, a7, ag} 
a5 @ a7 = {G4, G5, ag, ag} 
1 @ as = {a5} 
a5 B ajo = 145, ag} 
a5 © a1 = {414,415} 
1 @ az = {a4} 
a5 © a4 = (411, 413, 415 } 
a4 B a4 = {a15} 
1 @ ag = {az, ag} 
a14 B 15 = 144, a5, 46, Gg, A11, 413, 215} 
a15 + a15 = NQ(Rj) 


1 @ ay = {a4, ajo} 


and we present some of the results for a; © aj; = aj © aj, 1,7 = 1,2,...,15 in the following 


table. 


0© «x = {0} for all x € NQ(R}) 
1© ag = {0, a2} 
106 a4 = {0, a4} 
1© ag = {0, a3, a4, ag} 
1© ag = {0, ag, a4, ag} 
1© ajo = {1, aio} 
1Oap= tT, ag, 411, a12} 
1© aya = {1, ag, a0, a14} 
a2 © ag = {0,a2} 


1ol1l= {1} 
1© a3 = {0, a3} 


1 Qa, = {0, 2,43, 44,45, 46, 27, ag} 


1©az = {0, 2,03, a7} 
10 ag = {1, ag} 
1©au = {lan} 


1 © aj13 = {1, a10, a11, 413} 


1© ays = {1, ag, A109, G1, G12, 413, G14, 15 } 


a3 ©) a3 = {0, a3} 


It is clear that (NQ(R1),®, ©) is a commutative quadruple H,-ring. 


Proposition 3.19. Let (R,+,-) be an Hy-ring. Then “1” is the scalar unit of (R,+,-) of and 
only if 1 = (1,07, 0/,0F') is the scalar unit of (NQ(R), , ©). 


Proof. ‘The proof is straightforward by applying the uniqueness of the scalar unit. 5 


Proposition 3.20. Let (R,+,-) be an Hy-ring. Then (R,+,-) is a commutative H,-ring if 
and only if (NQ(R), 6, ©) is a commutative H,-ring. 
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Proof. Theorem 3.5 asserts that (VQ(R), ®) is a commutative H,-group if and only if (R, +) is 
a commutative H,-group. We need to show that (VQ(R), ©) is a commutative H,-semigroup 
if and only if (R,-) is a commutative H,-semigroup. Suppose that (R,-) is a commutative 
H,-semigroup and let « = (21, %oT, x31, 24F),y = (y1, yoT, ysl, yak’) € NQ(R). Easy compu- 
tations show that x Oy = y©u. Thus, (VNQ(R), ©) is a commutative H,-semigroup. 
Conversely, let (VQ(R),©) be a commutative H,-group and a,b € R. Having x = 
(a,07,07,0F),y = (b,7,07,0F) € NQ(R) implies that x © y = (a- b,0T,01,0F) = you = 
(b-a,0T,0/,0F'). Thus, a:b =b-a. Therefore, (R,-) is a commutative H,-semigroup. 5 


Proposition 3.21. Jf (R,+,-) is a VT-H,-ring then (NQ(R),6,©) is not a VT-Hy-ring. 


Proof. Suppose that (R,+) is a VT-H,-ring. Then there exist a,b € R with either |a+ b| > 1 
or |a-b| > 1. 
e Case |a+ b| > 1. Having 0+ 0 = 0 implies that either a 4 0 or b £0 (or both are not 
equal to zero). Without loss of generality, we take b #£ 0. Let x = (a,al,0T,0F),y = 
(b, 07,07, 0F), z = (0,67, b/,bF) € NQ(R). It is clear that y 4 z, |x @y| > 1 and that 
lz @ z| > 1. 
e Case ja-b| > 1. Having 1-1 = 1 implies that either a 4 1 or b £1 (or both are not 
equal to 1). Without loss of generality, we take 6b 4 1. Let x = (a,0/,0T,0F),y = 
(b, OF,07, OF’), z = (0,67, 07,0F) € NQ(R). It is clear that y 4 z, |x©y| > 1 and that 
AOL. |p ee 


Therefore, (NQ(R),@, ©) is not a VT-H,-ring. 5 


4. Neutrosophic quadruple H,-subrings and neutrosophic homomorphisms 





In this section, we define neutrosophic quadruple H,-subrings and neutrosophic homo- 


morphisms and investigate some of their properties. 


Definition 4.1. Let (NQ(R),®,©) be a neutrosophic quadruple H,-ring and T be a non- 
empty subset of NQ(R). Then (7T,6,©) is called a neutrosophic quadruple Hy-subring of 
NQ(R) if (T,@, ©) is a neutrosophic quadruple H,-ring. 


Remark 4.2. Neutrosophic H,-rings have no proper neutrosophic H,-ideals. This is clear as if 
NQ(J) is a neutrosophiv H,-ideal of NQ(R) then (1,07, 0/,0F) € NQ(J). The latter implies 
that (a, bT,cl,dF’) = (a, bT,cI,dF)© (1,07,07,0F) € NQ(J) for all (a, 67, cI,dF) € NQ(R). 


Theorem 4.3. /3/ Let (R,+) be an Hy-group with identity “0”, SC R and0 € S. Then 
(NQ(S),@) ts an H,-subgroup of (NQ(R), &) if and only if (S,+) ts an Hy-subgroup of (R, +). 
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Theorem 4.4. Let (R,+,-) be an Hy-ring with identity “0” and unit 1, SC Rand0,1e€S. 
Then (NQ(S), ®, ©) is an H,-subring of (NQ(R), &, ©) if and only if (S,+,-) 1s an Hy-subring 
of (R,+,-). 


Proof. Theorem 4.3 asserts that (NQ(S),@) is an H,-subgroup of (VQ(R), @) if and only if 
(S,+) is an H,-subgroup of (R, +). We need to show that (NQ(S), ©) is an H,-subsemigroup 
of (NQ(R), ©) if and only if (S,-) is an H,-subsemigroup of (R,-). Suppose that (S,-) is an 
H,-subsemigroup of (R,-). We need to show that « © NQ(S)U NQ(S) © a C NQ(S) for all 
© = (41, 22T, 431, x24F) € NQ(S) which is clear. 

Let (VNQ(S),©) be an H,-subsemigroup of (NQ(R),©) and let x; € S. We need to show 
that 41-SUS-2,; CS. For all yz € S, we have x = (21,07,0/,0F),y = (y1,0T,07,0F) € 
NQ(S). Since x © y C NQ(S), it follows that 71 -y, CS. 4 


Example 4.5. Since (R1,+1,-1) in Example 3.18 has only one H,-subring (R,) containing 
0 and 1, it follows by applying Theorem 4.4 that (NQ(R1),,©) has only one neutrosophic 
H,-subring: (NQ(R1),,©) . 


Example 4.6. Let Ro = {0,1,2} and define (Roz, +2, -2) as follows: 


alo [a Te 
Popo fan] toa 





It is clear that (R2,+2,-2) is a commutative H,-ring that has exactly two non-isomorphic 
H,-subrings containing 0 and 1: {0,1} and Ro. We can deduce that (NQ(R2), 8, ©) is a com- 
mutative neutrosophic quadruple H,-ring and has two non-isomorphic neutrosophic quadruple 
H,-subrings: NQ({0,1}) = {0,1} and NQ(R2). 


Proposition 4.7. Let n > 2 be a natural number and (Z,,+,-) be the ring of integers under 
standard addition and multiplication modulo n. Then (NQ(Zn),®,©) has no proper neutro- 


sophic H,-subrings. 
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Proof. Proposition 3.17 asserts that (NQ(Z,),®,©) is a neutrosophic H,-ring. Let S be a 
subring of Z,. Then there exist d|n with 1 < d <n such that S = dZ,. Since 1 € S if and 
only if d=1 and (1,07,0/,0F') € NQ(S), it follows that NQ(S) = NQ(Z,). g 


Proposition 4.8. Let (S,+,-) be an H,-subring of (R,+,-). Then NQ(S)O@NQ(S) = NQ(S) 
and NQ(S) © NQ(S) C NQ(S). 


Proof. ‘The proof is straightforward. 5 


Definition 4.9. Let (NQ(R), 41,01) and (NQ(J), 62, ©2) be neutrosophic quadruple H,- 


rings. A function ¢: NQ(R) > NQ(J) is called neutosophic homomorphism if 


(07,07T, 07, 0,F); 
153057, 071, 07F): 
On; IpT, Onl, OfF) = (0;, 1;7, 071, 07F): 


(1p, ORT, ORI, ORF) = ( 
0( ( 
(Or, ORT, Lrl, ORF) = (07, 0sT, 1yI,07F); 
9( ( 
9( ) 
9( ) 


= 
= 
= 
= : 
Or, ORT, ORI, 1rRF) = (07,077, 077, 17F); 

xO1Yy) = $(@) G2 Oy) for all x,y € NQ(R); 
£O©1y) = $(x) ©2 d(y) for all x,y € NQ(R). 


If @ is a neutrosophic homomorphism and bijective then it is called neutrosophic isomorphism 


and we write NQ(R) = NQ(J). 


Example 4.10. Let (R,+,-) be an H,-ring. Then f : NQ(R) > NQ(R) is an isomorphism, 
where f(x) = x for all x € NQ(R). 


Proposition 4.11. Let (R,+1,-1) and (J,+2,-2) be Hy-rings. If there exist a homomor- 
phism f : R > J with f(Or) = O7 and f(1lr) = 1y then there exist a homomorphism from 
(NQ(R), G1, ©1) to (NQ(J), G2, O2). 


Proof. Suppose that f : R — J is a homomorphism. We define ¢ : NQ(R) >~ NQ(J) as 
follows: For x = (41, x27, x31, 24F) € NQ(R) 


b(("1, G2T, r3l, caF’)) = (Ff (21), f(ea)T, Flas), faa) F). 


It is clear that @ is well defined and that conditions 1. to 5. of Definition 4.9 are satisfied. Let 
x = (21,227, x31, c4F),y = (yi, vol yal, yaF) € NQ(K). Since f(aitiyi) = f(vi) +2 Ff (yi) for 
i= 1,2,3,4, it follows that 6(a@@,y) = o(@)G2¢(y). Moreover, having f(x7;-1y;) = f(2)-2f (yi) 
for i = 1,2,3,4 implies that $(2 ©, y) = (2) ©2 O(y). g 
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Proposition 4.12. Let (R,+1,-1) and (J,+2,-2) be isomorphic Hy-rings, OR, lr € R with 
Or +0r = Or, lrp-lr=I1pr, OR-x = Op for allx € R and f : (R,+1,-1) > (J, +2,-2) be an 
isomorphism. Then f(Or) =O; and f(1rR) =1¥. 


Proof. let f(Or) = a, flr) = b. Since a = f(OR) = f(OR +1 0R) = atoa anda+toy = 
f(Or +12) > f(x) = y for all y € J, it follows that a is a zero of J satisfying a +2 a = a. 
Moreover, having 6 = f(1lr-11r) = b-2b and bey = f(lre12z) 3 f(x) = y for all y € J implies 
that b is a unit of J satisfying ly-2ly=1y. 4 


Corollary 4.13. Let (R,+1,-1) and (J,+2,-2) be isomorphic H,-rings. Then 
(NQ(R), 1, O1) = (NQ(J), 2, ©2). 


Proof. ‘The proof is straightforward by using Proposition 4.11 and Proposition 4.12. 5 


Corollary 4.14. Let (R,+1,-1) and (J,+2,-2) be Hy-rings and let Hom(R,J) ={f:R- 
J: f is homomorphism, f(Or) =O; and f(lr) =1,7}. If |Hom(R, J)| < co then 


|Hom(R, J)| < |Hom(NQ(R), NQ(/)|. 


Proof. ‘The proof is straightforward using Proposition 4.11. 5 


Let (R,+) be a commutative H,-ring with identity “0” and unit “1” and S C R be an 
H,-subring of R. Then (R/S,+’,-’) is an H,-ring with: S as a zero, “1+ S” as a unit and 
S+'S =S. Here “+’” and “-’” are defined as follows: For all z,y € R, 


(2+ S) 4+’ (y+ S\)=(a+y)4+ S$ and (c+ S8)/(y+S)=2-y4+S. 


Proposition 4.15. Let (S,+,-) be an Hy-subring of a commutative Hy-ring (R,+,-). Then 
(NQ(R/S),8,©) ts an Hy-ring. 


Proof. Since (R,+,-) is commutative, it follows that “+” and “.’” are well defined. The proof 
follows from having (R/S,+’,-’) an H,-ring with S as zero, 1+ S as unit, S-’ («+ S) = 
(c+ S)-’S =S and from Theorem 3.15. 5 


Proposition 4.16. Let (S,+,-) be an Hy-subring of a commutative H,-ring (R,+,-). Then 
(NQ(R/S), 8, ©) = (NQ(R)/NQ(S), 8, 0’). 
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Proof. Let g: NQ(R)/NQ(S) > NQ(R/S) be defined as follows: 
g((21, teT, e31, 24F') 6 NQ(S)) = (a1 + S, (a2 + S)T, (a3 + S)I, (a4 + S)F). 


We claim that g is a neutrosophic isomorphism, that is, g is well defined, one-to-one, onto and 


neutrosophic homomorphism. 


(1) g is well defined. Let x 6 NQ(S) = y®@ NQ(S) € NQ(R)/NQ(S). Then there exist 
vi,yi € R,i = 1,2,3,4 such that x = (21,297, x31, 24F),y = (yi, yoT, ysl, ya’). We 
need to show that 7; + S = y,+ S for 2 = 1,2,3,4, that is 7; + S C y; + S and 
yit S Ca;,+S fori =1,2,3,4. We show thatz7;+5 Cy,+S andy,+5S5 C2,4+S is 
done in a similar manner. Since x 6 NQ(S) = y 6 NQ(S), it follows that x Ee x@zC 
y@NQ(S) for all z = (21, 2eT, 231, z4F') € NQ(S). The latter implies that there exist 
s = (81, 59T, 531, s4F') € NQ(S) such that x@z € y@s. We get a;+2; € yits; CyitS 
for 1 = 1,2,3,4. The latter implies that 7; + S Cy; +S for z= 1, 2,3, 4. 


——™~ 
NS) 
Seat 


g is onto. The proof is straightforward. 

(3) g is one-to-one. Let x @ NQ(S) = (41, x97, x31,24F) @ NQ(S),y 6 NQ(S) = 
(yi, yeT, ysl, yzF) 0 NQ(S) € NQ(R)/NQ(S) with h(x 6 NQ(S)) = h(y 6 NQ(S)). 
We need to show that x 6 NQ(S) = y 6 NQ(S), that is, c 6 NQ(S) Cy 6 NQ(S) 
and y®@ NQ(S) Cx@NQ(S). We prove x 6 NQ(S) Cy@ NQ(S) and yS NQ(S) C 
x @ NQ(S) is done in a similar manner. 
Having h(x @ NQ(S)) = h(y@ NQ(S)) implies that (71+ S, (2+ S)T, (a3 + S)I, (a4 + 
S)F) = (yi tS, (yet S)T, (y3+S)I, (y4t+S)F). The latter implies that 7;+S5 =y,+S 
for i = 1,2,3,4. Let z = (21, 27, z31,24F) € NQ(S). Having 7; + S = y+ S for 
1 = 1,2,3,4 implies that there exist s;, 2 = 1,2,3,4, such that x; + z; C y; + s; for 
i = 1,2,3,4. The latter implies that  @ NQ(S) Cy@s Cy@ NQ(S). 

(4) g is neutrosophic homomorphism. 


e (0,07, 01,0F) = (9, ST, SI, SF), 


e g(1,0T, 01,0F) = (1+S,ST, SI, SF), 

e (0,17, 01, 0F) = (S,(1+S)T, SI, SF), 
e (0,07, 11, 0F) = (S, ST, (1+ S)I, SF), 
e (0,07, OL, 1F) = (S, ST, SI,(1+8)F), 


We have g((@1, 22T, a3l, r4F) BNQ(S) @ (m1, oT’, ysl, ys) BNQ(S)) = g((ai + 
yi, (2+ y2)T, (43 t+y3)L, (catys)F)ONQ(S)) = (tity tS, (catyetS)T, (e3+ 
y3 + S)I, (a4 + y4+S)F). On the other hand, we have g((71,72T, ¢3I,r4F') ® 
NQ(S)) ® g((y1, yoT, ysl, yak) 8 NQ(S)) = (41 + S, (a2 + S)T, (a3 + S)I, (a4 + 
S)F) @ (yi +S; (yo + S)T, (ys + S)L, (ya + S)F). 
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e We have:(x1,22T,¢3I,74F) 6 NQ(S) © (y1,yeT, y3l,ysF) 6 NQ(S) = 
(11,297,231, r4F) © (yi, yor, ysl, yak) @ NQ(S) and g((11, 207,231, 24F) @ 
NQ(S)) © g((y1, yoT, ysl, ys) @ NQ(S)) = (41 + S, (a2 + S)T, (a3 + S)I, (a4 + 
S)F) © (yr + S,(y2 + S)T,(y3 + S)I,(y4 + S)F). Simple computations im- 
ply that g((11, 227, 23I,24F) @ NQ(S) ©' (y1, y2eT, ysl, ys) @ NQ(S)) = 
g((#1, eT, e3I, taF') BNQ(S)) © g((y1, wot, ysl, yak’) B NQ(S)). 
Therefore, (NQ(R/S), 8, ©) = (NQ(R)/NQ(S), 6’, 0’). 


Example 4.17. Let Ro = {0,1,2} and S = {0,1} in Example 4.6. Then NQ(R2/S) = 
NQ(R2)/NQ(S). 


5. Conclusion 


This paper contributed to the study of neutrosophic hyperstructures by introducing neu- 
trosophic quadruple A,-rings and studying their properties. For future work, it will be inter- 
esting to introduce and study other neutrosophic quadruple H,,-structures such as neutrosophic 


H,-modules and neutrosophic H,-vectorspaces. 
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Abstract: Multi-criteria decision making (MCDM) is concerned about coordinating as well as 
looking after selection as well as planning problems which included multi-criteria. The neutrosophic 
soft set cannot handle the environment which involved more than one attribute. To overcome those 
hurdles neutrosophic hypersoft set (NHSS) is defined. In this paper, we proposed the generalized 
ageregate operators on NHSS such as extended union, extended intersection, OR-operation, AND- 
operation, etc. with their properties. Finally, the necessity and possibility operations on NHSS with 
suitable examples and properties are presented in the following research. 


Keywords: Soft set; Neutrosophic Set; Neutrosophic soft set; Hypersoft set; Neutrosophic hypersoft set. 


1. Introduction 


Zadeh developed the notion of fuzzy sets [1] to solve those problems which contain uncertainty 
and vagueness. It is observed that in some cases circumstances cannot be handled by fuzzy sets, to 
overcome such types of situations Turksen [2] gave the idea of interval-valued fuzzy set. In some 
cases, we must deliberate membership unbiassed as the non- membership values for the suitable 
representation of an object in uncertain and indeterminate conditions that could not be handled by 
fuzzy sets nor interval-valued fuzzy sets. To overcome these difficulties Atanassov presented the 
notion of Intuitionistic fuzzy sets in [3]. The theory which was presented by Atanassov only deals the 
insufficient data considering both the membership and non-membership values, but the intuitionistic 
fuzzy set theory cannot handle the incompatible and imprecise information. To deal with such 
incompatible and imprecise data the idea of the neutrosophic set (NS) was developed by 
Smarandache [4]. 

A general mathematical tool was proposed by Molodtsov [5] to deal with indeterminate, fuzzy, 
and not clearly defined substances known as a soft set (SS). Maji et al. [6] extended the work on 5S 
and defined some operations and their properties. In [7], they also used the 5S theory for decision 
making. Ali et al. [8] revised the Maji approach to SS and developed some new operations with their 
properties. De Morgan’s Law on SS theory was proved in [9] by using different operators. Cagman 
and Enginoglu [10] developed the concept of soft matrices with operations and discussed their 
properties, they also introduced a decision-making method to resolve those problems which contain 
uncertainty. In [11], they revised the operations proposed by Molodtsov’s SS. In [12], the author’s 
proposed some new operations on soft matrices such as soft difference product, soft restricted 
difference product, soft extended difference product, and soft weak-extended difference product 
with their properties. 

Maji [13] offered the idea of a neutrosophic soft set (NSS) with necessary operations and 
properties. The idea of the possibility NSS was developed by Karaaslan [14] and introduced a 
possibility of neutrosophic soft decision-making method to solve those problems which contain 
uncertainty based on And-product. Broumi [15] developed the generalized NSS with some 
operations and properties and used the proposed concept for decision making. To solve MCDM 
problems with single-valued Neutrosophic numbers presented by Deli and Subas in [16], they 
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constructed the concept of cut sets of single-valued Neutrosophic numbers. On the base of the 
correlation of intuitionistic fuzzy sets, the term correlation coefficient of SVNSs [17] was introduced. 
In [18], the idea of simplified NSs introduced with some operational laws and aggregation operators 
such as real-life Neutrosophic weighted arithmetic average operator and weighted geometric average 
operator. They constructed an MCDM method on the base of proposed aggregation operators. 

Smarandache [19] generalized the SS to hypersoft set (HSS) by converting the function to a mullti- 
attribute function to deal with uncertainty. Saqlain et al. [20] developed the generalization of TOPSIS 
for the NHSS, by using the accuracy function they transformed the fuzzy neutrosophic numbers to 
crisp form. In [21],s the author’s proposed the fuzzy plithogenic hypersoft set in matrix form with 
some basic operations and properties. Martin and Smarandache developed the plithogenic hypersoft 
set by combining the plithogenic sets and hypersoft set in [22]. Saqlain et al. [23] proposed the 
aggregate operators and similarity measure [24] on NHSS. In [25], Abdel basset et al. applied TODIM 
and TOPSIS methods based on the best-worst method to increase the accuracy of evaluation under 
uncertainty according to the neutrosophic set. They also used the plithogenic set theory to solve the 
uncertain information and evaluate the financial performance of manufacturing industries, they used 
the AHP method to find the weight vector of the financial ratios to achieve this goal after that they 
used the VIKOR and TOPSIS methods to utilized the companies ranking in [26]. 

In the following paragraph, we explain some positive impacts of this research. The main focus 
of this study is too generalized the aggregate operators of the neutrosophic hypersoft set. We will use 
the proposed aggregate operators to solve multi-criteria decision-making problems after developing 
distance-based similarity measures. Saqlain et al. [23], developed the aggregate operators on NHSS 
but in some cases, we face some limitations such as in union and intersection. To overcome these 
limitations we develop the generalized version of aggregate operators on NHSS. 

The following research is organized as follows: In section 2, we recall some basic definitions used 
in the following research such as SS, NS, NSS, HSS, and NHSS. We develop the generalized aggregate 
operators on NHSS such as extended union, extended intersection, And-operation, etc. in section 3 
with properties. In section 4, the necessity and possibility of operations are presented with examples 
and properties. 


2. Preliminaries 


In this section, we recall some basic definitions such as 55, NSS, and NHSS which use in the following 
sequel. 

Definition 2.1 [5] Soft Set 

The soft set is a pair (F, A) over 0 if and only if F: A> P(0) isa mapping. That is the parameterized 
family of subsets of 0 known as a SS. 

Definition 2.2 [4] Neutrosophic Set 


Let U be a universe and A be an NS on U is defined as A = {< u,T, (uw), I,(u), Fx(u) >: u € Oh, where T, 
LF:U0 > ]07, 1*[ and 07 < T,(u) + Ky(u) + Fy(u) < 3%. 

Definition 2.3 [13] Neutrosophic Soft Set 

Let U and E are universal set and set of attributes respectively. Let P(U) be the set of Neutrosophic 
values of U and AC E. A pair (F, A) is called an NSS over U and its mapping is given as 

F: A > P(0) 

Definition 2.4 [19] Hypersoft Set 

Let U be a universal set and P(U ) be a power set of U and for n> 1, there are n distinct attributes such 
as k,, ko, k3,..., Ky and Ky, Kz, K3,..., Ky, are sets for corresponding values attributes respectively 
with following conditions such as kK, N kK; = @ (i #/) and i, j € {1,2,3 ... n}. Then the pair (F, K, x Ky 
x K3x ...x K,) is said to be Hypersoft set over U where F is a mapping from K, x Kz x K3x ... * Ky 


to P(U). 
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Definition 2.5 [22] Neutrosophic Hypersoft Set (NHSS) 
Let U be a universal set and P(O ) be a power set of U and for n= 1, there are n distinct attributes such 
as k,, ko, k3,..., Ky and Ky, Kz, K3,..., Ky, are sets for corresponding values attributes respectively 
with following conditions such as K; 1 K; =@ (i#j) and i, j € {1,2,3 ... n}. Then the pair (F, A) is said 
to be NHSS over U if there exists a relation K, x K, x K3x ... x K, =A. Fis amapping from K, x 
K, x K3x...* Ky to P(O) and F(K, x Ky x K3x...* Ky) = {<u,T,(u), (uw), Fy(u) >: u € O} where 
T, I, F are membership values for truthness, indeterminacy, and falsity respectively such that T, [, F: 
O > JO", 1*L and 07 < T(u) + (wu) + Fy(u) < 3%. 
Example 2.6 Assume that a person examines the attractiveness of a living house. Let U bea universe 
which consists of three choices U = {U,, Uz} and E= {&, €, €3} bea set of decision parameters. Then, 
the NHSS is given as 

Fy, ={< uy, , (€,{0.4, 0.7, 0.5}, €,{0.8, 0.5, 0.3}, €5{0.6, 0.5, 0.9}) > 

< Uy, (€,{0.1,0.5,0.7}, €,{0.5, 0.6, 0.2}, €3{0.7, 0.4, 0.6}) >} 


3. Generalized Aggregate Operators on Neutrosophic Hypersoft Set and Properties 


In this section, we present the generalized aggregate operations on NHSS with examples. We prove 
commutative and associative laws by using proposed aggregate operators in the following section. 
Definition 3.1 
Let F, € NHSS, then its complement, is written as (F,)° = F°(A) and defined as 
F°(A) = {< u,T(F°(A)), [CF (A)), F(FS(A)) > : u € U} such that 
T(FS(A)) = 1- Tr), 
I(FS(A)) = 1- In), 
F(F°(A)) = 1- Fa). 
Example 3.2 Reconsider example 2.6 
F°(A) = {< uy, , (€,{0.6, 0.3, 0.5}, €2{0.2, 0.5, 0.7}, €3{0.4, 0.5,0.1}) > 
< Uy, (€,{0.9, 0.5, 0.3}, €,{0.5, 0.4, 0.8}, €3{0.3, 0.6, 0.4}) >} 
Proposition 3.3 
If Fy € NHSS, then (F°(A))° = Fy. 
Proof 
By using definition 3.1, we have 
F°(A) = {<u T(F°(A)), I(F°(A)), F(F*(A)) > uu € U} 
={<u,1— T(F,)),1— 1 (Fx), 1— F (Fa) >: u € UL 
Thus 
(F°(A))S = t< wt — (— THy)), 1 — A IF), 1 - A FE ay) > su € US, 
(F°(A))° = {<u,T (Fa), 1Cy), F(Fa) > su € U} = Fy. 
Which completes the proof. 
Definition 3.4 Extended Union of Two Neutrosophic Hypersoft Set 
Let F,,, Fx, € NHSS, then their extended union is 
T (Fay) ifuEe A,— Ag 
T (Fy, U Fy,)= T (Faz) ifue A,— Ay 
Max(T(Fa,),T(Faz))  ifu € AN A, 
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I(Fa,) ifu € Ay — Ay 

I (F,, U Fq,) = 4 1 Faa) ifu € Ay— Ay 
Min (I(Fa,),1(Fag)) ifwce Apa A; 

F(Fy,) ifu € Ay — Ay 

F (Fa, U Fa,)= 4 Fao) ifu € Ay — Ay 


Min(F(Fr,),F(Faz))  ifu € AYN A, 
Example 3.5 Let U = {u,, uz, uz, u,} be a universal set and E = {&, €2, €3, €4} be a set of decision 
parameters and Fy, = (Uy, U4} and Fy, = (Uz, U4} 
Fy, ={< uy, (€1{0.4, 0.7, 0.5}, €2{0.8, 0.5, 0.3}, €3{0.6, 0.5, 0.9}, €,{0.3, 0.7, 0.2}) > 
< Uy, (€,{0.4, 0.7, 0.2}, €,{0.6, 0.5, 0.3}, €5{0.8, 0.4, 0.7}, €,{0.6, 0.4, 0.3}) >} 
Fr, ={< Uz, (€,{0.7, 0.4, 0.6}, 2 {0.4, 0.6, 0.9}, €3{0.7, 0.4, 0.6}, €4{0.7, 0.6, 0.3}) > 
< uy, (€,{0.6, 0.2, 0.7}, €,{0.5, 0.7, 0.3}, €3{0.4, 0.8, 0.5}, €,{0.5, 0.6, 0.4}) >} 
Fy, U Fa, ={< uy, (€,{0.4, 0.7, 0.5}, €2{0.8, 0.5, 0.3}, 3 {0.6, 0.5, 0.9}, €4{0.3, 0.7, 0.2}) > 
< Uy, (€,{0.7, 0.4, 0.6}, €,{0.4, 0.6, 0.9}, €3{0.7, 0.4, 0.6}, €,{0.7, 0.6, 0.3}) > 
< Uy, (€,{0.6, 0.7, 0.7}, €,{0.6, 0.7, 0.3}, €,{0.8, 0.8, 0.7}, €,{0.6, 0.6, 0.4}) >} 
Proposition 3.6 
Let Fa,, Fx, and Fy, are NHSSs than 
1. (Fy, U Fy.) = (Fy, U F,,) (Commutative law) 
Z. (Fy, U Fy.) UE SoBe 0 (Fy, U Fy.) (Associative law) 
Proof 1. In the following proof first two cases are trivial, we consider only the third case in this 
proposition 
(Fa, U Fay) = (<u, (max {T(Fa,),T (Fag) }. min (Fa, ), 1 (Pap) }. mintF (Fa, ),F(Fay)}) >} 
. {< U, (max{T (Fa, ),T(Fa,)},min UU (Faz), 1(Fay)} minfF (Fa, ), F(Fa,)}) >} 
= (Fa, U Fay) 
Proof 2: Let Fy,, Fy, and F,, are NHSSs than 
Fay U Fay = {< “ (Max{T(Fa,),T(Faz)}, Min U (Fay) 1(Fag)}, Min{F (Fa, ), F (Faz) 3) >} 
(Fx, U Fan) U Fag = 


{< u, max {max{T(Fa,), T (Faz) f T(Fr3)} min {min{ I(Fa,), I(Faz)}, LCP) ji min {min {F (Fay); F(Fa,)}; F(Fa3)} >} 


= {< umax { 7(Fa,),7(Fag), T(Fas)} min { (1(Fag).1(Fag)} 1(Fag)}-min {{F(Fa,), F Fag)} F Fas)} >} 


= {< uymax {T(Fy,), max {T(Fy,),T(Fag)}t,min {7(F,,), min {1(F,,),1(Fag)}}, min {F(F,,), min {F(Fa,), F(Fas)}} >} 
=a (ing U Fas) 

Definition 3.7 Extended Intersection of Two Neutrosophic Hypersoft Set 

Let F,,, Fx, € NHSS, then their extended intersection is 


T(Fy,) if u E Ay = Ap 
T (Fa, n F,,) = T (Fy) if u E A> = A, 
Min (T(Fa,),T(Fag)) ifu EAN A, 
I(Fy,) if u Ee Ay — Ap 
I (Fa, 0) TS I(Fy,) if u E Ap = Ay 
Max (I(F,,),J(Fan)) if € AVA Ay 
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FOR. ifu E€ A, — A, 
F (Fy, 0 F,,)= F(F,) ifu Ee A,— Ay 
Max(F(F,,),F(Fa))  ifu € AN A, 
Proposition 3.8 Let F,,, Fy, and F,, are NHSSs than 
1. Fa, A Fay = Fa, 1 Fy, (Commutative law) 
2. (Fy, N Fy.) 1 ei ae 1) (Fy, al Fis) (Associative law) 
Proof 1. Similar to Proposition 3.6. 
Proposition 3.9 Let F,,, Fy, are NHSSs then 
1. (Fay U Fa)® = FO(Ad) 9 FS(A2) 


2. (Fa, 9 Fa,)® = Fo(Ay) U FO(Az) 


Proof 1. Let Fy, and F,, € NHSS, such as follows 
Fay = {< U, {T (Fay) (Fay), F(Fay)} >} and Fy, = {< U, {T (Faz)! (Fag), F (Fag) >} 


(Fa, U Fag) = f<u,(max{T(Fy,),T(Fag)} min {1(Fa,),1(Fay)} min{F (Fa), F (Fag) >} 


={<u, (min{1 —T(Fy,),1—T(Fy,)}, max {1 —1(Fy,),1— I(Fy,)}, max{1 — F(FA,),1- F(Fa,)) >} 

= {< u, (min{T (F*(A,)), TE (Az), max UF (Ay), [CFS (A2))3, max{F (Fo (Ay )), FCFS(A2))3) >3 

= F°(A,) N F*(A;) 

Proof 2. Similarly, we can prove 2. 

Definition 3.10 OR-Operation of Two Neutrosophic Hypersoft Set 

Let Fy,, Fa, € NHSS. Consider kj, kz, k3, ..., kn for N= 1, be n well-defined attributes, whose 
corresponding attributive values are respectively the set K,, Kz, K3,..., K, with K; N K; =@, fori# 


j and i, je{1,2,3 ... n} and their relation K, x Kz x K3x...* Ky, = A, then Fy, v Fa, = Fa, xa,, then 
T (Fa, x2) = Max (T(Fa,),T (Fag) ), 
I (Fa, xz) = Min (1(Fa,),1(Fay)), 


F (Fa, xa.) = Min (F(Fa,), F(Fag)). 


Example 3.11 Reconsider example 3.5 
Fina Wo Tiny = FA s0N5 
= {< (Uj, U2), (€, {0.7, 0.4, 0.5}, €,{0.8, 0.5, 0.3}, €3{0.7, 0.4, 0.6}, €,{0.7, 0.6, 0.2}) > 

< (U,, U4), (€;, {0.6, 0.2, 0.5}, €,{0.8, 0.5, 0.3}, €3{0.6, 0.5, 0.5}, €,{0.5, 0.6, 0.2}) > 

< (Uy, Uz), (€, {0.7, 0.4, 0.2}, €,{0.6, 0.5, 0.3}, €3{0.8, 0.4, 0.6}, €,{0.7, 0.4, 0.3}) > 

< (Uy, uy), (€, {0.6, 0.2, 0.2}, €,{0.6, 0.5, 0.3}, €3{0.8, 0.4, 0.5}, €,{0.6, 0.4, 0.3}) >} 
Definition 3.12 AND-Operation of Two Neutrosophic Hypersoft Set 
Let Fy,, Fa, € NHSS. Consider ky, kz, k3, ..., kn for N= 1, be n well-defined attributes, whose 
corresponding attributive values are respectively the set K,, Kz, K3,..., K, with K; N K; ==4@, fori 


# j and 1, je{1,2,3 ... n} and their relation K, x Kz x K3x...* K, = A then Fy, A Fay = Fa, xa,, then 


Rana Muhammad Zulgarnain et. al., Generalized aggregate operators on Neutrosophic Hypersoft set 


Neutrosophic Sets and Systems, Vol. 36, 2020 276 


T (Fa, xa,)= Min (T(Fa,),T(Fag)), 


I (Fay x2) = Max (1(Fa,),1(Fag)), 


F (Fay x ag) = Max (F(Fa,),F(Fag)): 

Proposition 3.13 Let F,,, Fy, are NHSSs then 

1. (Fa, Vv Fap) = F°(Ay) 4 FS(AQ) 

De AE WEG) =P hy) PEO) 
Proof 1. Let Fy, and F,, € NHSS, such as follows 
Fy, = {< up {T (Fa) 1(Fa,), FCRa,)} >: uw € US and Fy, = {< uj, {T(Fy,),1(Fa,), F(Fa,)} >: uy € U} 
By using definition 3.10 we get 
Fa, V Fay = {< (uz, uy), e, max{T (Fy, ), T(Fa,)}, min{I (Fy, ),1(Fy,)}, min{F (Fy, ), Fa} >} 
(Fr, Vv Fa>) = {< (pu), [e, 1 — max{T(Fy,), T(Fa,)}, 1 — min{I(F,,),1(Fa,)}, 1 — min{F (Fy, ),1 — F(Fy,)}] >} 
(Fr, ¥ Fa>) = {< (up uy), le, min(1 — T(F,,), 1 — T(Fa,)}, max{1 — I(F,,), 1 — 1(F,,)}, max{1 — F(Fy,),1 — F(Fa,)}] >} 
(Fay V Fag) = {< (tu), le, min{? (F¢(Ay)), T(F*(Aa))}, max{l (F°(Ay)), 1(F(Az))}, max{F (F*(Ay)), F (F(A) >} 
since 
F°(Ay) = t< up tT (Fo (Ay), FF (AL), FFA ))5 > ui € US and 
F(M2) = {< uj, {TFS (Ag)), CFS (Az), FCF (A2))} > uy € US 
By using definition 3.12, we get 
F°(Ay) A F°(Az) = {< (uz uy), [e,min{T(F°(A,)), TF *(A2))}, max{l (F°(Ay)), 1(F*(Az))}, max{F (F°(Ay)), F (F°(A2))3] >} 
SO 
(Fy, V Fay) = FO(Ay) a F°(A2). 
Similarly, we can prove 2. 
4. Necessity and Possibility Operations 
The necessity and possibility operations on NHSS with some properties are presented in the 
following section. 
Definition 4.1 Necessity operation 
Let F, € NHSS, then necessity operation on NHSS represented by © F, and defined as follows 
@ Fy = {< u, {T(Fy), Ca), 1 — TCR) } >} forall u € U. 
Example 4.2 Reconsider example 2.6 

®D Fy ={< uz, (€,{0.4, 0.7, 0.6}, €,{0.8, 0.5, 0.2}, €3{0.6, 0.5, 0.4}) > 
< Uy, (€,{0.1,0.5,0.9}, €2{0.5, 0.6, 0.5}, €3{0.7, 0.4, 0.3}) >} 

Proposition 4.3 

1 @(%, UK) =O Rh, UO, 

2 O(h,9h%,)=-Om, NOK, 
Proof 1. Let Fy, U Fy, = Fy, then 


T(Fy,) if u E Ay Ta Ap 
Pa) T (Faz) ifue A,— A, 
Max{T(Fy,),T(Fa,)} ifu € A,N A, 
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I(Fy,) if u e Ay —- Ap 
EF) = I(Fa5) ifu € A, — Ay 
Min{I(Fy,),1(Fa,)} ifu € A,N A, 
F(F,) if u E Ay = Ap 
F (Fy,) = 4 Cag) ifu € A, — Ay 
Min{F (Fy, ),F (Fa, )} ifu €A,N A, 


By using the definition of necessity operation 


@OF,, = {<u,{®T(Fy,),O 1(Fy,), OB F(Fa,)} >:u € U}, where 


T(F,,) ifue Ay— A, 
®T (Fy) = 4 Pag) ifueA,— Ay 
Max{T (Fy, ),T(Fa,)} ifu € A,N A, 
I(Fy,) ifu € Ay — A, 
@I (Fy) = 4 !FPag) ifu € A, — Ay 
Min{I(F,,),1(Fa>)} ifu € Ayn A, 
1 —T(Fy,) ifu € Ay — A, 
® F (Fy,)= 1—T(F,) ifueé A,- A, 
1 — Max{T(Fy,),T (Fa.)} ifu EAN A, 


Assume 

@Fy, = {< w{T(Fy,), (Fa, ),1-T(Rs,)} >:u € U} 
@F,, = {<u,{T(Fy,),1(Fa,),1—T(Fa,)} >:u € U} 
OF, U DF, = Fs, where 

Fs = {< u,{T(Fs), 1 (Fs), FCFs)} >:u € U}, such that 


Ta ifu eA, — A, 

T (Fs) = 4 Tag) ifu Ee A,— Ay 
Max{T(Fy,),T(Fa,)} ifu € A,N A, 
I(Fy,) ifue A,— A, 

I (Fs) = 41a) ifueA,— Ay 
Mint{I(F,,),1(Fa>)} ifu € AN A, 
1-—T(F,,) ifu Ee A,— A, 

F (Fs)= 41-T(Fy,) ifu € A, — A, OR 
Min{1 —T(F,,),1-T(F,)} ifu € A,N A, 
1—T(F,,) ifu € A,— A, 

F (Fs)= 41-T(F,) ifu € A, — Ay 
1 — Max{T(Fy,),T(Fa,)} ifu € A,N A, 


Consequently @F,, and Fs are same. So 
® (Fa, U Fy.) =@ Fy, U @ Fay. 
Similarly, we can prove 2. 
Definition 4.4 Possibility operation 
Let F, € NHSS, then possibility operation on NHSS represented by ® F, and defined as follows 
® Fy = {<u,{1 — F(F,), 1G), Fy} >} forall u € U. 
Example 4.5 Reconsider the example 2.6 
® Fy ={< uz, (€,{0.5, 0.7, 0.5}, €2{0.7, 0.5, 0.3}, €3{0.1, 0.5, 0.9}) > 
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< Up, (€,{0.3, 0.5, 0.7}, €2{0.8, 0.6, 0.2}, €3{0.4, 0.4, 0.6}) >} 
Proposition 4.6 


1. & ae U Fags) os & oe U & Fy, 


Ds &) (Fy, 0) Fy.) = &) Exe 1) &) Fag 
Proof 1. Let Fy, U Fy, = Fy, then 


T(Fy,) if u E Ay aaa A> 

Eins) e T (Faz) ifu€ A,— A, 
Max{T(Fy,),T(Fa,)} ifu EAN A, 

I(Fy,) if u E Ay —— Ap 

I (Fy,) = 4 1g) ifu € A,— Ay 
Min{I(Fy,),1(Fa,)} ifu € A,N A, 

F(F,,) if u E Ay — A> 

F (Fy,) = 4 # Cag) ifue A,— A, 
Min{F (Fy, ),F (Fa, )} ifu € AYN A, 


By using the definition of necessity operation 


@ Fy, = {< u{®@ T(Fh,),@ I(Fa,),@ F(F,,)} >:u € U}, where 
1—F(F,,) 


ifueA,— A, 
@ T (Fy,)= 4 1— Fag) 


ifu € A,— Ay 


se Max{F (Fy, ),F(Fa,)} ifu EAN A, 
1 — F(F,,) ifu € A, — A, 
= 11-—F(F,,) ifueA,— A, 
Min{1 — F(Fy,),1— F(Fa,)} ifu € A,N A, 
I(Fy,) if u E Ay = Ap 
@ I (Fy) = 4 aa) ifuceA,— Ay 
Min{I(Fy,),1(Fa,)} ifu EAN A, 
F(Fy,) ifu eA, — Ay 
@ F (Fy,)= 4% Cag) ifueA,— Ay 
Min{F (Fy,),F(Fa,)} ifu EAN A, 


Assume 


@Q Fy, ={<u{1—F(Fa,),/(Fa,), F(Fa,)} >:u € U} 

@ Fy, = {<u{1—F(Fh,),1(Fa,), F(Fa)} >: u € U} 

© Fy, U @Fa, = Fs, where 

Fs = {< u,{T(Fs), 1(Fs), FCFs)} >:u € U}, such that 
1 — F(F,,) 


ifu € Ay — Ao 
&®) T (Fs) = PoE CF i) 


ifu € A, — Ay 


1 — Max{F(F,,),F(Fa,)} ifu € ANA, 
I(Fy,) ifu EA, — Ay 
® I (Fs)= 4 1 ay) ifue A,— A, 
MintI(F,,),1(Fa>)} ifu € A,N A, 
F(Fy,) ifu EA, — Ay 
&®) F (Fs) = F(F,,) ifu Ee A,— A, 
Min{F (F,,),F(Fa)} ifu EAN A, 
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Consequently ® Fy, and Fs are same. So 
cd (Fa, U Fay) = 86 Fr, U@ Fr, 
Similarly, we can prove 2. 
Proposition 4.7 Let F,, and Fy, € NHSS, than we have the following 
1 @(Fy, AF.) = Fa, © OFh, 
2. @(Fa, Vv Fa.) =@Fn, Vv OF, 
3. @ (Fa, Fy.) = OF, A OF, 
4. @(Fa,vFy,) = OF, V OF, 
Proof 1. Assume Fy, A Fy, = Fa, xa,, where (uj,uj) € Ay x A, 
Fax dy = (< (uj uj), [e, min{T (Fa, ), T(Fa,)}, max{I (Fa, ),1(Fa,)}, max{F (Fa, ), F(Fa,)3| >} 
By using definition 4.1, we have 
@(Fy, AFy,) = {< (uz uj), le, min{T (Fy, ), T(Fa,)}, max{1(Fy, ), 1(Fa,)}, 1 — min{T (Fy, ), T(Fa,)3] >} 
Since 
® Fa, = (< w {TFa,),!CFay) 1 -— T(Fay)} >}, and 
ee (<u; {T(Fa,), I(Fy,), dos EF) >|, then by using AND-operation, we get 
D Fy, A @O Fas = 
{< (u;, u;), |e, min{T(F,, ), T(F,,)}, max{1(Fy, ), 1(Fa,)}, max{1 — T(Fa,),1-— Ty.) }] >} 
= {< (u;,u;), |e, min{T (Fy, ), Ta.) }, max{l (Fy, ), 1Fa,)}, 1 — min{T(Fy,), Ta} >} 
= ®(Fay 4 Fag) 
Proof 2. Similar to Assertion 1. 
Proof 3. Assume Fy, A Fy, = Fa, xa,, Where (uj,uj) € Ay X Ap 
Fax Ay = (< (uj uj), [e, min{T (Fa, ), T(Fa,)}, max{I (Fa, ), 1 (Fa,)}, max{F (Fa, ), F(Fa,)3] >} 
By using definition 4.4, we have 
@ (Fy, 4 Fy.) = {< (uz, uj), |e, 1 — max{F (Fy, ), F(Fa,)}, max{I (Fa, ),1(F,,)}, max{F (Fa, ), F(Fa,)}] >} 
Since 
@ Fy, = {<u {l— F (Fay), !(Fay), Fa )} >}, and 
® Fa, = {<u {1—- F(F,,), I(Fy,), F(F,,)} >}, then by using AND-operation, we get 
© Fy, 4 @ Fa, = 
{< (u;,u;), |e, min{1 — F(F,,),1 — F(Fy,)}, max{l (Fy, ), [Fy }, max{F (Fy, ), F(Fa,)3] >} 
= {< (u;,u;), |e, 1 — max{F(F,, ), F(Fa,)}, max{I (Fa, ),1(Fa,)}, max{F (Fy, ), F(Fa,)3}] >} 
= @ (Fay 9 Fag) 
Proof 4. Assume Fy, v Fy, = Fa, xa, Where (uj;,uj) € Ay X Ag 
Fr, x ay = (< (uj uj), [e, max{T (Fy, ), T(Fa,)}, min{l (Fy, ),1(Fa,)}, min{F (Fy, ), F(Fa,)}| >} 
By using definition 4.4, we have 
@ (Fy, v Fan) = {< (uz wu), |e, 1 — min{F (Fy, ), F(Fa,)}, min{I (Fy, ), 1a.) }, min{F (Fy, ), Fa) }] >} 
Since 
® Fa, = {< u {1 — F(Fa,),1(Fa.)) F (Fa) >}, and 
® Fa, = {<u {1—- F(F,,), I(Fy,), F(F,,)} >}, then by using OR-operation, we get 
© Fy, v ® Fa, = 
{< (uj, uj), |e, max{1 — F(F,,),1 — F(F,,)}, min{I (Fy, ), 1a.) }, min{F (Fy, ), F(a) 3] >} 
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{< (uj, uj), |e, 1 — min{F (Fy, ), F(F,,)}, min (Fy, ), 1(Fy,)}, min{F (Fy, ), Fa) 3] >} 
= @ (Fay 4 Fag) 


5. Conclusion 


In this paper, we study neutrosophic hypersoft set with some basic definition. We proposed the 
generalized aggregate operators on neutrosophic hypersoft sets such as complement, extended 
union, extended intersection, And-operation, and Or-operation with their properties and proved the 
commutative and associative laws on NHSS by using extended union and extended intersection. 
Finally, the concept of necessity and possibility operations on NHSS with suitable numerical 
examples and properties are presented. For future trends, we can develop the distance-based 
similarity measure and will be used for decision making, medical diagnoses, pattern recognition, etc. 
We also develop the neutrosophic hypersoft matrices with its operations and properties by using 
proposed operations and use for decision making. 
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Abstract. The idea behind the neutrosophic set is we can connect the concept by dynamics of opposite interacts 
and its neutral that are uncertain and get common parts. Automata theory is beneficial to solve computational 


complexity problem and also it is an influential mathematical modeling tool in computer science. Inspired by 





the concepts of neutrosophic sets and automata theory, here, we are introducing and discussing the algebraic 
concept of neutrosophic finite automata based on the paper [10]. Generally, composite machines can be achieved 
by the output of the one machine that will be used as input for another machines. This paper introduced the 
concept of composite automata under the environment of the neutrosophic set and also examined the box 
function between the composite neutrosophic finite automata. 


Keywords: automata theory, stable, composite, box function, neutrosophic set 


1. Introduction 


Smarandache has proposed an idea of neutrosophic sets which was extending from 


fuzzy sets. Neutrosophic sets have membership values lies in ]0~,17[, the nonstandard unit 





interval which includes the degree of truth, indeterminacy, and falsity. It is a device for 
handling the computational complexity of real-life and scientific problems whereas the fuzzy 


set has limited sources to depict it. ‘he neutrosophic sets are different from intuitionistic fuzzy 








sets, it is because the neutrosophic set degree of indeterminacy can be defined independently 


since it is quantified explicitly. Aftermath, there are lots of research works done in various fields 
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such as algebraic structures |5/21!29], topological structures [8/20/24], control theory |17|18/36], 
decision-making (2}3}[1.4][22}|34], medical and smart product-service system [4]. 


Generally, computational complexity problems are solved by the automata theory. It has a 
wide application in computer science and discrete mathematics which is also used to study the 
behavior of dynamical discrete systems. Fuzzy automata emerge from the inclusion of fuzzy 
logic into automata theory. Fuzzy finite automata are beneficial to model uncertainties which 
inherent in many applications [6]. Wee and Santos first introduced the theory of 
fuzzy finite automata to deal with the notions frequently encountered in the study of natural 
languages such as vagueness and imprecision. Malik et al introduced a considerably simpler 
notion of a fuzzy finite state machine that is almost identical to fuzzy finite automatons and 
greatly contributed to the algebraic study of the fuzzy automaton and fuzzy languages. In 
addition, several researchers contributed to the development of the theory of fuzzy automata 
( ). Fuzzy finite automata with output offer further inclination in providing output compare 
to one without outputs. For each assigning input, the machine will generate output and its 
value is a function of the current state and the current input. Verma and Tiwari recently 
introduced and studied the concepts of state distinguishability, input-distinguishability, and 
output completeness of states of a crisp deterministic fuzzy automaton with output function 
based on [7]. 

In recent years neutrosophic sets and systems have become an area of interest for many 
researchers in different areas because it can provide a practical way to address real-world prob- 
lems more efficiently along with indeterminacy naturally especially in the realm of decision- 
making. Neutrosophic automata is a newer model, which is extended from a fuzzy automata 
theory. ‘he neutrosophic set idea was incorporated in automata theory by many researchers 
in different forms such as finite state machine and its switchboard machine was introduced by 


under the concept of interval neutrosophic sets and single-valued neutrosophic sets [31]. 





Further, the finite automata theory has been extended by the concept of general fuzzy au- 
tomata under the environment of neutrosophic sets, which is called as neutrosophic general 
finite automata [12]. In addition, the concept of distinguishability and inverse of neutrosophic 
finite automata was introduced by Kavikumar et al. in [10]. However, still, there are many 
algebraic structures of neutrosophic automata theory that haven’t been studied yet especially 
automaton with output. Hence, it is important to study more algebraic structures on neutro- 
sophic automata theory with outputs. ‘Therefore, our motive is to study and introduce the 
concept of composite neutrosophic finite automata which we can obtain by using the outputs 


of one automaton as inputs to another automaton. 
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2. Preliminaries 


Definition 2.1. Let X be a universe of discourse. The neutrosophic set is an object having the 
form A = {~% x, 61(2x), d2(x), 63(a”) > |Va € X} where the functions can be defined by 64, 62, 63 : 


X —|0,1] and 6; is the degree of membership or truth, 62 is the degree of indeterminancy and 











03 is the degree of non-membership or false of the element x € X to the set A with the 
condition 6;(a) + 69(x) + 63(x) < 3. 


Let X be a universe of discourse and A is a neutrosophic subset of X. A map ’\: X > L, 


where L is a lattice-ordered monoid. The definition of lattice-ordered monoid is as follows: 


Definition 2.2. An algebra L = (L,<,/A,V,¢,0,1) is called a lattice-ordered monoid if 


(1) L=(LZ,<,/A,V,0,1) is a lattice with the least element 0 and the element element 1. 
(2) (L,e,1) is a monoid with 1 identity 1 € DL such that a,b,c € L. 

(a) ae0D=ON0cea=J, 

(b)a<bsSaexr<bebVaeE L, 

(c) ae(bVc) = (aeb)V (bec) and (bVc)ea= (bea) V (cea). 





Throughout, we work with a lattice-ordered monoid L so that the monoid (L,e,1) satisfies 
the left cancellation law. A neutrosophic finite automaton with outputs (in short; neutrosophic 
finite automata (NFA)) has considered with neutrosophic transition function and neutrosophic 


output function. 


Definition 2.3. A NFA is a five-tuple M = (Q,%, Z,6,0), where Q is a finite non-empty 
set of states, XJ is a finite set of input alphabet, Z is a finite set of output alphabet, 6 is a 
neutrosophic subset of @ x & x Q which represents neutrosophic transition function, and a is 


a neutrosophic subset of Q x & x Z which represents neutrosophic output function. 


Definition 2.4. Let M = (Q,%, Z,6,0) be a NFA. 


(1) Q={q,4,---;dn}, is a finite set of states, 

(2) = {x1,%2,...,2n}, is a finite set of input symbols, 

(3) Z = {y1, y2,---, Yn}, is a finite set of output symbols, 

(4) Let 6 =X 61, 62, 63 > is a neutrosophic subset of Q x © x Q such that the neutrosophic 
transition function 6: Ax Ux Q@—> Lx L x L is defined as follows: Vqi,q; € Q and 





£1,%2 €X, 

1 if qi = qj 
61(@, A, qj) = , 

0 ifg AQ; 

0 if qi = qj 
62(qi, A, qj) = , 

1 ifg Aq 

0 if = qj 
63(G,A, qj) = | 

1 ifg Aq 
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and 


O1( Gi, L112, qj) = VV {01(qi; LI, r) /\ éx(r, U2; qy)} 


reQ 

62( qi, £1%2, qj) = /\ {62(qi, 1,7) Vv do(r, L2, qj) } 
rEeQ 

63(Gi, T122,q;) = i {03(Gi, 21,1) V 03(1, L2, a) f 
reQ 


(5) Let o =X 01, 02,03 > is a neutrosophic subset of Q x & x Z such that the neutrosophic 


output functiong: QxuxZ— Lx Lx Lis defined as follows: Vqj,q; € Q,v1, 22 € & 


and y1,y2 € Z, 
7 it Lop y= 
01(4%,%1,9;) = O. te = Nei Se NO Sy SN 
7 0 ifzy=yi=A 
02(%,21,9;) = Ly eS Nie AN, OF Bj FAG Ge 
0 fey =A 


OZ3\GN, 41,975) = 
34s £1, 95) + =e Nea Se aan 


and 


Tit: L1X9, Y1Y2) = O1(Gi, £1, Y1) e VV {01(qi, 1,1) /\ o1(r, L2, y2) } 
reQ 


o2(di, L1L9, Y1Y2) oo 02(qi, 1, Y1) e 1X {62(qi,%1,1) V o2(r, L2, y2) } 
reQ 


03(qi, 212, yiye) = 03 (Gi, 71,41) © vA {03(qi, 21,7) V o3(7, £2, yo) 
rEeQ 


3. Composite Neutrosophic Finite Automata 


This section is interested in the concept of composite finite automata under the environment 


of neutrosophic sets. 


Definition 3.1. For i < n, let M; = (Q;, 44, Z;,5",0°) be NFA’s. Let Mr = M, — My > 
--. —» M, be a composite NFA, where (q1, q2,---;n) = 97 € Qr and each q; € Q; if 

(1): ZS Deis tor 1 1 

(2) let {(ar € Or > 21 © Di)(yr © Zr > yn © Za)lor(m, 27,41) > 0,09(H, 27,41) < 


1,03(q1, tT, y1) <1, for i = 1} then define 
Ot (q1, 21, 9) > 0 ior, = 

by [(q1,42,---54 ar dovenayd,) |= : : ; : 
03 (qi; (04 (Gi, Yi-1) Yi)); q;) for 2 hs 


55 (qi, 42, ional rs Ci eee )| — . | 
: 05 (Gis (C5 (0e, Uris) sg) fora Sal. 
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64(q1,21,9,) <1 fori=1 
53 Gis O3sunrsOn ers OOo eas0,,)| ae : : : ; 
03(di, (05 (qi, Yi-1; Yi)), q;) Or 2. 
and 


Lt op = SN 


1 
i = 
O 5 92009 Gn), LT, nr 
1 (a1, 92 Gn)> 7s Yn) + if either ep # A and y, = A or ep = A and y, FA 


0 1 ere SN 


T = 
O 5 yee 59 Gn), LT, Un 
2 (41, 42 Qn), £7; Yn) 1 if either zp # A and y, = Aor xzp=Aandy, FA 


o3 ((q1, Q; ~e9 Gnd OE Ua) = 


1 if either rp ~ A and y, = A or rp =A and y, FA 


Example 3.2. Let M = (Q,», Z,6,c) isa NFA, where Q = {q1, q2}, & = {a,b} and Z = {0,1} 


and the transition diagram is given below: 


0(0.6,0.25,0.3)/0(0.35,0.37,0.45) 


Now, we define the composite NFA, M7 = M > M and its transition diagram is given below: 













0(0.8,0.0,0.1)/1(0.9,0.1,0.2) 





0(0.6,0.25,0.3)/0(0.35,0.37,0.45) 
1(0.7,0.15,0.2)/0(0.7,0.1,0.25) 


1(0.8,0.204)/1(0.4,0.1,0.2) 


0(0.6,0.3,0.5}/1(0.3,0.4,0.5) 


1(0.8,0.4,0.5)/0(0.9,0.4,0.5) 


6(0.35,0.4,0.3) 


0(0.8,0.0,0.1)/1(0.9,0.1,0.2) 


1(0.2,0.3,0.6)/1(0.4,0.4,0.5) 


Then the output for input 77 = 1001 is yr = 0010. 
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Definition 3.3. Let M = (Q,», Z,6,0) be a NFA. A non-empty set of states Q,4 C M is said 
to be stable if 

d1(q,x,p) > 0, 62(q,x,p) < 1,63(q,x,p) < 1, 
for all g,p € Q4 and x € &. 


Definition 3.4. Two NFA’s M, = (Q1,%1,21,6',0') and My = (Qo, X2, Zo, 6%, 07) 
are said to be homomorphism if a |6'(q,x,p)| = 6°(a(q),8(x),a(p)) and o'(q,2,y) < 
o*(a(q), 6(2), yy), Yap € Qi, « € Xy and y € Z, where the mapping a : Qi > Qo, 


6:44 Ne and y: Z; 4 Ze are monoid homomorphisms. Moreover, two NFA’s are said to 


be isomorphism when the mapping a, 8 and ¥ are bijective. 


Lemma 3.5. Let My = (O12. 7n0 Mo = (Q2, Ne, Z2, 07,07) and M3 — 
(Q3, 3, 23, 60°,0°) be NFA’s. Then M, — (Mz > Ms) and (M, — M2) > Ms are isomorphic. 


Proof. Since one neutrosophic finite automaton outputs are used as the another neutrosophic 
finite automaton inputs and omit the parentheses as follows M, — Ms» > Ms. Now, we have 
an initial inputs for My and its outputs will become an input of My. ‘Then, the outputs of 
Mz will be an input of Ms. In this manner, M, — (Mz — M3) and (M,; — M2) > Ms are 


isomorphic. 
Remark 3.6. Lemma [3.5] can be easily extend to four or more NFA’s. 


Lemma 3.7. Let M; = (Q;,%;,2Z;,6",0°), where i = 1,2,...,n, be NFA’s. If M, —~ My > 
--- > M, 1s a composite NF'A if and only if M, is a NFA. 


Proof. Assume that M, + Mz > --- > M,, is a composite NFA. Then, by lemma [3.5] it is 
clear that M, is a NFA. Conversely, since M, is a NFA, the input of M,, is a output of the 


M,—1, so in this manner, M,; > My > --- > M, is a composite NFA. 
Definition 3.8. A NFA M = (Q,%, Z,6,¢) is called free if Vq, € Q, x © N dy € Z such that 
o1(4i, 2, ¥) a 0, o2(qi, X,Y) <4, and 03(qi, X,Y) <1 


Theorem 3.9. For each positive integer 1 <n, let M; is a free NFA, then M, —~ Mg > .--- > 
M, is a composite NFA. 


Proof. Suppose M;, 7 = 1,2,...,n isa NFA. Let g,p € Q; and x; € %y and y; € Z,. We prove 





the theorem by induction on |7| = n. 
If n = 1, then M is a free NFA. Now, we have 


oi (qi, 21, Y1) Za 0, 05 (q1, 21, Y1) as i, and o3(q11, V1) < ly 


since 61(q1,21,P1) > 0,64(q1,71,p1) < 1 and 63(q1, 21,71) < 1. This implies that My, is a 





composite NFA. Hence, the theorem is true for n = 1. 
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Suppose the result is true for all 7; € 4; and y; € Z; such that |27] =n—1. Let Z; C Ui41 
fori <n—1,n> 1, s0 that M,_1 is a free NFA. Now, we have, 


i (Oe Ln—1; Ua) a 0, OS “Gn =d, Ln—1; U4) < I and oe * (dn—1, In—1, Yn—1) <6 1. 
Then by Definition [3.1] we have 


61 (dns Yn—1;Pn) > 9, 62 (drs Yn—1,Pn) <1 and 43(dn,Yn—1, Pn) < 1. 
By the induction hypothesis and consider yn_1 = ©, then we have 
61 (Gn, ny Pn) >9, 89 (Gn, En, Pn) <1 and 63 (dn, n, Pn) < 1. 


This implies that, for 7, € XJ, there exists y, € Z, such that 


01 (Qn» fas Yn) > 9, OF (Gn: 2n,Yn) <1, and 93(¢n,2n,Yn) <1. 





Hence, the theorem is true for induction. 


Remark 3.10. The converse of Theorem [3.9] is not true since the outputs of composite NFA 
need not be satisfy the condition of free NFA. 


Definition 3.11. Let M, = (Q 1,51, 2, 61,01) and My = (Qo, Ne, Z2,6°,07) be NFA’s. A 
box function 6 of (M,,Mz2) is satisfy the following conditions, where 6 : Q; — Q2 such that 
(1) dy C Zo 
(2) for all g,p € Q; and x € % there exists y € Z, such that 


6 [o'(q,2,p)] = 5 [B(g), 0° (9, 2, y), B(p)] - 


Definition 3.12. Let M; = (Q;,¥j, Z;, 6°, 0"), i=1,2,...,n, be NFA’s. To each box functions 
0; of (M;,Mi41) for 1 <i < n—1, there is a corresponding sub NFA N(3;, So,..., Gn—1) of 
Mr = My, — My - --- > Mp. 


Proposition 3.13. Let Mp = (Qr7,™7,Z7,6',07) be a composite NFA and N = 


(Qn, UN; ZN; ae a) = M, where Qn — acre G2,++55 dn)|Q € M and qi = Big GA) for b> 
1}. If Qr is stable, then N is a compositie NFA. 


Proof. Let q = (q1,---;4n);¢ = (Q;--->%,) € Qn, £7 € Up and y; € Zr. Then, by definition 
[3.1] and Yi-1 = Xj. Since Qn C Q7, it is enough to prove that Qj is stable, for each 7 > 1. 
Then 
Si(qi,vi,q,) = 64 [Bi-1(ai-1), (oF * (Gi-1, Yi-2, Yi-1)), Bi-1(@_1)] 

= Bi-1 [oy (qi—1, Li-1, d;_1)| , since {;_1 is a box function of (M;_1, Mj), 

= 61° |Bi-91 (G1), 21, Bi-1(@_1)| 
This implies that 6;~* | Bi—1(Gi-1), Li-1; B.A, -4)| is stable, since 6471 (q_-1, vi-1, q;_1) is sta- 
ble. Hence, Qy is stable. Therefore, N is a composite NFA. 
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Theorem 3.14. Let M, = (Qi1,%4, Z1,6',0') and Mz = (Q2,X2, Z2,67,07) be two NFA’s 
and let H be a NFA with inputs pp which generating inputs set for 1. Suppose Z1 C Ne 
and for all p,q € Qi, x1 € Xx, the map B : Qi > Qe such that B[5'(q,21,p)| = 
6°[8(q),o1(q, 21,41), B(p)|. Then 8 is a box function of (My, Mb). 


Proof. We will prove the result by mathematical induction on the generated set of inputs “i77. 


For n = 1, let 2; € Uy the result follows from [3.11] 





For n = 2, let x1,%2 € Ug and q,p € Qj, then 


8 [5(g,2122,r)] = 8 |Vreq, {5(q.21,7) A 5(r,22,P)}| 
= Veg, 18(5" (4, 41,7)) A B(O'(r, 2, p)) } 
= VaryeQs 19° (8(G), 07 (4, 21; 91); B(r)) A O*(B(r), 07 (G, £2, ya), B(p))} 
= 6? [B(q), 01 (4,21, 91) © 0 (q, 2, y2), B(p)| 
= 6° |B(q),o' (9, 2122, yiy2), B(p)| 





If the induction continues for any finite sequence of inputs such as n > 2 for each x; € by, 


the results follows by induction. Hence 6 is a box function of (My, Mo). 


4. Conclusions 


The main focus of this paper is to study the algebraic automata theory based on the concept 
of neutrosophic sets. Thus, this investigation contributes a small portion to algebraic automata 
theory such as composite neutrosophic finite automata which is established by outputs of one 
automaton as the inputs of another automaton. ‘The future study will be concerned with 
similar concepts but the approaches are based on the combination of N-fuzzy structures (9/13) 
and type-2 fuzzy structures under the environment of neutrosophic sets [271]28}. 
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Abstract. The objective of this paper is to introduce the concept of AntiRings. Several examples of AntiRings are 
presented. Specifically, certain types of AntiRings and their substructures are studied. It is shown that nonempty subsets 
of an AntiRing can be AntiRings with algebraic properties different from the algebraic properties of the parent AntiRing 
under the same binary operations. Antildeals, AntiQuotientRings and AntiRingHomomorphisms are studied with several 
examples. It is shown that the quotient of an AntiRing factored by an Antildeal can exhibit algebraic properties different 
from the algebraic properties of the AntiRing. 


Keywords: NeutroRing; AntiRing; AntiSubring; QuasiAntiSubring; Antildeal; QuasiAntildeal; PseudoAntildeal; An- 
tiQuotientRing; AntiRingHomomorphism. 


1. Introduction 


Mathematical modeling of the real life space X requires that all the possible laws that can be defined 
on X as well as all the possible axioms that can be defined on X should all be considered. In order to be 
very close to reality, the laws as well as axioms on _X should not be rigidly defined. The laws on _X should 
be so flexibly defined to make provisions for both totally inner-defined, totally outer-defined, partially- 
defined and indeterminately-defined cases. Also, the axioms on X should be such that provisions 
are made for both totally inner-defined, totally outer-defined, partially-defined and indeterminately- 
defined cases. When the laws and axioms on X are totally inner-defined, they are called and referred 
to as ClassicalLaws and ClassicalAxioms respectively. When the laws and axioms on X are partially- 
defined, they are called and referred to as NeutroLaws and NeutroAxioms respectively. When the laws 
and axioms on X are totally outer-defined, they are called and referred to as AntiLaws and AntiAxioms 
respectively. Naturally, we have the neutrosophic triplets (Law, NeutroLaw, AntiLaw) and (Axiom, 
NeutroAxiom, AntiAxiom) where NonLaw = NeutroLaw U AntiLaw, NonAxiom = NeutroAxiom U 


AntiAxiom, NeutroLaw NM AntiLaw = @ and NeutroAxiom M AntiAxiom = (. These concepts have 
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several applications in sciences, engineering, technology, soft computing, social sciences, psychology, 
politics, sociology and humanities in general. For details on NeutroSociology the readers should see 
and for more details on neutrosophy and applications. 

Smarandache in introduced and studied extensively the concepts of Neutro-Algebraic Struc- 
tures and Anti-Algebraic Structures. Rezaei and Smarandache in presented and studied Neutro-BE 
Algebras and Anti-BE Algebras. Agboola et al. in |4| studied NeutroAlgebras and AntiAlgebras, in 
and (6), Agboola studied NeutroGroups and NeutroRings respectively. In [3], Agboola further studied 
NeutroGroups, in 2], he studied AntiGroups and in (1, he further studied NeutroRings. In the present 





paper, the concept of AntiRings is introduced. Several examples of AntiRings are presented. Specifi- 
cally, certain types of AntiRings and their substructures are studied. It is shown that nonempty subsets 
of an AntiRing can be AntiRings with algebraic properties different from the algebraic properties of the 
parent AntiRing under the same binary operations. Antildeals, AntiQuotientRings and AntiRingHo- 
momorphisms are studied with several examples. It is shown that the quotient of an AntiRing factored 


by an Antildeal can exhibit algebraic properties different from the algebraic properties of the AntiRing. 


2. Preliminaries 





In this section, some definitions and results that will be used later in the paper are presented. 


Definition 2.1. 








A classical operation is an operation well defined for all the set’s elements. A NeutroOperation is an 


operation partially well defined, partially indeterminate, and partially outer defined on the given set 





while an AntiOperation is an operation that is outer defined for all set’s elements. 


A classical law/axiom defined on a nonempty set is a law/axiom that is totally true (i.e. true for all 





set’s elements). A NeutroLaw/NeutroAxiom (or Neutrosophic Law/Neutrosophic Axiom) defined on a 





nonempty set is a law/axiom that is true for some set’s elements [degree of truth (T)], indeterminate 








for other set’s elements [degree of indeterminacy (I)], or false for the other set’s elements [degree of 
falsehood (F)|, where T, J, F € [0,1], with (7,J, fF) € (1,0,0) that represents the classical axiom, and 
(T, I, F) # (0,0, 1) that represents the AntiAxiom while an AntiLaw/AntiAxiom defined on a nonempty 





set is a law/axiom that is false for all set’s elements. 





A PartialOperation on a set is an operation that is well defined for some elements of the set and 
undefined for all the other elements of the set. A PartialAlgebra is an algebra that has at least one 
PartialOperation, and all its axioms are classical. 

A NeutroAlgebra is an algebra that has at least one NeutroOperation or one NeutroAxiom (axiom 
that is true for some elements, indeterminate for other elements, and false for other elements), and no 
AntiOperation or AntiAxiom while an AntiAlgebra is an algebra endowed with at least one AntiOper- 
ation or at least one AntiAxiom. When a NeutroAlgebra has no NeutroAxiom, then it coincides with 


the PartialAlgebra. 
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Theorem 2.2. [15] The NeutroAlgebra is a generalization of PartialAlgebra. 


Theorem 2.3. Let U be a nonempty finite or infinite universe of discourse and let S' be a finite 
or infinite subset of U. If n classical operations (laws and axioms) are defined on S where n > 1, then 


there will be (2” — 1) NeutroAlgebras and (3" — 2”) AntiAlgebras. 


Definition 2.4. [Classical ring] 

Let R be a nonempty set and let +,.: R x R — R be binary operations of the usual addition and 
multiplication respectively defined on R. The triple (R,+,.) is called a classical ring if the following 
conditions (R1 — R9) hold: 


R1) «+yeERVz,y € R {closure law of addition]. 


R3 


(RI) 

(R2) «+(y+2)=(«#+y)+2 Va,y,z € R [axiom of associativity]. 

(R3) There exists e € R such that r+e =e+a2=2 Va © R [axiom of existence of neutral element]. 

(R4) There exists —x € R such that x + (—ax) = (—x) +” =e Va € G [axiom of existence of inverse 
element! 

(R5) e+y=y+2 Va,y € R [axiom of commutativity]. 

(R6) xy € RVaz,y € R [closure law of multiplication]. 

(R7) x.(y.z) = (a.y).z Va,y, 2 © R [axiom of associativity]. 

(R8) 2 

(R9) (y+ z).a = (y.x) + (2.x) Va,y,2 © R [axiom of right distributivity]. 


(y +z) = (x.y) + (x.z) Va,y,z € R [axiom of left distributivity]. 


If in addition we have, 
(R10) xy = y.x Va,y € R [axiom of commutativity], 


then (R,+,.) is called a commutative ring. 


Definition 2.5. [1] [NeutroSophication of the laws and axioms of the classical ring] 


(NR1) There exist at least three duplets (x, y), (u,v), (p,q) € Rsuch that x+y © R (inner-defined with 
degree of truth T) and [w+ v = indeterminate (with degree of indeterminacy I) or p+q¢R 
(outer-defined/falsehood with degree of falsehood F)| [NeutroClosure law of addition]. 

(NR2) There exist at least three triplets (x, y, z), (p,q,7), (u,v,w) € Rsuch that «+(y+z) = (a+y)+z 
(inner-defned with degree of truth T) and [|p + (q+ 7r)Jor|(p + q) + r] = indeterminate (with 
degree of indeterminacy I) or u+ (u+w) 4 (u+v) + w (outer-defined/falsehood with degree 
of falsehood F)| [NeutroAxiom of associativity (NeutroAssociativity)]. 

(NR3) There exists an element e € R such that «+e =x+e= 2 (inner-defined with degree of truth 
T) and ||a + elorle + x] = indeterminate (with degree of indeterminate I) ort+e#AuHA#e+z2 
(outer-defined/falsehood with degree of falsehood F)] for at least one x € R [NeutroAxiom of 
existence of neutral element (NeutroNeutralElement)]. 

(NR4) There exists —x € R such that x + (—x%) = (—a) + 4 = e (inner-defined with degree of 
truth T) and |[—x + xJor|a + (—a)| = indeterminate (with the degree of indeterminate I) or 
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(NR5) 


(NR6) 


(NR7) 


(NR8) 


(NR9) 


(NR10) 


—xr+x2~eA#Ax-+(—2) (outer-defined/falsehood with degree of falsehood F)] for at least one 








x € R |NeutroAxiom of existence of inverse element (NeutroInverseElement)]. 

There exist at least three duplets (x, y), (u,v), (p,q) € R such that x+y = y+ (inner-defined 
with degree of truth T) and [|p + qjor[q + p] = indeterminate (with degree of indeterminacy 
I)oru+v #vu+u (outer-defined/falsehood with degree of falsehood F)| [NeutroAxiom of 
commutativity (NeutroCommutativity)]. 

There exist at least three duplets (x,y), (p,q),(u,v) € R such that x.y € R (inner-defined 
with degree of truth T) and [u.v = indeterminate (with degree of indeterminacy I) or p.q ¢ R 
(outer-defined/falsehood with degree of falsehood F)| NeutroClosure law of multiplication]. 
There exist at least three triplets (x,y, z),(p,q,7"), (u,v, w) € R such that x.(y.z) = (x-y).z 
(inner-defined with degree of truth T) and |[p.(q.r)]or|(p.q).r] = indeterminate (with degree of 
indeterminacy I) or u.(v.w) #4 (u.v).w (outer-defined/falsehood with degree of falsehood F)| 
[NeutroAxiom of associativity (NeutroAssociativity)]. 

There exist at least three triplets (x, y, z),(p,q,7), (u,v, w) € R such that x.(y + z) = (a-y) + 
(x.z) (inner-defined with degree of truth T) and [[p.(q + r)Jor[(p.q) + (p.r)| = indeterminate 
(with degree of indeterminacy I) or u.(v+w) # (u.v) + (u.w) (outer-defined/falsehood with 
degree of falsehood F)] |NeutroAxiom of left distributivity (NeutroLeftDistributivity)]. 

There exist at least three triplets (x, y, z), (p,q,7), (u,v, w) € R such that (y+ z).2 = (y.2) + 
(z.2) (inner-defined with degree of truth T) and ||(v + w).ujor|(v.w) + (w.w)] = indeterminate 
(with degree of indeterminacy I) or (v+ w).u 4 (v.u) + (w.u) (outer-defined/falsehood with 
degree of falsehood F)] [NeutroAxiom of right distributivity (NeutroRightDistributivity)]. 
There exist at least three duplets (x,y), (p,q), (u,v) € R such that x.y = y.« (inner-defined 
with degree of truth T) and [[p.qjor|q.p] = indeterminate (with degree of indeterminacy I) or 
u.v # v.u (outer-defined /falsehood with degree of falsehood F’)] [NeutroAxiom of commutativity 
(NeutroCommutativity )]. 


Definition 2.6. |AntiSophication of the laws and axioms of the classical ring] 


(AR1) 
(AR2) 


(AR3) 


(AR4) 


(ARS) 
(ARG) 


For all the duplets (z,y) © R, x+y ¢ R [AntiClosure law of addition]. 

For all the triplets (7, y,z) € R,x+(y+z) 4 (a@+y)+z [AntiAxiom of associativity (AntiAs- 
sociativity)]. 

There doest not exist an element e € R such that r+e=a+e=2 Va ©€ R [AntiAxiom of 
existence of neutral element (AntiNeutralElement)]. 


There does not exist —x € R such that x + (—x) = (—x%) + a2 = e Va © R [AntiAxiom of 








existence of inverse element (AntilnverseElement)]. 
For all the duplets (x,y) € R, x+y 4 y+ [AntiAxiom of commutativity (AntiCommutativity)]. 
For all the duplets (x,y) € R, x.y ¢ R [AntiClosure law of multiplication]. 
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(AR7) For all the triplets (x,y,z) € R, x.(y.z) 4 (w.y).z [AntiAxiom of associativity (AntiAssociativ- 
ity)]. 
(AR8) For all the triplets (7,y,z) € R, «(y+ 2) A (wy) + (w.z) [AntiAxiom of left distributivity 
(AntiLeftDistributivity)]. 
(AR9) For all the triplets (v7, y,z) € R, (y+ z).a F (y.x) + (z.x) [AntiAxiom of right distributivity 
(AntiRightDistributivity)]. 
(AR10) For all the duplets (x,y) € R, x.y 4 y.x [AntiAxiom of commutativity (AntiCommutativity)]. 


Definition 2.7. |NeutroRing| 
A NeutroRing VR is an alternative to the classical ring R that has at least one NeutroLaw or at least 


one of {NR1, NR2,NR3,NR4, NR5, NR6, NR7, NR8, NR9} with no AntiLaw or AntiAxiom. 


Definition 2.8. | [1)][AntiRing] 
An AntiRing AR is an alternative to the classical ring R that has at least one AntiLaw or at least one 


of {AR1, AR2, AR3, AR4, AR5, ARG, ART, AR8, ARQ}. 


Definition 2.9. [1] [NeutroCommutativeRing] 
A NeutroCommutativeRing NR is an alternative to the classical commutative ring R that has at least 
one NeutroLaw or at least one of {NR1,NR2,NR3,NR4,NR5,NR6, NR7,NR8, N RI} and N R10 


with no AntiLaw or AntiAxiom. 


Definition 2.10. [1] [AntiCommutativeRing| 
An AntiCommutativeRing AR is an alternative to the classical commutative ring R that has at least 


one AntiLaw or at least one of {AR1, AR2, AR3, AR4, AR5, AR6, ART, AR8, ARO} and AR10. 


Theorem 2.11. Let (R,+,.) be a finite or infinite classical ring. Then: 


(i) There are 511 types of NeutroRings. 
(ii) There are 19171 types of AntiRings. 


Theorem 2.12. Let (R,+,.) be a finite or infinite classical commutative ring. Then: 


(i) There are 1023 types of NeutroCommutativeRings. 
(ii) There are 58025 types of AntiCommutativeRings. 


Example 2.13. Let NR = Zs = {0,1,2,3,4} and let @ and © be two binary operations defined 
on NR by 


c<ey=et+y-1, rOy=axetryVxrjyEe NR. 


Then, (NVR, , ©) is a NeutroCommutativeRing. 
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Example 2.14. Let NR = {a,b,c,d} and let “+” and ”.” be binary operations defined on NR as 


shown in the Cayley tables below: 





Then, (VR, +,.) is a NeutroCommutativeRing. 


Example 2.15. Let AR = Z and let © and © be two binary operations defined on AR such that © is 
the usual addition of integers and Vz,y € AR, © is defined by 


cOy=a74+a7y+2. 


Then (AR, @,©) is an AntiRing. To see this, we first note that © is well defined for all x,y € AR and 





that R1 — R5 are totally true. Hence, (AR, ®) is an abelian group. 





It is also noted that © is well defined for all x,y € AR that is, R6 is totally true Vz,y € AR. Now 
let x,y,z € AR. Then 


r@Q(yO@z) = x +a*y? 4+ x7y?z 4+ 2x7 42, 
(rQyOz = x4 2Qxtyt xty? + 407 4 dx7y 
t+atz + Qaetyz + wty*z + 472 + 4a*yz + 424+ 6. 


. £O(yOz) # («€Oy)OzVaz,y,z € AR. 


It has just been shown that for all the elements of AR, © is AntiAssociative over AR. Thus, AR7 is 
satisfied. 


Also for all x,y,z € AR, we have 


LOY@ez) = cOy+z) 
= eta*yta%24+ 2, 
(rOy)@(@Oz) = (e€Oy)+(eoz) 
= Qwrt+at*ytaret 4. 


 @OWO2) -— Oy) O(fOy) V0,y;2 CAR. 


It has again been shown that over AR, © is not left distributive over @ for all x,y,z € AR. Hence AR8 


is satisfied. 
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Lastly for all x,y, z € AR, we have 


(yBz)Ou = (y+z)Ou 
= a2 2 2 2 
= Foes PZ ey Pate 7 2, 
(yOu) O(202) = (YOr)+(ZO2) 


= tet tyat e2e +4. 


~(y@zOour 4# (yOu) S(yOr) Va,y,z € AR. 





This also shows that over AR, © is not right distributive over © for all x,y,z € AR. Hence, AR9Y is 
satisfied. It can easily be shown that © is NeutroCommutative over AR. Accordingly by Definition 
(AR, , ©) is an AntiRing. 


Example 2.16. (i) Let AR = M,,xn [IR] be the set of all n x nm matrices with real entries and let 
© and © be two binary operations defined on AR such that @ is the usual addition of matrices 


and VX,Y € AR, © is defined by 
XOY=X*4+ X*V 421 


where I is the n x n unit matrix. Then, (AR,,©) is an AntiRing. 

(ii) Let M be an additive abelian group and let AR = End(M) be the set of all endomorphisms of 
M into itself. Let 6 and © be two binary operations defined on AR such that © is the usual 
addition of mappings and Vf,g € AR, © is defined by 


(f © g)(x) = fP(x) + f?(x) g(a) + 2i(z) 
where 7 is the identity mapping. Then, (AR, ©, ©) is an AntiRing. 


3. A Study of Certain Types of AntiRings 


In this section, we are going to study certain types of AntiRings. Many examples and basic results 








will be presented. Since there are many types of AntiRings, then AntiRings in this section will be 
classified and named type-AR|,] according to which of AR1 — AR1O0 is(are) satisfied. If only AR1 is 
satisfied, the AntiRing will be called of type-AR/1], type-AR|8,4] if only 4R3 and AR4 are satisfied 
and so on. AntiRings of type-AR|1,2,3,4-9] or of type-AR[1,2,3,4-10] will be called trivial AntiRings or 


trivial AntiCommutativeRings respectively. 


Definition 3.1. Let (AR,+,.) be an AntiRing. 
(i) AR is called a finite AntiRing of order n if the cardinality of AR is n that is o( AR) = n. 
Otherwise, AR is called an infinite AntiRing and we write o( AR) = oo. 
(ii) AR is called an AntiRing with unity if there exists a multiplicative unit element u © AR such 


that ux = xu = « for at least one x © R. 
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(iii) If there exists a least positive integer n such that nx = e for at least one x € AR, then AR is 
called an AntiRing of characteristic n. If no such n exists, then AR is called an AntiRing of 


characteristic zero. 





(iv) An element x € AR is called an idempotent element if 2? = x. 





(v) An element x € AR is called a nilpotent element if for the least positive integer n, we have 


A le 


=e 
(vi) An element e 4 x € AR is called a zero divisor element if there exists an element e 4 y € AR 


such that ry = e or yx =e. 





(vii) An element x € AR is called a multiplicative inverse element if there exists at least one y € AR 


such that cy = yx = u where uw is the multiplicative unity element in AR. 


Definition 3.2. Let (AR,+,.) be an AntiCommutativeRing with unity. Then 


(i) AR is called an AntilntegralDomain if all the elements of AR are zero divisors. 





(ii) AR is called an AntiField if all the elements of AR have no multiplicative inverse elements. 


Definition 3.3. Let (AR,+,.) be an AntiRing. A nonempty subset AS of AR is called an AntiSubring 
of AR if (AS,+,.) is also an AntiRing of the same type as AR. 


Definition 3.4. Let (AR,+,.) bean AntiRing. A nonempty subset AS of AR is called a QuasiAntiSub- 
ring of AR if (AS,+,.) is also an AntiRing not of the same type as AR. 


Definition 3.5. Let (AR,+,.) be an AntiRing. A nonempty subset AI of AR is called a left Antildeal 
of AR if the following conditions hold: 

(i) AZ is an AntiSubring of AR of the same type as AR. 

(ii) « € AI andr € AR imply that xr ¢ AI for all r € AR. 


Definition 3.6. Let (AR,+,.) be an AntiRing. A nonempty subset AI of AR is called a right Antildeal 
of AR if the following conditions hold: 

(i) AZ is an AntiSubring of AR of the same type as AR. 

(ii) « € AI andr € AR imply that rx ¢ AI for allr € NR. 


Definition 3.7. Let (AR,+,.) be an AntiRing. A nonempty subset AI of NR is called a two-sided 
Antildeal of AR if the following conditions hold: 

(i) AZ is an AntiSubring of AR of the same type as AR. 

(ii) « € AI andr € AR imply that zr ¢g AI and ra ¢ AI for all r € AR. 


Definition 3.8. Let (AR,+,.) be an AntiRing. A nonempty subset AJ of AR is called a left QuasiAnti- 
Ideal of AR if the following conditions hold: 

(i) AZ is a QuasiAntiSubring of AR. 

(ii) « € AI andr € AR imply that xr ¢ AI for all r € AR. 
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Definition 3.9. Let (AR,+,.) be an AntiRing. A nonempty subset AJ of AR is called a right 
QuasiAntildeal of AR if the following conditions hold: 


(i) AZ is a QuasiAntiSubring of AR. 
(ii) « € AJ andr € AR imply that rx ¢ AI for allr € NR. 


Definition 3.10. Let (AR,+,.) be an AntiRing. A nonempty subset AJ of NR is called a two-sided 
QuasiAntildeal of AR if the following conditions hold: 


(i) AZ is a QuasiAntiSubring of AR. 
(ii) « € AI andr € AR imply that xr ¢ AI and ra ¢ AI for all r € AR. 


Definition 3.11. Let (AR,+,.) be an AntiRing. A nonempty subset AI of AR is called a left Pseu- 
doAntildeal of AR if the following conditions hold: 


(i) AZ is an AntiSubring or a QuasiAntiSubring of AR. 
(ii) For at least one x € AI, xr ¢ AI for all r € AR. 


Definition 3.12. Let (AR,+,.) be an AntiRing. A nonempty subset AI of AR is called a right 
PseudoAntildeal of AR if the following conditions hold: 


(i) AZ is an AntiSubring or a QuasiAntiSubring of AR. 
(ii) For at least one x € AI, rx ¢ AI for all r € AR. 


Definition 3.13. Let (AR,+,.) be an AntiRing. A nonempty subset AJ of NR is called a two-sided 
PseudoAntildeal of AR if the following conditions hold: 


(i) AZ is an AntiSubring or a QuasiAntiSubring of AR. 
(ii) For at least one x € AI, xr ¢ AI and ra ¢ AI for all r € AR. 


Example 3.14. Let AR = {a,b} and let “+” and ”.” be two binary operations defined on AR as 


shown in the Cayley tables below. 





Since x+y, xy € AR Va,y € AR and (AR, +) is an abelian group, it follows that Rl — R6 of Definition 
[2.6] are totally true for all the elements of AR. Now consider the following: 

(AR7) a(aa) = b,(aa)ja = a F Bb, a(ab) = b,(aa)b = a F Bb, a(ba) = b, (abla = a F Bb, D(aa) = 
a, (baja = b # a,a(bb) = b, (ab)b = a F b, b(ab) = a, (ba)b = b Fa, b(ba) = a, (bb)a = b Fa, 
b(bb) = a, (bb)b = b £ a. These show that the binary operation ”.” is totally AntiAssociative 
in AR. 

(AR8) a(a+a) = 6 while aa+aa=ab. Also, b(b+ b) =a while bb + bb =a. These show that the 


binary operation ”.” is NeutroLeftDistributive over the binary operation “+”. 
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(ARQ) (a+a)a = baat+aa=aFZb, (a+a)b=bab+ab=aFZb, (a+bla=a,aa+ba=b Fa, 
(b+ a)a =a,ba+aa=b Fa, (a+ b)b=a,ab+bb=bFa, (b+ a)b=a,bb+ab=b Fa, 
(b+ b)a = b,ba+ba=aF b, (b+b)b = b,bb+ bb =a Fb. These show that the binary operation 
”” is AntiRightDistributive over the binary operation “+”. 

(AR10) aa = b, bb = a but ab = b,ba =a # b. These show that the binary operation ”.” is NeutroCom- 


mutative in AR. 


Since AR7 and AR9 are totally true for all the elements of AR, it follows from Definition that 
(AR,+,.) is an AntiRing which we call an AntiRing of type-AR|7,9]. 


Example 3.15. Let (AR,+,.) be the AntiRing of Example It is clear that e = a is the additive 


‘ttt 


identity element. The element 6 is idempotent since bb = a. Since is totally AntiAssociative, it 





follows that AR has no nilpotent elements. AR has no unity and consequently, none of the elements 
of AR is invertible. Since AR is not an AntiCommutativeRing, it follows that AR is neither an 


AntilntegralDomain nor an AntiField. 


Example 3.16. Let AR = Ze. = {0,1,2,3,4,5}. Let * and o be two binary operations defined such 
that * is the usual addition modulo 6 and for all x,y € AR, o is defined by 


LOU faye 2: 


It is clear that x*xy,xroy € AR Vz,y € AR. This shows that R1 — R6 of Definition [2.6] are totally true 


for all the elements of AR. Now consider the following: 


(AR7) xo(yoz)=3a+ay+ayz4+2 and (roy)oz=a+aytaz+2z+a2yz+4. Equating the two 
expressions we obtain 2% = xz + 2z + 2 from which we have that the triplet (2,y,2) € AR can 
verify the associativity of o in AR. Thus, o is NeutroAssociative in AR. 

(AR8) wo(y*z) =x+ay+az24+2 and (roy) x (mo z) = 2a + ay+az2+4+4. Equating the two 
expressions we have « = —2 = 4 modulo 6. Hence, only the triplets (4, y,z) € AR can verify 
the left distributivity of o over * in AR. Thus, o is NeutroLeftDistributive in AR. 

(RO) (yxz)ox =ytz+aytaz+2 and (yor)*(zor) =y+z+ay+rz4+4. Since 24 4 modulo 6, 
it follows that o is not right distributive over * for all the triplets (x,y,z) € AR. Hence o is 
totally AntiRightDistributive over « in AR. 

(R10) coy =ax+ayt+2 and yor =y+yr+4+2. Equating the two expressions we have « = y 
showing that only the duplets (2,2) € AR can verify the commutativity of o. Hence, o is 


NeutroCommutative in AR. 


According to Definition [2.8] we have that (AR, x, 0) is an AntiRing of type-AR|9]. 





Author(s), Paper’s title 


Neutrosophic Sets and Systems, Vol. 36, 2020 302 


Example 3.17. Let AS = {0,3} be a subset of AR where (AR, x, 0) is the AntiRing of Example 


Consider the compositions of the elements of AS as shown in the Cayley tables below. 





R1 — R5 are totally true since for all x,y € AS, « xy € AS and (AS, *) is an abelian group. Also for 
all the elements of AS, R6 — R10 are totally false. Accordingly, (AS, *,0) is an AntiRing of the type- 
AR|6,7,8,9,10] which is different from the class of the parent AntiRing. Hence, AS is a QuasiAntiSubring 
of AR. 


Example 3.18. Let AT = {0,2,4} be a subset of AR where (AR, *,0) is the AntiRing of Example 
Consider the compositions of the elements of AT’ as shown in the Cayley tables below. 





R1 — R6 are totally true since for all x,y € AS, xx y,xoy € AT and (AT, *) is an abelian group. Now 


consider the following: 


(AR7) 20 (402) = (204) 02 =2 but 20(004) = 2,(200)04=4+42. These show that the binary 
operation o is NeutroAssociative over AT’. 

(AR8) 40(2*4) = (402) x (404) =0 but 20 (4*0) = 0,(204)* (200) =440. These show that the 
binary operation o is NeutroLeftDistributive over * in AT’. 

(AR9) For all the triplets (7, y, z) € AS, we have (y * z)ox 4 (yox) * (zo). This shows that the 
binary operation o is AntiRightDistributive over * in AT’. 

(AR10) Since 000 = 2,202=2,404=4 but 002=2,200=442,204=0,402=240,400= 

0,004=2<0, it follows that the binary operation o is NeutroCommutative over AT’. 


Accordingly, (AT, *,0°) is an AntiRing of the type-AR[9] which is the same as the class of the parent 
AntiRing. Hence, AJ’ is an AntiSubring of AR. 


Example 3.19. Let AR = Zt = {1,2,3,4,---,} and let AS = 2Z* = {2,4,6,8,---,}, AT = 3Zt = 
{3,6,9,12,---,}. Suppose that * and o are binary operations respectively of the usual addition and 
multiplication of integers defined on AR, AS and AT. It can easily be shown that (AR, *,0), (AS, x, 0) 
and (AT, *,0) are AntiRings of type-AR/3,4] since R1, R2 and R5— R10 are totally true but R3 and 
R4 are totally false. Since AS and AT’ are subsets of AR, it follows that AS and AT’ are AntiSubrings 
of AR. In general, (nZ*,*,0) are AntiSubrings of the AntiRing (Z™, *,0) for n = 2,3,4,5,--- 
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Remark 3.20. It is evident from Example that an AntiRing of a particular type can have 
nonempty subsets which are AntiRings of types different from the type of the parent AntiRing un- 


der the same binary operations. 


Example 3.21. Let AR be an AntiRing of Example [3.16]and let AS and AT be its QuasiAntiSubring 
and AntiSubring of Examples|3.17] and [3.18] respectively. Then ASU AT = {0,2,3,4} and ASN AT = 
{O}. It is clear that ASM AT is neither an AntiSubring nor a QuasiAntiSubring of AR. However, it 
can be shown that (ASU AT, *, 0) is an AntiRing of type-AR|9]. Hence, ASU AT is an AntiSubring of 
AR. 


Example 3.22. Let AR be the AntiRing of Example and let AS and AT be its AntiSubrings. 
Then ASU AT = {2,3,4,6,8,9, 10, 12, 14, 15, 16,18, 20,---} and ASN AT = {6,12,18,24,---} =6Z*. 
It can be shown that AS U AT is a QuasiAntiSubring of AR and AS AT is an AntiSubring of AR. 


Remark 3.23. The union of two AntiSubrings of an AntiRing can produce a QuasiAntiSubring of the 
AntiRing. 


Example 3.24. Let AR be an AntiRing of Example and let AS be its QuasiAntiSubring of 
Example [3.17] Then [000 =001=002=003=004=005 =2,300 =302=5,301=305= 
2,303=1,304=4] ¢ AS. These show that AS is a left QuasiAntildeal of AR. 

However, (000 = 2,200 =4,300=5,500=1,003 = 2,203 =4,303=1,503 =4] ¢ AS but 
lLo0=3,400=103=403=0] € AS. These show that AS is a right PseudoAntildeal of AR. 


Example 3.25. Let AR be an AntiRing of Example [3.16] and let AT’ be its AntiSubring of Example 
3.18] Then (000 =001 =002 =003 =004=005 =2,200=203=4,201 =204=0,202= 
205=2,400=403=0,401=404=4,402=405=2] € AT. These show that AT is neither a 
left QuasiAntildeal nor a left PseudoAntildeal of AR. 

Also, [000 = 002 =202=402=004=2,200=102=304=404=4,400=204=0])€ AT 
but [lo0=504=3,300=302=502=5,500=104=1] ¢ AT. These show that AT is a right 
PseudoAntildeal of AR. 








Example 3.26. Let AR be the AntiRing of Example and let AS and AT be its AntiSubrings. 
Then AS and AT’ are two-sided PseudoAntildeals of AR. To see this, let x € AS and r € AR. Then 
a€ AS if r= 2,4,6,8,--- 
CO a7 on = 
b¢ AS if r=1,3,5,7,--- 
Also, 


cE€ AT ifr =3,6,9,12,--- 
Lora og = 
d¢ AT ifr=1,2,4,8,--- 
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Definition 3.27. Let (AR,+,.) be an AntiRing and let AI be a left(right) (two-sided) Antildeal or 
a left(right)(two-sided) QuasiAntildeal or a left(right) (two-sided) PseudoAntildeal of AR. The set 
AR/ATI is defined by 

AR/AI = {x+ AI: a € AR}. 


For all x + AI,y+ Al € AR/AIT, let ® and © be two binary operations on AR/AI defined as follows: 
(cx+AlIO(y+Al) = (axy)+Al, 
(c+ Al O(y+Al) = (xroy)+Al. 
If (AR/AI, ,©) is an AntiRing, then AR/AT is called an AntiQuotientRing. 
Example 3.28. Let AR be an AntiRing of Example and let AS be its left QuasiAntildeal of 
Example Then 
AR/AS = {AS,1+ AS,2+ AS}. 


Let @ and © be two binary operations defined on AR/AS as shown in the Cayley tables below. 


[e | as [i+as[2+a5] [oe _] 48 [i+as[ayas 
[as [as [i+as|2+ as] 2+ AB [2+ AS 


peas 
peas [i+ as [esas] as_| 
[p+as[e+as| as [i+ a5] 


It can easily be shown that R1 — R6 are totally true, R7,R8 and R10 are partially true and partially 
false and R9 is totally false. Hence, (AR/AS,@,©) is an AntiRing of type-AR|9]. 





Example 3.29. Let AR be an AntiRing of Example and let AT be its right PseudoAntildeal of 
Example Then 
AR/AT = {AT,1+ AT}. 


Let @ and © be two binary operations defined on AR/AT as shown in the Cayley tables below. 


| @ | ar [i+arl | o | ar [i+ar| 
| ar | ar [i+arl | ar | ar | ar | 








psar[i+ar[ ar_| ps ar[i+ar[ ar_| 


It can easily be shown that Rl — R6 and R9 are totally true, R7,R8 and R10 are partially true and 


partially false. Hence, (AR/AT,&, ©) is a NeutroRing. 


Example 3.30. Let AR be the AntiRing of Example and let AS be its PseudoAntildeal of 


Example [3.26] Then 
AR/AS = {1+ AS,2+ AS,3+ AS,4+ AS,---} 


If © and © are two binary operations on AR/AS such that 
(x+AS)@(y+AS) = (a*«y)+A3, 


(x+AS)O(y+AS) = (xroy)+ AS, 
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It can be shown that (AR/AS,@,©) is an AntiRing of type-AR|[3,4]. 


Remark 3.31. If (AR,+,.) is an AntiRing and AI is a left(right)(two-sided) Antildeal or a 
left (right) (two-sided) QuasiAntildeal or a left(right)(two-sided) PseudoAntildeal of AR, then an An- 
tiQuotientRing AR/AI can have algebraic properties different from the algebraic properties of AR. 


Definition 3.32. Let (AR,+,.) and (AS,+’,.’) be any two AntiRings of the same type/class. The 
mapping @: AR —> AS is called an AntiRingHomomorphism if ¢ anti-preserves the binary operations 
of AR and AS that is if for all the duplets (x,y) € AR, we have: 


o(z+y) # (x) +' oy), 
o(z-y) A $(x)."G(y). 
The kernel of ¢ denoted by Ker¢ is defined as 
Kero = {x : (x) = ear}- 
The image of ¢ denoted by Im¢ is defined as 
Img = {y € AS: y = ¢(z) for at least one y € AS}. 


If in addition ¢ is an AntiBijection, then @ is called an AntiRingIlsomorphism. AntiRingEpimorphism, 
AntiRingMonomorphism, AntiRingEndomorphism and AntiRingAutomorphism are similarly defined. 


Example 3.33. Let AR be the AntiRing of Example and let AR/AS be the AntiQuotientRing 
of Example Then ¢: AR > AR/AS defined by 


d(x) =2+AS Vac AR 


is a classical homomorphism and not an AntiRingHomomorphism. To see this, for all m,n € AR, we 


have ¢(m) =m+ AS and ¢(n) = n+ AS so that 


o(m) + ¢(n) = (m+ AS) 6 (n+ AS) 
= (m+n)+AS 
= (m+n). 
o(m)o(n) = (m+ AS) © (n+ AS) 
= (mn)+ AS 
= (mn). 
Kero = 0. 
Imé@ = {14+ AS,2+ AS,3+AS,4+ AS,---} = AR/AS. 


Remark 3.34. It is evident from Example that the fundamental theorem of homomorphisms of 


the classical rings cannot hold in the classes of AntiRings. 
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4. Conclusions 


We have in this paper introduced the concept of AntiRings with several examples. Specifically, cer- 
tain types of AntiRings and their substructures were studied. It was shown that nonempty subsets of 
an AntiRing can be AntiRings with algebraic properties different from the parent AntiRing under the 
same binary operations. Also, we studied with several examples the concepts of Antildeals, AntiQuo- 
tientRings and AntiRingHomomorphisms. It was shown that an AntiQuotientRing of an AntiRing 
factored by an Antildeal can exhibit algebraic properties different from the algebraic properties of the 
AntiRing. We hope to study morphisms and AntiMorphisms of AntiSubrings and QuasiAntiSubrings 
of AntiRings and present further properties of different types of AntiRings in our future papers. 
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Abstract. In this article, we present fixed and common fixed point results for Banach and Edelstein contraction 





theorems in neutrosophic metric spaces. Then some properties and examples are given for neutrosophic metric 
spaces. Thus, we added a new path in neutrosophic theory to obtain fixed point results. we investigate and 


prove some contraction theorems that are extended to neutrosophic metric space with the assistance of Grabiec. 


Keywords: Fixed point; Neutrosophic Metric Space; Banach Contraction; Edelstein Contraction. 


1. Introduction 


Fuzzy Sets was presented by Zadeh as a class of elements with a grade of membership. 
Kramosil and Michalek (9) defined new notion called Fuzzy Metric Space (FMS). Later, many 
authors have examined the concept of fuzzy metric in various aspects. In 1984 Kaleva and 
Seikkala |8) have characterized the FMS, where separation between any two points to be posi- 
tive number. In particular, George and Veeramani redefined the concept of fuzzy metric 
space with the assistance of continuous t-norm, and continuous t-co norm. FMS has utilized in 
applied science fields such as fixed point theory, decision making, medical imaging and signal 
processing. Heilpern defined fuzzy contraction for Fixed point theorem. Park de- 
fined Intuitionistic Fuzzy Metric Space (IFMS) from the concept of FMS and given some fixed 
point results. Fixed point theorems related to FMS and IFMS given by Alaca et al and 
nemerous researchers [13]]19].In 1998, Smarandache characterized the new concept called 
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neutrosophic logic and neutrosophic set. In the idea of neutrosophic sets, there is IT’ degree 


of membership, I degree of indeterminacy and F degree of non-membership. A neutrosophic 





value is appeared by (T, I, F). Hence, neutrosophic logic and neutrosophic set assists us to 
brief many uncertainties in our lives. In addition, several researchers have made significant 
development on this theory [26}/30]. Recently, Baset et al. explored the neutrosophic 
applications in different fields such as model for sustainable supply chain risk management, 
resource levelling problem in construction projects, Decision Making and financial performance 
evaluation of manufacturing industries. In fact, the idea of fuzzy sets deals with only a degree 


of membership. In addition, the concept of intuitionistic fuzzy set established while adding 





degree of non - membership with degree of membership. But these degrees are characterized 





relatively one another. Therefore, neutrosophic set is a generalized state of fuzzy and intu- 
itionistic fuzzy set by incorporating degree of indeterminacy. In 2019, Kirisci et al 
defined neutrosophic metric space as a generalization of IFMS and brings about fixed point 


theorems in complete neutrosophic metric space. 





In this paper, we investigate and prove some contraction theorems that are extended to neu- 
trosophic metric space with the assistance of Grabiec (6. 
2. Preliminaries 


Definition 2.1 Let % be a non-empty fixed set. A Neutrosophic Set (NS for short) N 
in 4 is an object having the form N = {(a,€n(a), on (a), vn(a)) : a € &} where the functions 





En (a), on(a) and vy(a) represent the degree of membership, degree of indeterminacy and the 
degree of non-membership respectively of each element a € N to the set . 
A neutrosophic set N = {(a,En(a), on(a),vn(a)) : a € &} is expressed as an ordered triple 
N = (a, €n(a), on(Q),VN(a)) in &. 
In NS, there is no restriction on (€y(a), on(a),vn(a)) other than they are subsets of |~0,17[ 
Remark 2.2 Neutrosophic Set N is included in another Neutrosophic set [ ( N CT) 
if and only if 
inf En(a) <infér(a) sup En(a) < sup €r(a) 
inf on(a) =infor(a) sup en(a) = sup er(a) 
inf vn(a) >infup(a) sup vn(a) > sup vp(a) 
Triangular Norms (TNs) were initiated by menger. Triangular co norms(TCs) knowns as 
dual operations of triangular norms (TNs). 
Definition 2.3 |4| A binary operation x : [0,1] x [0,1] — [0,1] is called continuous t - norm 
(CTN) if it satisfies the following conditions; 
For all €1, €2,€3,€4 € (0, 1] 


(i) €y x0 =; 
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(ii) If ey < €3 and €2g < €4 then €1 x €2 < €3 * €4; 
(iii) x is continuous; 
(iv) x is commutative and associative. 
Definition 2.4 |4| A binary operation o : |0,1] x [0,1] — [0,1] is called continuous t - co 
norm (CTC) if it satisfies the following conditions; 
For all €1, €2,€3,€4 € (0, 1] 
(i) 6, 900 =; 
(ii) If ey < €3 and €2g < €4 then €1 9 €2 < €39€4; 
(iii) © is continuous; 
(iv) © is commutative and associative. 
Remark 2.5 From the definitions of C'T'N and CTC, we note that if we take 0 < €1,€9 < 1 
for €1 < €9 then there exist 0 < €3,¢4 < 1 such that €1 *€3 >¢€2 and ¢€] > €20€4. 
Further we choose ¢5 € (0,1) then there exists €g,¢7 € (0,1) such that eg * €g > €5 and 
ETO E7 SEs. 
Definition 2.6 A Sequence {t,} is called s - non-decreasing sequence if there exists 


mo € N such that tm <tm+1 for all m > mo. 


3. Neutrosophic Metric Space 


In this section, we apply neutrosophic theory to generalize the Intuitionistic fuzzy metric 

space. we also discuss some properties and examples in it. 
Definition 3.1 A 6 - tuple (©, 4, 0, T, x, )is called Neutrosophic Metric Space(NMS), if © is 
an arbitrary non empty set, « is a neutrosophic C'I'N and ¢ is a neutrosophic CTC and =, 0, T 
are neutrosophic sets on 4? x R* satisfying the following conditions: 
For all €,n,w € ©,A € Rt 

(i) 0 < E(6,n, A) <1; 0< O(Gn, A) <1; O< T(6,n,A) <1 

(ii) E(¢, 7, A) + O(¢, 7, A) + TEC, 9, A) < 3; 
(¢,7, A) 
(C,7,A) = E(n,¢, A) for A > 0; 
(¢,7, A) 
( 


[1] 


(iii = 1 if and only if =7; 


[1] 


(iv 


(v 


[1] 


C,, A) *B(n, ¢, ) < E(C,w, A + py), for all A, uw > 0; 


¢,7,-) : [(0, oo) — [0,1] is neutrosophic continuous ; 


[1] 


(vi 


(vii) 


~_ 


Vissi Ct) = 1 tor all X50; 

(C,7, A) = 0 if and only if € = 7, ; 

(¢,7, A) = O(n, ¢, A) for A > 0; 

(C,7, A) o O(C,w, uw) > O(€,w,A + pw), for all A, u > 0; 


(¢€,7,-.) : (0,00) — [0,1] is neutrosophic continuous ; 


(viii) © 
(ix) O 
(x) O 
(xi) O 

(xii) lam y+.0(¢, 7, A) = 0 for all A > 0; 

(xiii) T(¢,7, A) = 0 if and only if ¢ = 7; 
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T(¢,7, A) = T(y, ¢, A) for A > 0; 
L(6,7,A) ° T(¢,w, w) = T(C,w,A+ pw), for all A, u > 0; 
T 


(¢,,.) : [(0, co) — [0,1] is neutrosophic continuous ; 


(xiv) 
(xv) 

(xvi) 

(xvii) 12m) 300 (¢,, A) = 0 for all A > 0; 

(xviii) If AX > 0 then =(¢,7, A) = 0, O(¢, 7, A) = 1, T(¢, 9, A) = 1. 


Then (=, 0, Y) is called Neutrosophic Metric on %. The functons =,0 and YT denote degree of 





closedness, neturalness and non - closedness between ¢ and 7 with respect to A respectively. 
Example 3.2 Let (1,d) bea metric space. Define (x7 = min{¢, 7} and ¢on = max{¢, 7}, 
and =,0,Y : =? x Rt — [0,1] defined by , we define 
r d(¢,7) 
Sea Oe — 
A+ d(G, 7) A+ d(G, 17) 


for all ¢,7 € % and A> 0. Then (%,=,0, YT,x,¢) is called neutrosophic metric space induced 


d(¢,n) 


BCA) 7 


Y(¢,7,A) = 


by a metric d the standard neutrosophic metric. 
Example 3.3 If we take © = N, consider the CTN, CTC are ¢* 7 = min{¢,n} and 
Con =mazx{¢,n}, =,0,Y : d* x Rt — [0,1] defined by 


S 4 eZ 
=(¢,7,.) = md ~— 

e af DSC 

IS if <n 
OGmAI=4 0 

er a 

_ < 

cy. 47 YG 


for all ¢,7 € X and \ > 0. Then =,0, YT : 4? x Rt — [0,1] is a NMS. 

Remark 3.4 In Neutrosophic Metric space & is non - decreasing , © is a non - increasing , T 
is decreasing for all ¢,7 € &. 

Definition 3.5 Let (©,&,0,Y,x«,°) be neutrosophic metric space . Then 


(a) a sequence {¢,,} in © is converging to a point ¢ € & if for each A > 0 


(b) a sequence ¢, in © is said to be Cauchy if for each € > 0 and A > 0 there exist N € N 
such that =(Cn,¢m,A) > 1-—€ ; O(Gn, Gm, A) < € 3 T(Cn, Gn, A) < € for alln, m < N. 

(c) (4,2,0,7,*,°) is said to be complete neutrosophic metric space if every Cauchy 
sequence is convergent. 

(d) (©, 5, 0, T,x,¢) is called compact neutrosophic metric space if every sequence contains 


convergent sub sequence. 
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4. Main Results 


Theorem 4.1 (Neutrosophic Banach Contraction Theorem) Let (%,=,0,Y,*,o) be a 


complete neutrosophic metric space. Let F : 4: — » be a function satisfying 


FCF C,F,A) > =(¢,7, A); OCF C.F ,A) <0(6,7,A); TCRC,F A) < T(G,7,A) (4.1.1) 


for all ¢,n © &. O< Kk <1. Then F has unique fixed point. 
Proof: Let ¢ € © and {¢,} =F "(a) (n € N). By Mathematical induction, we obtain 


X 
E(Cn Gwets r) = BG, Gis ) O(n, Gn41 x) S OC Gis ra T(Cn; Cnt1> X) S TG; C1, a ..(4.1.2) 


for alln > 0 and A > 0. Thus for any non-negative integer p, we have 


= = r —times = r 
eG Gn-tp: X) = =(C, GiEy P aan (pt ).. ee Gy 1; (nds »? 
= —times = r 
> BC, Ga) , (p—times) ae! ee G1) Enea 
Xr —times 
Ons Gate) < OCG. ran : ) Co) (Grea eer Gree ) 
. 
_ (p—times) |. , oe 


r —times 
TGs Grips X) < aC, Gn-+1) , a (P ° yan, ° paCerra er Cres ) 


a 
Pp 
a 
Pp 
d , d 
ast 7) 9... (p-times) oo a 
= (rer DEP o ° (er pkntp=1) 
by (4.1.2) and the definition of NMS conditions, we get 
litnsoo= (Cn, Cntp,) A) > 1 *-- times) «og = 
Wins Gis Gn-+p X) oe MPO) eee 0=0 


Wiesel GG OC Oo 0S, 


Therefore, {¢,} is Cauchy sequence and it is convergent to a limit, let the limit point is 7. 


Thus, we get 


= - vA, rv 
S(P 9.9.1) = =F, FGn; oe 2G ais 1), 5) 


= A. , 
= (0, Gns 5K) * E(Cn415 7 a) eel 
A d 
O(Fn.n,A) < O(F 9, Fas 5) ° OCnt1+% 5) 
r p 
= O(n, Gns 5K) © Ol seh, 9) +0o0=0. 


d d 
TPG) = a Gas a) oan (Erne P a) 


d 
5) + 000=0. 


S Sowndrarajan, M Jeyaraman, Florentin Smarandache; Fixed Point Results for Contraction 
Theorems in Neutrosophic Metric Spaces. 


m 
= T(n, Gris aE) ° TGs ”); 
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Since we see that 


E(C,7,A)=1 iff C=, O8(¢,7,A)=0 iff C=; TO,n,A)=0 iff C= 


we get f7 = 1, which is the fixed point of Neutrosophic metric space. 


To show the uniqueness, let us assume that Fw =w for some w € & 


_ = 7 m = m _ X 
1 7 Sl C,X) =8(F 7, Fw) 2 2(C.w, 7) = S(F 1, F 1, 7) 2 =(¢,4, 7%) 


r 
27+ 2E(G,w, 7) + Las n— oo 








A A A 
0 < O(6,w,d) = O(F n, FwFw,d) < O(¢,w, 2) = O(Fn, Fw, 2) < O(6,w, 5) 
K+ <O(6,w, 2) 40.48 n+ 00 
A A A 
0S T(C,w,A) = Tn, Fw, A) STC, 7) = Tn Fw, 7) STC, 5) 


r 
ry eae) 


From the definition of NMS, We get 7 = w. Therefor, F has a unique fixed point. 


Lemma 4.2 (a) If limpnsoG, = ¢ and limnsonn = 7, then 


B(<, ”); A — €) = lWMn—+otnf = (Gn; ns x) 
O(<, Dae €) > LWMn—- oo SUP OG. ns x) 
IG en €) > WMn— oo SUD LG Mn; X) 


(6) Tt Mtg s6Cn, = © and Wing seca = 7), then 


(Gye) SS OM sec (Gua) 
O(<, eA €) <MMnsootnf OG: Mns x) 
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for all A >O and 0<e<.X. 


Proof for(a): By the definition of NMS, conditions (v),(x) and (x 


[1] 


Gn Mn 


[1] 


Gn Tins 
Gn 


( 
( 
( 
(Cn 
limn+soosup O(Cn 
O( 
( 
( 
( 


Villas tT 


[1] 


Hence, limn>s.inf 


® 


Gn 
Gn 


Nin cosup Tt Ca Mn 


LVN asceStp 


»MIn; 
Mn; 
Mn» 
Hence, Mn; 
Mn; 


YT 


Hence, limn+osup T(Cn, Mn; 


Proof for (b):By the definition of NMS, conditions (v),(x) and (xv 


[1] 


C,n, Ate 


[1] 


Hence, C,n, Ate 


O(¢,7,A +e 


Gia G 5) 
1*E(¢,7,A 


(C, ie) 


\) 
\) 


IV 


—€)xl 


A 


[1] 


IV 


A 


| : 


A 


IA 


O(¢,7,A =€)O0 


O° 
OG, n,A—€) 
Tt 


IA 


A 


IA 


X OTC A— 6) 00 


) 
) 
) 
) 
) 
ye 
A) < O(6,9, A- ©) 
(6, Gus 5) * 5 (Cos ns €) * 
Lin sg SUD =| Gast ©) 


=(¢, Gn; 


O(Cn; G ° PG, ”), A 


(Gus, 5) 0 TCC, A 


314 


iD 
EG ”), a 


= E 
€) x =(n, Mn; =) 


€ 
_ €) ° OF, Masa 


S) 


€ 
— 6) °T(7. 1M; 5) 


= (Mn ”); 5) 


2) ° O(Cn, ns €) ° O(n, ”); 5) 


IA 


limn—cotnf O(Gn; Mn; €) 
T(C, Sn a © T (Cn Mn, €) o Tn, 0, 


Giyase) = limMn—ooinf T (Gn, Mn € €) 


Hence, 


=) 


T(C,n,A + € 5 


( je 

( 2 

( es 
O(¢,, A + €) 

( eS 
Hence, Y( ) 
Corollary 4.3 If limy son = a and limnsoon = 7, then 


Gis tapos 


OCHA) 2 Uiinse8U0 0 Gatinsr): 


(Q) BC H.A) = iy soins 


L(G, A) 2 ing se58tp VT ( Gu Has Alen 43) 
(b) BC e; X) ea [4M n— yoo SUP Gus Ua X) 
TCG A) psec VT Gig Vis A) 4.0.2) 


forall A >Oand0<e<.X. 
Theorem 4.4 (Neutrosophic Edelstein Contraction Theorem) Let (%,=,0,Y,x«,°) be 


compact neutrosophic metric space. Let F : i — & be a function satisfying 


BG OG) = OG EG ae) a 


=(F¢,F 0, .) > 
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Then F has fixed point. 
Proof: Let a € © anda, = F"C (n EN). Assume C, 4 Gai for each n (If not FC, = Cn) 
consequently adn ~ Gn41 (n #m), For otherwise we get 

= (Gn Gntis +) = ElGms Smt +) > ElGm—-1) Gms +) > > BGs Gn) 

O(Gns Snt1s-) = O(Gms Sm+is-) < OGm-1; Sms -) < +++ < O(Gn, Gti -) 

(Gri Snt1s +) = T(Gms Gratis +) < T(Gm—15 Gms +) <0 < TCns Gat -) 


where m > n , which is a contradiction. Since % is compact set, {¢,} has convergent sub 
sequence {Cp,}. Let 7 = limi+4oCn,, Also we assume that 7 such that Fn © {Cn,;7 © N}. 
According to the above assumption, we may now write, 


2G is) So Gee OF Gk OG ae TP Gel) = Ge 


for all: © N. Then by equation (4.3.1) we obtain 


WEG iA) eo Uta Gata) j=) = 1 
lim supO(F Gn,,F 7, A) < lim O(6n,,, A) = O(n, 7, A) = 0 
lim supT(FGn,,F 7, A) < lim T(Gn,,7,A) = T(9, 9, A) = 0 
for each A > 0. Hence 
lim FGn, = Fn....(4.4.2) 


Simillarly 
lim F°Cy, = limf?n...(4.4.3) 


(we recall that lim F Cn, = Fn for all (¢ © N)), Now observe that, 


(Grr eyes igen SE Cnis Gnas A) 

Fag Gag) Gag Cea) 

F Gua Gea) eS A 

> OF Gags Gags A) > > O(Gass Gus Y) 
pag Gage) OO Gia a) 
al CuiagA) 3s 0. 

> Y( 
> T( 
> T( 


7 


( 
( 


IA 
[1] 


O(Gnis Frio A) 


PGi Gun) Oe a nage) 


(Zen ag Cee A) >--+ > 0. 





S Sowndrarajan, M Jeyaraman, Florentin Smarandache; Fixed Point Results for Contraction 
Theorems in Neutrosophic Metric Spaces. 


Neutrosophic Sets and Systems, Vol. 36, 2020 316 


for all A > 0. Thus {E(¢n,, F Gn AD}, {O(Gnis FGnis AD} {LV (Gaz, Fn, AD} and {(F Gn, F7Cn,,A)} 
(A > 0) are convergent to a common limit point . So by equations (4.3.1) , (4.3.2) and (4.4.1) 
and we get, 
=(n, Fn, A) > lim sup E(Cn;, F Gaz A) = lim sup (F Gays Gags A) 
> im G2 P GF Gag) 
2 APiye GA) 
O(n, Fn, A) < lim inf O(Gn,,F Gn) = lim inf O(F Gn FG) 
< lim supO(F Gn,,F Gn; ) 
< O(F n, Fn, d) 
Na Se a a a 
< lim sup (FCF Gn; F Cn; >) 
< Y(Fn, F°n, d) 
for all \ > 0. Suppose b 4 Fn, By equation (4.4.1) 
(0, Fy,.)<2(F9,F°n,.); O(n, F0,.) > 0(Fn,F*n,.); Tn, F9,.) > TF, F°n,.). 


which is a contradiction , because all the above functions are left continuous , non -decreasing 
and right continuous , non - increasing respectively. Hence 7 = F'7 is a fixed point. 
To prove the uniqueness of the fixed point, let us consider F (¢) = w for some ¢ € &. 


Then 


d d d 
1 a E(¢,w, A) — =(F 0, Fw, ) 2 B(¢,w, ri ] =(F 7, Fw, z) ae a =(C,w, in) 
x d 
0 < O(C,w,d) = O(F n, Fu, A) < O(G,w, 2) = O(F m Fu, 2) << Ow, 5) 
0 < T(6,w,A) = T(Fn, Fwd) $ TG, 2) = TF, Fu, 2) << TG,w, 2) 


Now , we easily verify that {A} is an s - increasing sequence, then by assumption for a given 


e € (0,1), there exists no € N such that 


m 
=(0.w,7,) 21-6 O(C,w, 7) $4 T(Gw, 2) <e 
Clearly 


A a A 
lin ooH (6, &, ae =1; liMn—+c08(G, w, in) = 0; lin +00 T(G, w, a = 0 


Hence &(¢,w,A)=1; O(¢,w,A) =0; Y(¢,w,A) = 0. Thus 7 = w. Hence proved. 
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Conclusion: In this study, we have investigated the concept of Neutrosophic Metric Space 


and its properties. We have proved fixed point results for contraction theorems in the setting 


of neutrosophic metric Space. There is a scope to establish many fixed point results in the 


areas such as fuzzy metric, generalized fuzzy metric, bipolar and partial fuzzy metric spaces 


by using the concept of Neutrosophic Set. 
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Abstract: In this study a decision making model through Neutrosophic Q-fuzzy set has been 
designed. During Covid-19 — Pandemic situation, education sector is stabilizing its work 
through online mode. Information Communication Technology (ICT) platforms offer many 
opportunities for the academicians and Learners. This study intends to analyse the selection of 
best ICT tool by fixing important criteria. The selection of optimal ICT tool is scrutinized in this 


study using Significant Score of a Neutrosophic fuzzy number. 


Keywords: Information Communication Technology, Neutrosophic Set, Neutrosophic Q- fuzzy 
set, Neutrosophic Q- fuzzy decision set, Neutrosophic fuzzy number, Significant Score of a 


NEN 


1. Introduction 

Education Sector plays a vital role in the digital transformation and embraces the changes 
during Covid-19 Pandemic situation. In the 21% century, education sector slowly moves to the 
online education. Many educationists apply ICTs application in online education. Especially 
during lock down period, ICTs help the Academicians and Learners to balance the teaching — 
learning process. Yusuf M.O. [25] analyzed about the policy implications in Nigerian 
education system. The system offered maximum use of ICT potential in the schooling system 


itself. Neeti Roy [17] analyzed the ICT act as student centered - learning settings. It adopted 
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the general component in teaching and learning process. It helps to enhance the quality 
and accessibility of education. It aims to learning motivation. Sivakumar Ramaraj [19] explored 
role of ICT has strong impact on teaching learning in 21%t Century. Vibha Thakur et al. [24] 
studied about transmission of ICT in the field of teaching and learning system by 
implementing e-learning, virtual learning, e-meeting and e-collaboration. ICT tools integrate, 
enhance and interact with wide coverage of learning and teaching. It helps the learners to gain 


the knowledge in the wider range though they are in distant mode. 


Many ICT platforms and research are developed and emerged into the market. The tools 
support the educators to transfer the ideas into implications. During this pandemic situation, 
the tools act as a bridge between the learners and teachers. It is inevitable to note the 
application of tools in the education sector effectively. For this purpose, the researchers intend 
to analyze the different characteristics of ICT tools which are very commonly used in the 
Academic platform. To identify the optimal ICT tool, this study wants to apply Neutrosophic 
Q-fuzzy set. Various properties enhance the education system using ICT. The major criteria 
have been selected for ICT tool which shows the higher ability of it. The Criteria helps to make 
decision on the application of ICT tools in teaching — learning process. To improve the 
accuracy in decision making, several types of fuzzy sets are applied in different situations. 
Muthumeenakshi et al.[15,16] applied the notions fuzzy soft set and bipolar valued Q-fuzzy set 
to design some multi criteria decision making models. Zhikang Lu[28] used intuitionistic fuzzy 
values for decision-making method. Smarandache[20.21] generalized the intuitionistic fuzzy 
set into Neutrosophic Set. After the invention of Neutrosophic settings, the notion is explored 
by the authors of [7,8,9,12,14,23 ] in various decision making problems. Later Mohseni et 
al.[11] introduced MBJ — Neutrosophic structure and applied it in BCK/BCI algebras. As an 
initiation, Surya et al.[22] applied MBJ — Neutrosophic structure in B-algebra. Recently in 
[10,13,18] also the concept of Neutrosophic set is applied to evaluate the management of 
internal control, applications to Multi-Criteria Decision-Making, solving the Fully 


Neutrosophic Linear Programming Problems. 
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With all these motivations, this paper incorporates the application of Neutrosophic Q- fuzzy 


set for the ideal selection of ICT tool in the education sector. 


2. Preliminaries 

This section discussed the essential notations for the construction of the model in this study. 

2.1 Definition: [26, 27] A fuzzy set in an nonempty set V isa mapping, w:Y — [0,1] for each 
x in WB, w(x) is called the membership value of x. 

2.2 Definition: [6] An intuitionistic fuzzy set in an non — empty set W is defined by the 
structure A= {< x,w,(x),A,(x) > |x € V}, where w, : ¥ — [0,1] is a membership function of 
Aand dA, :W¥ — [0,1] isa non- membership function of A with 0 <@w,+ dA, < 1. 

2.3 Definition: [20, 21] The term Neutrosophic Fuzzy Set N on a nonempty set ® is is the 
structure of the form N={< x, Gy(X), €n(@), nn(x) > |x € P} characterized by a truth —- 
membership function ¢y , an indeterminacy membership function éy, and a falsity — 
membership function 7y, where Gy, én, Nn: ® — [0,1]. 

2.4 Definition: [16] A Q -fuzzy subset u in a non-empty set X is a function p:X x Q — [0,1], 
where Q is any non-empty set. 


2.5 Definition: [16] A Q-fuzzy decision (QFD) set of X denoted by QFy and is defined by 


OFY =| Hope (x) | xEX i which is a fuzzy set over X and its membership function Hopp is 


defined by Hopp:X > [0,1] , where Hope (x) = yay Ux (x, qj). Here q; € Q and K is number 


1 
[K| 


of characteristics which influences the particular population. 


3. Neutrosophic Q -Fuzzy Decision Set 

3.1 Definition: A Neutrosophic-Q-Fuzzy Set (NOFS) ©, in a non-empty set I is defined as an 
object of the form Q= {< (%q), 600.9), So Moa O>laQerxQy , 
where ¢ 9, é9, N7q: I XQ — [0,1] represents the truth membership function, intermediate 


membership function and false membership function of 0 respectively. 
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3.2 Definition: For the Neutrosophic Set N = {< x, (y(x), Enx(X), Nn(x) > |x € PB} in ®, the 
triple (¢y, én, 7n) is called Neutrosophic Fuzzy Number(NEN) and is denoted by N,. 


3.3 Definition: The Significant Score of a NFN, N,=(¢y, &y, 7n) is defined as 
é Enx\\" 
SS(N,) = (Sy nee ()) ( — (én, =e (#)) ) This SS is used to identify an ideal 


solution from the various likewise objects of the given population. 


3.4 Definition: A Neutrosophic Q-Fuzzy Decision (NQFD) set of IT is defined by 
NQF® =| ( CN RP (x), SN FP (x) TIN gre (x) | xeE r| which is a Neutrosophic fuzzy set over I, 
where CN gRP > — [0,1], SN RP :  — [0,1] and MN rp ' l — [0,1] are the truth membership 
function, intermediate membership function and false membership function and respectively 
with Gop) = pqUierSnr(% aj) En gap) = FqUiergur4s) and agg) = 

NgrP ~ |K| J=1 Np\% Wj / NQFP ~ |K| J=1 Npl\% qj IN gFP = 


ag bat Ine (% qj). Here q;€Q and K is number of characteristics which influences the 


particular population. 


4. Ideal selection using Neutrosophic Q-Fuzzy Decision set 

In this section, the responses from the Academicians and Learners are analyzed. The optimal 
selection of the ICT tool will be decided using Neutrosophic Q-Fuzzy Decision (NQFD) set. 
Based on the Experts’ advice five major Criteria have been fixed for the ICT tool in E- Learning 
Process. The criteria are named as F1, F2, F3, F4 and F5 which are taken as the factor and the 
five different types of ICT tools are compared; E1, E2, E3, E4, E5. The commonly used ICT tools 
are selected based on the experts’ opinion. These tools have different application strategy with 
wide range coverage. Here, the factors to be considered for the optimal selection process are 
Easy Access (F1), Advanced Features (F2), Consumption of Bytes (F3), Less Interruption (F4), 
and Allowable Participants (F5). For each factor, four questions were asked to the respondents. 
Totally twenty items were analyzed with the application of NQFD set. These twenty items 
directly or indirectly collate the opinion of the respondents in the education sector about the 


ICT application. The items are designed with the three point Likert Scale. 
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The Scales are Satisfied, Neutral and Dissatisfied. Satisfied referred to Truth membership 
value, Neutral denotes Intermediate membership value and Dissatisfied denotes False 
membership value. 
The following procedure has been introduced for the purpose of selection. 

1. Construct NQEFS over X. 

2. Build NQF. 

3. Find SS (NQF) . 

4. Interpretation. 


Here lr’ = {E1, E2, E3, E4, E5} and Q = {F1, F2, F3, F4, F5} 


Step 1: To apply NQFS for the selection of ICT tool in E-Learning process, the universal set I 
and the non-empty set Q of characteristics are designed as follows. 

The responses are applied in the algorithm and values are calculated accordingly. Each 
characteristic is analyzed with four items in the form of statements. The google form has been 
structured and distributed to hundred respondents. The respondents are Academicians and 
Learners. The total satisfactory responses from the respondents for each statement are divided 
with number of respondents, i.e. 100. Likewise the total dissatisfactory and neutral responses 


are considered for the analysis. 


Step 2: Truth, Intermediate and False Membership values have been assigned based on Step 1 


Procedure. The following table shows the respective membership values for the optimal 


selection of ICT in E-Learning. 
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Table 1: Neutrosophic membership values 
a ee ee ee 
(0.43 ,0.23 , 0.34) | (0.36, 0.32 , 0.32) | (0.57, 0.21, 0.22) | (0.70, 0.14, 0.16) | (0.63 , 0.21 , 0.16) 


(0.45 , 0.30, 0.25) | (0.47, 0.32, 0.21) | (0.52, 0.29, 0.19) | (0.61 , 0.21 , 0.18) | (0.53 , 0.23, 0.24) 
(0.36 , 0.42 , 0.22) | (0.41, 0.20 , 0.39) | (0.49 , 0.24, 0.27) | (0.69, 0.21 , 0.10) | (0.30, 0.50, 0.20) 


(0.38 , 0.32 , 0.30) | (0.40, 0.21 , 0.39) | (0.60 , 0.20, 0.20) | (0.72, 0.21 , 0.07) | (0.50 , 0.32, 0.18) 
(0.34 , 0.31, 0.35) | (0.31 , 0.32 , 0.37) | (0.43 , 0.32, 0.25) | (0.82 , 0.12 , 0.06) | (0.62 , 0.21, 0.17) 


Step 3: The NQF? has been attained using the definition 3.4. 





NQFP={(0.392 , 0.316, 0.292)/ E, , (0.390 , 0.274, 0.336)/ E> , 


(0.522 ,0.252,0.226)/ E3 , (0.708 , 0.178, 0.114)/ E, 


(0.516 , 0.294, 0.190)/ Es } 


Step 4: The Significant Score for all Ei’s are identified as using the definition 3.3. 


SS(E1) = 0.2376 
SS(E2) = 0.1840 
SS(Es) = 0.3468 
SS(Ea) = 0.3644 


SS(Es) = 0.3672 


5. Conclusion 


In Education Sector, ICT plays a vital role especially during Covid19 situation. Many ICT tools 
are in the education arena. Each ICT tool gives benefits with some unique characteristics. The 
very important and common usages of characters are considered as the criteria for the analysis. 


For the optimal selection of ICT tool, the Academicians and Learners are using different 
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strategies in the Technology. In this study, Neutrosophic Q-Fuzzy Decision set has been used 
by considering the positive, intermediate and negative values of the responses from the 
Academicians and Learners opinions. The values are taken in the relative measures and 
applied in the Neutrosophic Q-Fuzzy Decision set. The result of the analysis revealed that the 
ICT (E5) is the best option which includes all the important characters of Tech tool for teaching 
and learning at the optimal level. This application enhances the opinion results and helps in 
decision making in the ICT tool selection and it can be explored in other such decision making 


scenarios. 
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Abstract. Recently, the concept of NeutroAlgebraic and AntiAlgebraic Structures were introduced and analyzed by 
Florentin Smarandache. His new approach to the study of Neutrosophic Structures presents a more robust tool needed 
for managing uncertainty, incompleteness, indeterminate and imprecise information. In this paper, we introduce for the 


first time the concept of NeutroVectorSpaces. Specifically, we study a particular class of the NeutroVectorSpaces called 





of type 4S and their elementarily properties are presented. It is shown that the NeutroVectorSpaces of type 4S may con- 
tain NeutroSubspaces of other types and that the intersections of NeutroSubspaces of type 4S are not NeutroSubspaces. 
Also, it is shown that if NV is a NeutroVector Space of a particular type and NW is a NeutroSubspace of NV, the 
NeutroQuotientSpace NV/NW does not necessarily belong to the same type as NV. 


Keywords: Neutrosophy; Vector Space; NeutroField; weak NeutroVectorSpace; strong NeutroVectorSpace; weak An- 


tiVectorSpace; strong AntiVectorSpace; NeutroSubspace; weak NeutroQuotientSpace; strong NeutroQuotientSpace. 


1. Introduction 


As an extension of his work in [15], Florentine Smarandache in introduced a new way of handling 


uncertainty, incompleteness, indeterminate and imprecise information. He studied and presented the 





concept of NeutroAlgebraicStructures and AntiAlgebraicStructures, which can be generated from a 


classical algebraic structure by a process called neutro-sophication and anti-sophication respectively. 





The emergence of these processes has given birth to a new field of research in the theory of neutrosophic 


algebraic structures. More details on neutrosophic algebraic structures can be found in [4)- (10). 





Smarandache in recalled, improved and extended several definitions and properties of NeutroAl- 
gebras and AntiAlgebras given in [12]. This new concept was examined by Agboola et al. in 
viz-a-viz the classical number systems N, Z,Q,R and C. In 2], Agboola formally presented the notion 


of NeutroGroups by considering three NeutroAxioms (NeutroAssociativity, existence of NeutroNeutral 





element and existence of NeutroInverse element). In addition, he showed that generally, Langrange’s 
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theorem and Ist isomorphism theorem of the classical groups do not hold in the class of NeutroGroups 
considered. Also in [3], Agboola studied NeutroRing, NeutroSubring, NeutroIdeal, NeutroQuotien- 
tRings and he showed that the Ist isomorphism theorem of the classical rings holds in this class of 
NeutroRing. Recently, Rezaei and Smarandache introduced the concept of Neutro-BE-algebras 
and Anti-BE-algebras and they showed that given any classical algebra S with n operations (laws and 
axioms) where n > 1 we can generate (2” — 1) NeutroStructures and (3” — 2”) AntiStructures. For 
comprehensive review of new trends in neutrosophic theory readers should see [4}{6]|8}110). 

The present paper will be concerned with the introduction of NeutroVectorSpaces. Specifically in 
the paper, we will introduce and study a class of NeutroVectorSpaces called NeutroVectorSpaces of 


type 4S (i.e., 4 of its scalar multiplication axioms are NeutroAxioms) and we will present some of 





their elementarily properties. It will be shown that the NeutroVectorSpaces of type 4S may contain 
NeutroSubspaces of other types and that the intersections of NeutroSubspaces of type 4S are not Neu- 
troSubspaces. Also, it will be shown that if NV is a NeutroVectorSpace of a particular type and NW 
is a NeutroSubspace of NV, then the NeutroQuotientSpace NV/NW does not necessarily belong to 


the same type as NV. 


2. Preliminaries 


In this section, we will give some definitions, examples and results that will be used in the sequel. 


Definition 2.1. 





(i) A ClassicalOperation is an operation well-defined for all the set’s elements while a Neutro- 





Operation is an operation partially well-defined, partially indeterminate, and partially outer 


defined on the given set. An AntiOperation is an operation that is outer defined for all the 





set’s elements. 


(ii) A classicallaw/Axiom defined on a nonempty set is a law/axiom that is totally true for all 





the set’s elements while a NeutroLaw/Axiom defined on a nonempty set is a law/axiom that is 








true for some set’s element, indeterminate for other set’s elements, or false for the other set’s 


elements. An AntiLaw/Axiom defined on a nonempty set is a law/axiom that is false for all 





set’s elements. 

(iii) A NeutroAlgebra is an algebra that has at least one NeutroOperation or one NeutroAxiom 
(axiom that is true for some elements, indeterminate for other elements, and false for other 
elements), and no AntiOperation or AntiAxiom while an AntiAlgebra is an algebra endowed 


with at least one AntiOperation or at least one AntiAxiom. 


Theorem 2.2. [11/ Let U be a nonempty finite or infinite universe of discourse and let S be a finite 
or infinite subset of U. If n classical operations (laws and axioms) are defined on S where n > 1, then 


there will be (2" — 1) NeutroAlgebraicStructures and (3" — 2”) AntiAlgebraicStructures. 
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Definition 2.3. [Classical group] 


Let G be a nonempty set and let * : G x G > G be a binary operation on G. The couple (G, *) is 


called a classical group if the following conditions hold: 


(G1) 
(G2) 
(G3) 
(G4) 


(G5) 


x*xy €GVa2,y € G [closure law]. 
xux*(y*z) = (ax*xy)*z Va,y,2 € G laxiom of associativity]. 


There exists e € G such that x*e =e xx =a Va € G [axiom of existence of neutral element]. 





There exists y € G such that «xy = y* x =e Va € G [axiom of existence of inverse element! 
where e is the neutral element of G. 
If in addition Vx,y € G, we have 


x*y=y*x, then (G,*) is called an abelian group. 


Definition 2.4. |NeutroSophication of the law and axioms of the classical group] 


(NG1) 


(NG2) 


(NG3) 


(NGA) 


(NGS) 


There exist at least three duplets (x,y), (u,v), (p,q),€ G such that x * y © G (inner-defined 
with degree of truth T) and [w*v = indeterminate (with degree of indeterminacy I) or pxq ¢ G 
(outer-defined/falsehood with degree of falsehood F)] [NeutroClosureLaw]. 

There exist at least three triplets (x, y, z), (p,q,7), (u,v,w) € G such that x*(y*z) = (a@*y) *z 
(inner-defined with degree of truth T) and |[p * (q * r)Jjor [(p * q) * r] = indeterminate (with 
degree of indeterminacy I) or ux (uv x w) 4 (u*v) * w (outer-defined/falsehood with degree of 
falsehood F)] [NeutroAxiom of associativity (NeutroAssociativity)]. 

There exists an element e € G such that x *e = e* x = x (inner-defined with degree of truth 
T) and [|x « elor[e * z] = indeterminate (with degree of indeterminacy I) or rxe Ax AEX 
(outer-defined/falsehood with degree of falsehood F)]| for at least one x € G [NeutroAxiom of 
existence of neutral element (NeutroNeutralElement)]. 

There exists an element u € G such that x *u = u* x = e (inner-defined with degree of truth 
T) and ||a * ujor|w * «)] = indeterminate (with degree of indeterminacy I) or r*u#AeAux*ex 


(outer-defined/falsehood with degre of falsehood F)] for at least one « € G [NeutroAxiom of 








existence of inverse element (NeutroInverseElement)| where e is a NeutroNeutralElement in G. 
There exist at least three duplets (x, y), (u,v), (p,q) € G such that x * y = y * x (inner-defined 
with degree of truth T) and [[u * vjor[v * u] = indeterminate (with degree of indeterminacy 
I) or px q 4 q * p (outer-defined/falsehood with degree of falsehood F)] [NeutroAxiom of 


commutativity (NeutroCommutativity)]. 


Definition 2.5. A NeutroGroup NG is an alternative to the classical group G that has at least one 
NeutroLaw or at least one of {NG1, NG2, NG3, NG4} with no AntiLaw or AntiAxiom. 


Definition 2.6. A NeutroAbelianGroup NG is an alternative to the classical abelian group G that 
has at least one NeutroLaw or at least one of {NG1, NG2, NG3, NG4} and NG5 with no AntiLaw or 


AntiAxiom. 





Author(s), Paper’s title 


Neutrosophic Sets and Systems, Vol. 36, 2020 331 


Example 2.7. Let NG =N = {1,2,3,4---,}. Then (NG,.) is a finite NeutroGroup where ’’.” is the 


binary operation of ordinary multiplication. 


Definition 2.8. [Classical ring] Let R be a nonempty set and let +,.: Rx R — R be binary operations 
of the usual addition and multiplication respectively defined on R. The triple (R,+, .) is called a classical 
ring if the following conditions (R1 — R9) hold: 


(R1) «+yeERVzx,y € R [closure law of addition]. 

(R2) «+(y+2)=(e#+y)+2 Va,y,z € R [axiom of associativity]. 

(R3) There exists e € R such that r+e =e+2=2 Va € R [axiom of existence of neutral element]. 

(R4) There exists —x € R such that x + (—x) = (—x) +” =e Va € G [axiom of existence of inverse 
element] 

R5) «+y=yt+2 Va,y € R [axiom of commutativity]. 

R6) xy € RVaz,y € R {closure law of multiplication]. 


R8 
R9 


(R5) 

(R6) 

(R7) x.(y.z) = (w.y).z Va, y,z € R [axiom of associativity]. 

(R8) x.(y+ z) = (a-y) + (a.z) Va,y,z © R [axiom of left distributivity]. 
(R9) 


(y+ z).a = (y.x) + (2.x) Va,y,z € R [axiom of right distributivity]. 
If in addition we have, 
(R10) xy = y.x Va,y € R [axiom of commutativity], 


then (R,+,.) is called a commutative ring. 


Definition 2.9. |NeutroSophication of the laws and axioms of the classical ring] 


(NR1) There exist at least three duplets (x, y), (u,v), (p,q) € R such that x+y € R (inner-defined with 
degree of truth T) and [w+ v = indeterminate (with degree of indeterminacy I) or p+q¢R 
(outer-defined/falsehood with degree of falsehood F)| [NeutroClosure law of addition]. 

(NR2) There exist at least three triplets (x, y, z), (p,q,7), (u,v,w) € Rsuch that x+(y+z) = (a+y)+z 
(inner-defned with degree of truth T) and [|p + (q¢q+7r)Jor|(p + q) +r] = indeterminate (with 
degree of indeterminacy I) or u+ (u+w) 4 (u+v) + w (outer-defined/falsehood with degree 
of falsehood F)| [NeutroAxiom of associativity (NeutroAssociativity)]. 

(NR3) There exists an element e € R such that x +e =a+e= 2 (inner-defined with degree of truth 
T) and |{x + elorle + x] = indeterminate (with degree of indeterminate I) ort+e4AuA#e+z 
(outer-defined/falsehood with degree of falsehood F)] for at least one x € R [NeutroAxiom of 
existence of neutral element (NeutroNeutralElement)]. 

(NR4) There exists —x € R such that x + (—x%) = (—a) + 4 = e (inner-defined with degree of 
truth T) and |[[—x + x]Jor[a + (—a)| = indeterminate (with the degree of indeterminate I) or 
—x+x2~eA#Ax-+(—2) (outer-defined/falsehood with degree of falsehood F)] for at least one 








x € R |NeutroAxiom of existence of inverse element (NeutroInverseElement)]. 





Author(s), Paper’s title 


Neutrosophic Sets and Systems, Vol. 36, 2020 332 


(NR5) There exist at least three duplets (x, y), (u,v), (p,q) € R such that x+y = y+ (inner-defined 
with degree of truth T) and [|p + qjor{q + p] = indeterminate (with degree of indeterminacy 
I) oru+v #4 vu+u (outer-defined/falsehood with degree of falsehood F)| [NeutroAxiom of 
commutativity (NeutroCommutativity)]. 

(NR6) There exist at least three duplets (x,y), (p,q),(u,v) € R such that x.y € R (inner-defined 
with degree of truth T) and [u.v = indeterminate (with degree of indeterminacy I) or p.q ¢ R 
(outer-defined/falsehood with degree of falsehood F)|] NeutroClosure law of multiplication]. 

(NR7) There exist at least three triplets (x,y, z),(p,q,7"), (u,v, w) € R such that x.(y.z) = (x-y).z 
(inner-defined with degree of truth T) and |[p.(q.r)]or|(p.q).r] = indeterminate (with degree of 
indeterminacy I) or u.(v.w) #4 (u.v).w (outer-defined/falsehood with degree of falsehood F)| 
[NeutroAxiom of associativity (NeutroAssociativity)]. 

(NR8) There exist at least three triplets (x,y, z),(p,q,7), (u,v, w) € R such that x.(y + z) = (wy) + 
(x.z) (inner-defined with degree of truth T) and [[p.(q + r)lor[(p.q) + (p.r)| = indeterminate 
(with degree of indeterminacy I) or u.(v+w) 4 (u.v) + (u.w) (outer-defined/falsehood with 
degree of falsehood F)| |NeutroAxiom of left distributivity (NeutroLeftDistributivity)]. 

(NR9) There exist at least three triplets (x,y, z),(p,q,7), (u,v, w) € R such that (y + z).2 = (y.x) + 
(z.x2) (inner-defined with degree of truth T) and ||(v + w).ujor|(v.w) + (w.w)] = indeterminate 
(with degree of indeterminacy I) or (v + w).u 4 (v.u) + (w.u) (outer-defined/falsehood with 
degree of falsehood F)] [NeutroAxiom of right distributivity (NeutroRightDistributivity)]. 

(NR10) There exist at least three duplets (x,y), (p,q), (u,v) € R such that x.y = y.x (inner-defined 
with degree of truth T) and [[p.qgjor|q.p] = indeterminate (with degree of indeterminacy I) or 
u.v # v.u (outer-defined/falsehood with degree of falsehood F)| [NeutroAxiom of commutativity 
(NeutroCommutativity)]. 


Definition 2.10. A NeutroRing NVR is an alternative to the classical ring R that has at least one 
NeutroLaw or at least one of {NR1, NR2,NR3,NR4,NR5, NR6, NR7, NR8, NR9} with no AntiLaw 


or AntiAxiom. 


Definition 2.11. A NeutroNoncommutativeRing NAR is an alternative to the classical noncommu- 
tative ring R that has at least 
one NeutroLaw or at least one of {NR1,NR2, NR3,NR4,NR5,NR6,NR7, NR8,NR9} and N R10 


with no AntiLaw or AntiAxiom. 


Example 2.12. (i) Let NR = Z and let © be a binary operation of ordinary addition and for all 
x,y € NR, let © be a binary operation defined on NR as cx Oy = ,/xy. Then (NR, @, ©) isa 
NeutroRing. 

(ii) Let NR = Q and let © be a binary operation of ordinary addition and for all x,y € NR, let © 
be a binary operation defined on NR as x Oy =2/y. Then (NR, ®,©) is a NeutroRing. 
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3. Formulation of NeutroVectorSpaces 





In this section, we present the concept of NeutroVectorSpaces and study their elementary properties. 


Definition 3.1. [Classical Vector Space] 

A vector space consists of a nonempty set V of objects (called vectors) that can be added, that can be 
multiplied by a real or complex number (called a scalar in this context), and for which the following 
laws and axioms hold: 


The Law and Axioms for vector addition 


Al 
A2 


If u and v are in V, then u+ uv is in V. 
+(v+w) =(u+v)+w for all u,v, and w in V. 


(Al) 

(A2) u 

(A3) An element 0 in V exist such that v +0 =v =0+ v for every v in V. 

(A4) For each v in V, an element —v in V exist such that —v + v =0 and v+ (—v) = 0. 
(A5) 


A5 


u+v=v+4u for all u and v in V. 
The Law and Axioms for scalar multiplication 


(S1) 
(S2) 
(S3) (a+ b)v = av 4 bv for all v in V and alla and bE R. 
(S4) 
(S5) 


If v is in V, then av is in V for all a in R. 


a(vu+w) =av+aw for all v and w in V and alla ec R. 


S4) a(bv) = (ab)v for all v in V and all a and bin R. 
55) lv =v for all v in V. 
Definition 3.2. |NeutroSophication of the law and axioms of the classical vector space] 


NeutroSophication of the law and axioms for vector addition 


(NA1) There exist at least three duplets (u,v), (w,x), (y,z) € V such that u+v € V (inner-defined 
with degree of truth T) and [w+a = indeterminate (with degree of indeterminacy I) or y+z ¢ V 
(outer-defined/falsehood with degree of falsehood F)]. 

(NA2) There exist at least three triplets (u,v, w), (x,y, 2), (p,9¢,7) € V such that u+(v+w) = (u+v)+w 
(inner-defined with degree of truth T) and ||x + (y+ z)lor|[(x + y) + 2] = indeterminate (with 
degree of indeterminacy I) or p+ (q+7r) 4 (p+q) +7 (outer-defined/falsehood with degree of 
falsehood F)]. 

(NA3) There exists an element e € V such that v +e =e+v = v (inner-defined with degree of truth 
T) and [|v + elor[e + v] = indeterminate (with degree of indeterminacy I) or v-+e#AufAet+v 
(outer-defined/falsehood with degree of falsehood F)| for at least one v € V. 

(NA4) There exists —v € V such that v + (—v) = (—v) + v = e (inner-defined with degree of truth T) 
and [[—v + vjor|v + (—v)| = indeterminate (with degree of indeterminacy I) or |[-vu +v#eF 
uv + (—v) (outer-defined/falsehood with degree of falsehood F)| 

Author(s), Paper’s title 





Neutrosophic Sets and Systems, Vol. 36, 2020 334 


(NA5) There exist at least three duplets (u,v), (7, y), (w, z) € V such that u+v = v+u (inner-defined 
with degree of truth T) and ||a + yjor|y + 2] = indeterminate (with degree of indeterminacy I) 
orw+2z24#2+w (outer-defined/falsehood with degree of falsehood F)]. 


NeutroSophication of the law and axioms for scalar multiplication 


(NS1) There exist at least three duplets (a,v),(b,u),(c,x) with a,b,c € K and v,u,x € V such 
that av € V (inner-defined with degree of truth T) and [bu = indeterminate (with degree of 
indeterminacy I) or cx ¢ V (degree of falsehood F)). 

(NS2) There exist at least three triplets (k,2z,y),(m,u,v),(n,w,z) with k,m,n € K and 
“L,Y,U,v,w,z € X such that k(a + y) = ka + ky (inner-defined with degree of truth T) and 
Ilm(w+v)lor|mu+mv| = indeterminate (with degree of indeterminacy I) or n(w+z) 4 nw+nz 
(outer-defined/falsehood with degree of falsehood F)]. 

(NS3) There exist at least three triplets (k,m,x),(p,q,y),(1,8,z) with k,m,p,q,r,s © K and z,y,z EX 
such that (k+m)a = kx+mz (inner-defined with degree of truth T) and [[(p+q)ylor|py+qy] = 
indeterminate (with degree of indeterminacy I) or (r+ s)z #rz+ sz (outer-defined/falsehood 
with degree of falsehood F)]. 

(NS4) There exist at least three triplets (k,m,2x),(p,q,y),(7,5,z) with k,m,p,q,r,s ©€ K and 
x,y,z © X such that k(mxz) = (km)x = (mk)x (inner-defined with degree of truth T) and 
Ilp(qy)|or|q(py)lor|(pq)y] = indeterminate (with degree of indeterminacy I) or r(sz) 4 (rs)z 
(outer-defined/falsehood with degree of falsehood F)]. 

(NS5) There exists an element k € K such that kv = v (inner-defined with degree of truth T) and 
[kv = indeterminate (with degree of indeterminacy I) or kv 4 v (outer-defined/falsehood with 


degree of falsehood F)| for at least one v € V. 


Definition 3.3. |AntiSophication of the law and axioms of the classical vector space] 


AntiSophication of the law and axioms for vector addition 


(AA1) For all the duplets (u,v) EV, ut+tvé V. 

(AA2) For all the triplets (u,v,w) EV, ut+(u+w) A (u+v)+w. 

(AA3) There does not exist an element e in V such that v+e=v=e+v for every v in V. 

(AA4) There does not exist —v in V such that v + (—v) = (—v) + v = e for all v € V where € is a 
AntiNeutralElement in V. 


(AA5) For all the duplets (u,v) EV, utuv~vtu. 
AntiSophication of the law and axioms for scalar multiplication 


(AS1) For alluce V andaec R,avé€ V. 

(AS2) For all u,v € V andae€R, a(u+v) 4au+av. 

(AS3) For allu € V anda,bER, (a+b)u 4 av + bv. 

(AS4) For all v € V and a,b€ R, a(bv) F (ab)v. 
Author(s), Paper’s title 





Neutrosophic Sets and Systems, Vol. 36, 2020 300 
(AS5) For allu eV, luv. 


Definition 3.4. Let (K,+,-) bea field. A NeutroField (NK, +, -) is an alternative to the classical field 


(K,+,-) that has at least one NeutroLaw or at least one NeutroAxiom with no Antilaw or AntiAxiom. 


Definition 3.5. Let (K,+,-) be a field. An AntiField (AK,+,-) is an alternative to the classical field 
(K,+,-) that has at least one AntiLaw or at least one AntiAxiom. 


Definition 3.6. Let ” +” be addition of vectors, ” -” be multiplication of vector by scalars and let 
K be a Neutro/classical field. A NeutroVectorSpace (NV,+,-) is an alternative to the classical vector 
space (V,+,-) that has at least one NeutroLaw or at least one of {NAl — NS5} with no Antilaw or 


AntiAxiom. 


If K is a classical field, then the quadruple (NV,+,-, A’) is called a weak NeutroVectorSpace over 
k. And the quadruple (NV,+,-, A) is called a strong NeutroVectorSpace if K is a NeutroField (i.e., 
k=NK). 


Definition 3.7. Let ” +” be addition of vectors, ”-” be multiplication of vectors by scalars and let K 
be a Anti/classical field. An AntiVectorSpace (AV,+,-) is an alternative to the classical vector space 


(V,+,-) that has at least one AntiLaw or at least one of {AA1 — AS5}. 


If K is a classical field, then the quadruple (AV,+,-, A) is called a weak AntiVectorSpace over K. 
And the quadruple (AV,+,-, A) is called a strong AntiVectorSpace if K is a AntiField (i.e., K = AK). 


Theorem 3.8. Let (V,+,-) be a classical vector space over a field K. Then, 


(1) there are 1023 classes of NeutroVector Spaces. 
(2) there are 58025 classes of AntiVector Spaces. 


Proof. The proof follows easily from Theorem [2.2 0 


Theorem [3.8] shows that there are many classes of NeutroVector Spaces. ‘The trivial cases from the 
1023 classes are the cases where N Al — NS'5 hold. Examples of weak and strong NeutroVectorSpaces 
for the trivial cases are given in Example [3.9] 


Example 3.9. Let V = Zi. and K =R. Define addition and scalar multiplication by 


— 24 + 3y 


xOey and k © a= ka’ 


where © is addition modulo 12. Then (V,@, ©) is a weak NeutroVectorSpace over a field K. 





To see this: 


(1) We will show that (V,@) is a NeutroAbelianGroup. 
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(2) 


(a) There exist at least x,y € V such that x By € V and at least a,b € V such that 
a@®b ¢ V. For instance, if we take (x,y) = (1,2) and (a,b) = (2,1), we will see that NV1 
holds. Therefore © is NeutroClosed. 

(b) Let x,y,z € V. Then 


x ® (y @ 2) = SSH and (x Oy) Oz = SHH | equating these we have 





4x + 6y + 9z = 4x + Oy + 62 which gives 9z = 6z, 
~, 32 = 0 this implies that z = 0,4 and 8. 


Thus, only the triplets (a, y,0), (a, y,4), and (a, y,8) can verify the associativity of 6 and 





therefore, 6 is NeutroAssociative. 

(c) Let e € V such that x @e = 482 = 7 ande @a = “A =z. 
Then sutse = Zot hu from which we obtain e = @. 
The elements of V that satisfy 7 6 x = x are 0,8. This shows that V has NeutroNeutral 
element. 

(d) Considering each NeutroNeutral element in (b) we can show that V has NeutrolInverse 
element. 

(ec) Letz,yEeV, cr OGy= area and y@x= aut ee 


2etsy — 2¥t°" from which we obtain « = y. This 


If “@” is commutative, we will have 
shows that only the duplet (x, x) can verify commutativity of ©. 
Thus, @ is NeutroCommutative. Hence, (V,@) is a NeutroAbelianGroup. 
We wish to find at least a triplet (k,m,u) with u € V and k,m € K, such that k © (m© u) = 
(km) © u. 
Now, consider (km) © u = (km)u? = kmu? and k© (m@u) =k © (mu?) = k(mu?)? = km?u'. 


Equating these we have 


which gives 


Since we need at least a triplet, take m = 1, then elements of V that will satisfy mu? = 1 are 
Ds ty dd 

So, k©(m©u) = (km) © u for at least the triplets (k,1,5),(k,1,7) and (k,1,11). 

We want to show that, there exist at least a triplet (k,m,u) with u € V and k,m € K, such 
that (k+m)Ou=koOu@S@mou. 

Consider, (k +m) Ou = (k+m)u? = ku? + mu? and 

kOuSmoOu= ku? O mv? = 21 ie LIL 

Equating these we have 


a 2ku? —— 
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(5) 


which gives 
muz =0 =u? =0 
“.u=0 and 6. 


This shows that only the triplets (k,m,0) and (k,m,6) can verify 
(kKtm)Ou=koOuS®mou. 
We want to show that there exists at least a triplet (k, u,v) with u,v € V and k € Kk, such that 
kO(u@v)=kOu@P@k Ov. 
Now, consider k © (u © v) =k @ Gets) = jp Cut 3u)" = Au" + 1ekuv+Oku" = Aku" Sheu" and k © 
uBkOv= ku? O kv? = ch a 
Equating these we have 
Aku? + 9kv? = 4ku? + 6kv?, 
which gives 
9kv? = 6kv" 
oho 0. ar = 0. 
So, 
v = 0,6. 


This shows that only the triplets (k, u,0) and (k,u,6) can verify kO (u@v) =kOu@Gk Ov. 
We want to show that there exists at least au € V such that l1Ou =u. 


We have that the only elements of V that satisfy 1 © u = u? = u are 4 and 9. 


Accordingly, (V,®, ©) is a weak NeutroVectorSpace over a field kK = R. 


Example 3.10. Let X = {a,b,c,d,e} be a universe of discourse and let K = {a, b,c, d}. 


Let @ and © be the binary operations defined on K as shown in the Cayley tables below. 


So. oF Be 


(1) 
(2) 


TABLE 1. (a) Cayley table for the binary operation @” and (b) Cayley table for the 


binary operation “©” 


a b c d © a b Cc d 
a C a C a a C a C 
b d b d b b d b d 
C a C a C a C a C 
d b d b or d b d b d 


(KK, @, ©) is a trivial NeutroField. 





(IK, @, ©) taken over itself is a strong NeutroVector Space. 
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(1) To show that (K, 6, ©) is a trivial NeutroField we proceed as follows: 
(a) (IK, ®) is a NeutroAbelianGroup. It is clear from the table that; 
(i) d6d= bord. 
So, the composition d@d is indeterminate with 6.25% degree of indeterminacy and all 
other compositions are true with 93.75% degree of truth. Hence "@” is NeutroClosed. 
(ii) dd (c@a) = (d Gc) Ga=d, 
a ®(c@d) =a, but (a@c) Bd=c Fa. Hence "6" is NeutroAssociative. 








(iii) Since only the duplet (x,x) € K verify commutativity, for x = a,b,c € K. 


Hence "Q@” is NeutroCommutative. 





(iv) Let N, and I, represent additive neutral and inverse element respectively with re- 
spect to any element x € K. 
Then N, =a, Ne =c and Nz, Ng do not exist. 
I, =a, I, = cand Ip, Iq do not exist. 
Hence, (IK, ®) is a NeutroAbelianGroup. 

(b) (K, ©) is a NeutroAbelianGroup. It is clear from the table that; 

(i) (a0 b)Od=ao (bOd) =, 
(b©c) Od=d but b© (cOd) =b Fd. Hence "©" is NeutroAssociative. 

(ii) aO@c=cOa=a, 
a®b=c but bOa= bd. Hence, © is NeutroCommutative. 





(iii) Let U, and I, represent multiplicative neutral and inverse element(s) respectively 
with respect to any element x € K. 
Then, U, =a and c. Ug = b and d. Uy, and U, do not exist. 
I, =aandc. Ig =b and d. I. and I, do not exist. 
Hence, (IK, ©) is a NeutroAbelianGroup. 

(c) Now, we show that © is distributive over @. It is clear from the table that ; 

(i) a®(b@c)=aObGaoc=c, 
b©O(aGb) =b, but bOaPbOb=adFb. So, “©” is left NeutroDistributive over 
Ney, 

(ii) (b@c)OCa=bOaPGcOa=b, 
(c@b)Od=c, but cOd®bOd=a¥c. So, "©" is right NeutroDistributive over 





"B". Hence, “©” is NeutroDistributive over “6”. 





Accordingly, (K, ®, ©) is a trivial NeutroField. 
(2) That (K, 6, ©) is a strong NeutroVector Space over itself, follows easily from all the properties 


established in solution of 1 above. 


Proposition 3.11. Every NeutroField taken over itself is a strong Neutro VectorSpace. 
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Proof. The proof follows from Example -o 


4. A Study of a Class of NeutroVectorSpaces 


In this section, we shall consider a particular class of NeutroVectorSpaces (NV,+,-) where 
(1) (NV,-+) is a classical abelian group. 
(2) S1 is totally true for allv € V andae K. 
(3) $2,53,54 and S5 are either partially true or partially indeterminate or partially false for some 
elements of V and K. 
We shall refer to this class of NeutroVectorSpace as NeutroVectorSpace of type 4S (i.e., 4 of its scalar 


multiplication axioms are NeutroAxioms). 


Example 4.1. Let K = Z, (where p is prime) and NV = Zs. Define © and © by 
a@b=a+band k©a=a’? +ka. 


Where ”+” is addition modulo 8 . 
Then (NV,@,©) is a weak NeutroVectorSpace of type 45 over the field K = Z,. 


It is easy to show that (NV, 4) is an abelian group. Also, it is easy to see that $1 holds. 
Now it remains to show that NS2,NS3,NS4 and NS5 hold. 
(1) We want to show that there exists at least a triplet (k,xz,y) with k € K and x,y € NV such 
that 
kO(x@@y)=kOzr@ekoy. 
Now, kO(t@#@y) =kO(ety) =(aty’*t+kat+y) =227 + y? + Qry+ ke t+ ky. 
AndkOr@kOy=(a7+kz) @(y* thy) =a22* +y?% + ket ky. 
aor t+y? +2Qecy tka t+ky=ao?+y?+kat+ky 
—= ry = 0. 
Hence x = 0 or y = 0, (az, y) = (2,4), (2, y) = (4, 2), (x, y) = (4,6) and (a, y) = (6,4). 
This shows that only the triplets (k,x,0), (k,0,y), (k, 2,4), (k, 4,2), (k,4,6) and (k,6,4) can 
verify NS2. 
(2) We want to show that there exists at least a triplet (k,m,u) with k,m € K and u € NV such 
that 
(kKt+tm)Ou=kOut+moOu. 
(kKt+m)OQu=H=wt+(ktm)u=u?+kut+mu and kOu®mo6u= 2? + kut mu. 
Then, we have 
u? +ku+ mu = 2u? + ku+mu 


— y2=0. 
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“.u=0 and 4. 


Hence, only the triplet (k,m,0) and (k,m,4) can verify NS3. 


(3) We want to show that there exists at least a triplet (k,m,u) with u € NV and k,m € K, such 


that k © (m© u) = (km) © u. 


Now, consider (km) © u = u? + (km)u = u? + kmu and 


kO(mOu) =k (uw? + mu) = (uv? + mu)? + k(u? + mu) = u* + Wmv? + mu? + ku? + kmu. 


Equating these we have 


uw +2mutm+k= il. 


Since we need at least a triplet, take k = 1, then we have u? + 2um +m? = 0 and this gives 


u=—mM. 
Hence, at least the triplet (1,m,—m) satisfies NS4. 
(4) We want to show that there exists at least vu © NV such that 1Ov =v. 


From definition of © we have that the only elements of NV that satisfy 
1QOu=v?+v=vare 0 and 4. 


Hence (NV, 6, ©) is a weak NeutroVectorSpace of type 45 over the field K = Zp. 


Example 4.2. Let X = {a,b,c,d,e} be a universe of discourse. Let K = {a, b, c,d} be the Neutrofield 


defined in Example |3.10}and let NV = {v1 = 2,02 = 2 us ={,u,= a 


Bs 
Define on NV the binary operation +’ as in the table below and scalar multiplication * by 


a@®x 
axv= ' 
e 





here © is the multiplication in K defined in Table [1] (b) for all elements in K. 


TABLE 2. Cayley table for the binary operation +’ 


+’ V1 V2 V3 VA 
V1 UI V2 U3 U4 
V2 V2 U3 VA U1 
U3 U3 U4 U1 U2 
V4 V4 V1 V2 U3 


Then (NV, +’,*) is a strong NeutroVectorSpace of type 4S over K. 


It is clear from Table [2] that (NV, +’) is an abelian group. Also, it is easy to see that $1 holds. 
Now it remains to show that NS2,NS3,NS4 and N‘S5 hold. 


It can be seen from Table [1] (a), Table [1] (b) and Table [2] that 





Author(s), Paper’s title 


Neutrosophic Sets and Systems, Vol. 36, 2020 341 


(1) for c € K and v2, v3 € NV, 


Cx (vg +" U3) = e€x(vg +" v3) cea tHexug = b+! @e 
= cxvy, from Table[2] _ cy! a a Tabldl] (b) 
_ ed e e€ 
€ = vu3gt+'v 
= €-s¢e@©d=c, from Table [1] (b) . 
= U3 
= U3. 


=> cx (v2 +’ v3) = Cx Ug + CX U3 = V3, 
and for b € K and v3,v14 € NV, 
bx (v3 +’ v4) = v4 but D& vg +/ bk U4 = Vy F U4. 
This shows that NS2 holds. 
(2) for a,c € K and v2 € NV, 
(a Oc) * vg =a Ve +’ Cx Ve = V3, 
and for a,b € K and v4 € NV, 
(a @ b) xu4 = v3 but ax vg t+! b* V4 = VQ F V3. 
This shows that NS3 holds. 
(3) for a,b € K and v4 € NV, 
(a © b) ku4 = ax (b* U4) = V3, 
and for b,c € K and v4 © NV 
(b©c)xv4 = v4 but b* (Ck U4) = Vo F V4. 


This shows that NS4 holds. 
(4) We know from Table [1] that NeutroUnityElements in K are U, = a,c and Ug = 6, d. 

Now, suppose we consider the NeutroUnityElement Ug = 6 only. 

We have that b« v4 = v4 and bx v3 = v2 # V3. 

This shows that NS5 holds. 
Hence, we have that (NV, +’,x) is a strong NeutroVectorSpace of type 4S over the NeutroField K. 
From now on, every weak(strong) NeutroVectorSpaces of type 4S over K( NK‘) will simply be called a 
weak(strong) NeutroVectorSpace over K( NK). 


Proposition 4.3. Let (NV,+‘/,*1) and (NH, +5, 2) be two weak Neutro VectorSpace over the field Kk 
and let 
NVxNH={(v,h):vE NV andhe NE}, 


for x = (v1,h1), y = (v2,he) © NV x NH andk € K define : 


«Oy = ((v1 +4 v2), (hi +9 ha), 
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kOu=(kxy V1,k xe U2). 


Then (NV x NH,®,©) is a weak NeutroVectorSpace over the field K. 


Proof. Since (NV,+4) and (NH,+5) are classical abelian groups, then it can be shown that (NV x 


NH, ®) is a classical abelian group. Also, it is easy to see that $1 is true in (NV x NA). 
Now, it remains to show that NS2—NS5d hold in NV x NAH. 


(1) There exists at least a triplet (k, (v1, h1), (v2, h2)) with (v1, h1), (v2,h2) Ee NVx NH andk « k, 


such that 


k © ((v1, hi) ® (va, ha) 


k © (vy +4, v2, hy +5 he) 

(k xy (v1 +4 v2), ke (hi +5 he)) 

(kx, Uy +4 key vg, keg hy +5 ko he) ° NS2 holds in NVand NH. 
(kx, U1,k *2h1) @ (kb «1 v2, k kg he) 

k © (v1,h1) ® k © (va, he). 


Also, there exists at least a triplet (m, (a1, 61), (a2, b2)) with (a1, bi), (a2,b2) € NV x NH and 


m € Kk, such that 


m © ((a1, 61) & (a2, b2)) 


v 


m © (a1 +4 G2, bi +5 ba) 

(m x1 (a1 +1 Az), Mg (br +9 b2)) 

(m x1 ay +4. *1 Gg, M*2 by +5:mM x2 b2) + NS2 holds in NVand NH. 
(m x, G1, ko 61) B (mM, A2,™M x2 bg) 


m © (a1,61) 8 mM © (aa, be). 


Hence, NS'2 holds in NV x NA. 


(2) There exists at least a triplet (k,m,(v,h)) with k,m € K and (v,h) € NV x NH such that 


(k+m) © (v,h) 


(k+m)x*, vu, (k +m) xg h) 
= ((kx,ut) mx, v), (kxoh +5 mx h)) «+ NS3 holds in NVand NH. 
((k x4 is ki xe h) @ (m *1 U,™m x2 h)) 


= kO(vh)P®mo(v,h). 


Also, there exists at least a triplet (p,q, (a,b)) with p,q € K and (a,b) € NV x NH such that 


(p+q) © (a,b) = 


YK 


((p+q) *1 a, (p+) *2 6) 
((p x1 a+4q%*1 a), (p*k2b+5 q*2 b)) «» NS3 holds in NVand NH. 
( 


(px, a, po b) ® (q *1 a, g ke b)) 
= p©(a,b)6q0 (a,b). 


Hence, NS3 holds in NV x NAH. 


(3) There exists at least a triplet (k,m,(v,h)) with k,m € K and (v,h) € NV x NH such that 


(km) © (v, h) 


((km) x1 v, (km) x2 h) 

(k x1 (m *1 v), k kg (mM x2 h)) « NS4 holds in NVand NH. 
k © ((m x1 v), (m xg h)) 

k©(mo (w,h)). 
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Also, there exists at least a triplet (p,q, (a,b)) with p,q € K and (a,b) € NV x NH such that 
(pq) © (a,b) =  ((pq) *1 @, (pq) *2 b) 
(p x1 (q*1 @), D ko (q x2 b)) *. NS4 holds in NVand NAH. 
p © ((q*1 @), (p x2 6)) 
p© (qO (v,h)). 
Hence, NS'4 holds in NV x NA. 
(4) There exists (v,h) € NV x NA such that 


th 


L1O(v,h) = (1*v,1«h) 
= (v,h). -» NS5 holds in NVand NAH. 


Also, there exists (a,b) € NV x NAH such that 


1©(a,b) = (1, a,1 x2 bd) 
# (a,b). «. NS5 holds in NVand NH. 


Accordingly, (NV x NH,®,©) is a weak NeutroVectorSpace over the field K. 5 


Proposition 4.4. Let (NV, +‘/,*1) be a weak NeutroVectorSpace over the field K and let (H,+,-) be 


a classical vector space over the same field K and let 
NV x H=({(v,h):vE NV andhe HA} 
and for x = (v1,h1), y = (v2,he) Ee NV x H andk € K define : 
x @y = ((v1 +4 v2), (hi the) andk ©x = (k*v1,k- v9). 


Then (NV x H,®,-) is a weak NeutroVectorSpace over the field K. 


Proof. The proof is similar to the proof of Proposition ses 


Proposition 4.5. Let (NV, + 4,*1) and (NH,+5,*2) be two strong NeutroVectorSpaces over the Neu- 
troField NK and let 


NV x NH ={(v,h):u ENV andhe NH} 


and for x = (v1,h1), y = (v2,he) Ee NV x NH andk € NK define : 
x @y = ((v1 +4 v2), (hi +5 he) andk © x = (k x1 U1, k xe v2). 


Then (NV x NH, ®,©) is a strong NeutroVectorSpace over the NeutroField NK. 


Proof. The proof follows similar approach as the proof of Proposition 0 


Definition 4.6. Let NV be a NeutroVectorSpace. Then NW is a NeutroSubspace of NV if and only 
if NW is a subset of NV, and NW is itself a NeutroVectorSpace with the same operations as in NV. 
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Example 4.7. Let (NV,©,©) be a weak NeutroVectorSpace of Example [4.1] and let NW = 2Zs be 
a subset of NV. Following the approach in Example it can be shown that (NW, 4, ©) is a weak 
NeutroVectorSpace over the field Z,. Hence NW is a weak NeutroSubspace of NV. 


Example 4.8. Let (NV,+’,x) be the strong NeutroVectorSpace of Example [4.2] , NV is the only 
strong NeutroSubspace of NV. 


Remark 4.9. It should be noted that a NeutroVectorSpace NV of a particular class may contain a 
NeutroSubspace NW which belongs to another class. 


We will illustrate Remark |4.9] with Example : 


Example 4.10. Let (NV,+’,x) be the strong NeutroVectorSpace of Example and let NW = 
{v1, v3} be a subset of NV. Then (NW, +’, x) is a NeutroVectorSpace of a class other than the class of 
NV. 


We can see from Table [2] that (NW, +’) is an abelian group. Now, it can be seen from Table [1] (a), 
Table [I] (b) and Table [2] that : 


(1) S1 fails to hold. Since « is not true for all a € K and v € NW. 
For instance, take b € K and v3 € NW, then 
b- b 
(SS Ge 
e e 


But if we take a € K then for all v € NW we will have that axv € NW. 
Hence, NS$1 holds in NW. 
(2) for a,b € K and v1, v3 € NW, we have 


ax (v1 +’ v3) =axv, +’ a* v3 = 01, 


and bx (vy +’ v3) = v2 but b* vy +' bk v3 = U4 F V2. 
This shows that N.S2 holds in NW. 
(3) for a,c € K and v3 € NW, 


(a @c)* v3 =axv3 +’ Cxv3 = U1, 
and for a,b € K and v3 € NW, 
(a @ b) x v3 = v1 but ax v3 +’ b* v3 = V3 F UY. 


This shows that N.S3 holds. 
(4) for a,c € K and v3 € NW, 


(a© c) kv3 =ax (Cx U3) = UI, 
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and for a,b € K and v3 € NW, 
(a© b) x v3 = v1 but ax (bx v3) = v3 F VX. 


This shows that NS4 holds. 
(5) We know from Table [1] that NeutroUnityElements in K are U, = a,c and U, = b,d. 
Now, suppose we consider the NeutroUnityElement U, = c only. 


We have that cx v1; = v1, and cx v3 = Vy F U3. 


This shows that NS5 holds. 


Hence, we have that (NW, +’, x) is a strong NeutroSubpace of type 5S over the NeutroField K. This 


implies that the NeutroSubspace NW does not belong to the same class as NV. 


Example 4.11. Let NV = Zio and K = Z,. Define © and © for all u,v © V and k € kK by 
u@v=utvandkOv=v"7+kuv. 


Where “+” is addition mod 12. 

Following the approach of Example it can be shown that (NV,®, ©) is a weak NeutroVectorSpace 
of type 4S over the field Kk. 

Let NW = 2Zi9 and NH = 3Zj. be two subsets of NV. Also, by following similar approach as in 
Example it can be shown that (NW, 6, ©) and (NH, @,©) are weak NeutroSubspaces of NV. 


Now consider the following : 
(1) NW+N84H = {0,1,2,--- , lI} =NV. 
(2) NW UNG = {0, 2,3, 4,6, 8,9, 10}. 
(3) NWOANGH = {0,6}. 


These show that NW + NAH is a NeutroSubspace of NV but NW UNA and NWON4 are not 
NeutroSubspaces of NV. 
These observations are recorded in Proposition [4.12]. 


Proposition 4.12. Let NW and NH be any two weak NeutroSubspaces of a Neutro VectorSpace NV 
over a field K. Then 

(1) NW+NH =({(w+h):weNW andhe NU} is a NeutroSubspace of NV. 

(2) NW ANU is not necessarily a NeutroSubspace of NV. 

(3) NW UWNU is not necessarily a NeutroSubspace of NV. 


Definition 4.13. Let NW be a weak(strong) NeutroSubspace of a weak(strong) NeutroVectorSpace 
NV over a field (NeutroField) K( NK). The quotient NV/NW is defined by the set 


{u+NW :veE NV}. 
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Proposition 4.14. Let (NV,+’,x) be a weak NeutroVectorSpace and (NW, +’,x) be a weak Neutro- 
Subspace of NV. The quotient NV/NW is a weak NeutroVectorSpace over a field K if addition and 
multiplication are defined for alli =u+ NW, t=v+NW € NV/NW andk€ K as follows: 


uev=(u+NW)@(v+ NW) = (ut+’ v) + NW, 


and 
aOt=ae(u+NwW) =(axu)+ NW. 


This weak Neutro VectorSpace (NV/NW,®,©) over a field K is called a weak NeutroQuotientSpace. 


Proof. We can easily show that © and © are well defined. 





The proof that (NV/NW, ®) is an abelian group follows similar approach as the proof in classical case. 
Now it remains to show that NS2,NS3,NS4 and NS5 all hold. 


(1) Since N'S2 holds in NV, then there exist at least the triplets (k, u,v) and (m, a, 6) with u, v,a,b € 
NV and k,me€ K such that kx(u+’v) =kxut’kxv and mx (a+! b) 4mxat’ mx bd. 
Let u,v,a,b € NV/NW and k,m € K(NK). Then 


k© (u@db) k© ((u+'v) + NW) 

= kx(ut'v)+NW 

= (kxut’kxv)+NW 

= (kxu)+NW O(kxv) +NW 
= kO(u+NW)@kO(v+ NW) 


= kOuPkov. 


So, it implies k © (uGv) =kKOuPk Ow. 
And also, 
m@(4aeb) = mO((at+’b)+NW) 
mx (a+’ b) + NW 
- (mxa+’mxb)+NW 
= (mxa)+NW 6 (mxb)+NW 
= mO(a+NW)Omo (b+ NW) 
MOGBMOb. 


This implies m © (46b) 4 mOa4GmMoob. Hence, we can conclude that N.S2 holds in NV/NW. 


(2) Since N'S83 holds in NV, then there exist at least the triplets (k,m,wu) and (p,q,v) with u,v € 
NV and k,m,p,q € K such that (k +m)xu=kx«xut+’mxuand (p+q)xvu Fpxvt’ qu. 
Let u,v € NV/NW and k,m,p,q € K(NK). Then 


(kK+m) Ou (k+m)©(u+ NW) 
= (k+m)xu+ NW 
(keut’ mxu)+NW 
= (kxu)+NW @(mxu)+NW 
= kO(u+NW)Omo(ut+ NW) 


= kKOuSmoOu. 
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So, it implies (kK +m)OuUu=kOUuSmoOuU. 
And also, 
(p+q)O(v+ NW) 
= (p+q)xvu+NW 
Z- (pxut’qxv)+NW 
= (pxv)+NW 6 (qxv) +NW 
= pO(vw+tNW)@qO(v+NW) 
= pOvegdor. 
So, it implies (p+ q) OVA PpOUVSPS|Ow. 
Hence, we can conclude that N.S3 holds in NV/NW. 
(3) Since NS4 holds in NV, then there exist at least the triplets (k,m,wu) and (p,q,v) with u,v € 


(p+q) OD 


NV and k,m,p,q € K such that (km) xu=kx(mxu) and (pq) xv 4 px (qx*v). 
Let u,v © NV/NW and k,m,p,q € K(NK). Then 


(km) © (km) © (u+ NW) 


So, it implies (km) OU=kO(MOU). 
And also, 


So, it implies that (pq) OU F#pO© (qOvd). 
Hence, we can conclude that NS4 holds in NV/NW. 

(4) In NV we have at least u and v such that lxu=wuandlxvFv. 
So, in NV/NW there exist & and 0 such that 


1Ouv=10(u+NW) =(1«u)+NW =u+NwW =6t 
and 
1OvV=1O0(v+NW) = (lev) +NW 404+ NW =U. 


So, it implies 1Ou=utuand1Ov=v. 
Hence, we can conclude that N.S5 holds in NV/NW. 


Accordingly, (NV/NW, @, ©) is a weak NeutroVectorSpace over the field K. 5 
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Remark 4.15. Let NV be weak(strong) NeutroVectorSpace of type 4S’ over a field(NeutroField) 
K(NK) and let NW be a NeutroSubspace of NV. Then, the weak(strong) NeutroQuotient Space 
NV/NW over K(NK) is not necessarily of type 4S. 


We illustrate Remark by Example 


Example 4.16. Let (NV = Zj2,+’,«) be a weak NeutroVectorSpace of type 4S over K = Z, and let 
(NW = 2Z12,+',x) be a NeutroSubspace of NV. Where +’ is addition mod 12 and x is defined as 


kxv=v? t+ kv 


for allue NV andke K. 
Then for all u,v € NV/NW and k € K define the operation © and © by 





uev=(ut+'v)+NW 
and 
kOu=(kxu)+ NW. 
Then (NV/NW, ©, ©) is a weak NeutroVectorSpace over K of type other than 48S. 
We know that NV = {0,1,2,--- ,11} and NW = {0, 2,4,6,8,10} then we have 


NV/NW = {NW,1+ NW}. 


TABLE 3. Cayley table for the binary operation ® 


D NW 1+ NW 
NW NW 1+ NW 
1+ NW 1+ NW NW 


From Table [3] it is clear that (NV/NW, &) is an abelian group. 


Now, 


(1) NS2 fails to hold since for any triplet (k,u,0) we pick, with k € kK and u,v © NV/NW, 
k@(a@d) =kOUPkOD 
is always satisfied. This implies that $2 is totally true in NV/NW. 
(2) There exists at least a triplet (k,m,v) with k,m € K and t € NV/NW such that 
(k+m)©(¥)=kOv@OemMor. 


Now, 
(k+m)© (0) =((k +m) xv) + NW = (v7? 4+’ kv +’ mv) + NW 
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and 
k©OvVOeMOD= ((kxv) + NW) O ((mxv) + NW) = (2u? 4+' ku +/ mv) + NW. 
Equating these we have that v? + NW = NW which implies v? € NW. 
So, only the triple (k,m, NW) satisfies (k +m) © (0) =kOvVv®GSMOY. 
Hence, N'S3 holds in NV/NW. 
(3) There exists at least a triplet (k,m,v) with k,m € K and tv € NV/NW such that 
(km) © (0) =kO (mod). 
Now, 
(km) © (0) = ((km) xv) + NW = (v2 +’ kmv) + NW 
and 
kO(mOd) =kO((mxv) +NW) = (kx (vu? +’ mv)) + NW = (v* +! 20°m 4+! m7 0? + kv? +/ kmv) + NW. 


Equating these we have that (v* +’ 2u°m +! m?v? + kv?) + NW = v? + NW which implies 
(vu? +! 2um +'m?4+'k) + NW =1+ NW. 





Since we needed at least a triplet, take k = 1, then we have 
(v2 +/ 2um +/ m? +'1) + NW =1+NW which gives (v? +’ 2um +/ m?) + NW = NW. So, we 
have that (v2? +’ 2um-+'m?) € NW. Then, at least the triplet (1,m, NW) satisfies (km) © (v) = 
k©(m©vd). Hence, NS4 holds in NV/NW. 

(4) We can easily see that 1© NW = NW and 


10 (1+ NW) =(1*1l)+NW=2+NW=NW Z414NW. 


Hence, N'S'5 holds in NV/NW. 


Accordingly, we have that (NV/NW, @, ©) is a weak NeutroVectorSpace of type 3S over K. 
This implies that the NeutroQuotient Space (NV/NW, ©, ©) does not belong to the class of Neutro- 
VectorSpace NV. 


5. Conclusions 


In this paper, we have for the first time introduced the concept of NeutroVectorSpaces. Specifically, a 


class of NeutroVectorSpaces called of type 4S was investigated and some of their elementary properties 








and examples were presented. It was shown that NeutroVectorSpaces of type 4S contained Neutro- 
Subspaces of other types and that the intersections of NeutroSubspaces of type 4S are not necessarily 
NeutroSubspaces. Also, it was shown that if NV is a NeutroVectorSpace of a particular type and NW 
is a NeutroSubspace of NV, the NeutroQuotientSpace NV/NW does not necessarily belong to the 
same type as NV. We hope to continue this work in our next paper to be titled “NeutroVectorSpaces 
IT”. 
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Abstract. The main motivation of this article is to introduce the theme of Neutrosophic triplet(NT) H,- 





LA-Groups. This inspiration is recieved from the structure of weak non-associative Neutrosophic triplet(NT) 
structures. For it, firstly, we define that each element x have left neut(x) and left anti(z), which may or may 
not unique. We further introduce the notion of neutrosophic triplet Hv-LA-subgroups and neutrosophic weak 
homomorphism on NT AH,-LA-Group. Secondly, presented NT H,-LA-Group and develop two Mathematica 
Packages which help to check the left invertive law, weak left invertive law and reproductive axiom. Finally 


established a numerical example to validate the proposed approach in chemistry using redox reactions. 
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1. Introduction 


Neutrosophic logic: Neutrosophy is the new branch of philosophy that studies the origin 
and scope of neutralities, as well as their interaction with different ideational spectra. Smaran- 
dache used the idea of neutrosophic set. He defined the theme of t-membership, i- membership 
and f-membership, so neutrosophic logic generalize all previous versions, see [1], [2], [3}. Many 
researchers have studied neutrosophic cubic set, complex neutrosophic cubic set, N-cubic set 
and their applications in real life problems, see [52}155). Further Abdel-Basset et. al., use 
neutrosophic set in different direction and discuss their use in real life probems More 
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about the neutrosophic algebraic structures we refer the reader [4}/6] and |7};12]. For the NT 
groups see [13}18). 

Hyperstructures theory: In 1934, Marty introduced the theme of hyperstructures. 
More about the hyperstructures we refer the reader . The idea of weak structure, which 
is known as H,-structure is introduced by Vougiouklis [23], see also [24}/31]. In 2007 Davvaz 
and Fotea mainly dedicated to the study of hyperring theory [32]. Davvaz and Vougiouklis 





33], published recently a new book having title ”A walk through weak hyperstructures, Hv- 
Structures” with some interesting applications of hyperstructures. 
Left Invertive Structures: Kazim and Naseerudin laid the idea of left almost semigroup 
(denoted by LA-semigroup). Afterwards, Mushtaq and some other researcher, further 
worked in detail on the structure of LA-semigroup, see papers [36/42]. Hila and Dine in 
2011, furnished the idea of LA-semihypergroup. More detail can be seen in [44], [45}, [46], [47], 
Our Approach: This paper is the continuation of our published paper and it consists 
of 6 sections. We arrange this work as: In section 2, we collected some of the relevant material 
after the introduction. In section 3, we give a new class of algebraic hyperstructure known 
as NT H,-LA-Group, which is the main theme of LA-Group, LA-hypergroup, H,-LA-Group. 
In NT H,-LA-Group each element k have left neut(k) and left anti(k), which may or may 





not unique. We also define the neutro weak homomorphism on N'T A,-LA-Group. Moreover, 
we discuss many interesting properties of NT’ H,-LA-Groups. In section 4, we provide the 
construction of NT’ H,-LA-Groups with the two Mathematica Packages which help to check 
the left invertive law, weak left invertive law and reproductive axiom. In section 5, we present 
the application of propose structure in chemical reactions. In section 6, we end with the 


concluding remarks. 


2. Preliminaries 
In this section, we added some basic definition and result, which helped to prove the result 


of our proposed structure. 


Definition 2.1. ” A hypergroupoid (N, 0) is called LA-semihypergroup, if it satisfies the 


following law 


(D1 O D2) O D3 = (b3 O D2) O D1 for all D1, 09,03 EN. 


Example 2.2. "Let & = Z if we define Dj 0 bg = Do — 01 + 3Z, where D1,09 € Z. Then 
(XN, 0) become LA-semih ypergroup.” 
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Definition 2.3. ”'The hyperoperation * : 8 x 8 —> P*() is called weakly associative 
hyperoperation (abbreviated as WASS) if for any D1, 02,03 € & 


(D1 * ba) * D3 M1 dy * (bg *b3) F 


Definition 2.4. ”'The hyperoperation is weakly commutative (abbreviated as COW) if 
for any 01,02 EN 


D1 * ba M bg *by 4 O 


Definition 2.5. ”Let & be non-empty set and * be hyperoperation on XN. Then (8, *) is 


called an &,-LA-semigroup, if it satisfies the weak left invertive law for all )1,)9,03 € & 


(D1 * bg) * D3. (b3 * Dg) D1 AO 





Example 2.6. ”Let & = (0, co) we define by, * bg = ‘cert pa | where bj,b2 € &. Then for 
all by, 02,93 © &. Then for all b1,b2,b3 € & satisfies (by * bg) *b3M (b3 *b2) *b1 4 b. Hence (2, *) 


is an H,-LA-semigroup.” 


3. Neutrosophic Triplet( NT) H,-LA-Groups 


In this section, we define a new class of hyper algebraic structure known as NT H,-LA-group 


and discuss some results on NT H,-LA-group. 


Definition 3.1. Let (X, *) bea left (resp., right, pure left, pure right) NT set. Then ® is called 
left (resp., right, pure left , pure right) NT H,-LA-group, if it satisfies the following axioms, 

(1) (X,*) is well defined, 

(2) (X,*) satisfies the weak left invertive law, i.e, (b1 * be) * b3 MN (b3 * D2) * 0, # @ for all 
D1, 02,03 EN, 

(3) N*by =N=Nx dy for all dy EN. 


Example 3.2. Let & = {b1,)2,)3} be a finite set. The hyperoperation * is defined in Table-1 


a 


D1 











[ba |b 
eth 4 (.5e] 
[bs | bo | toasba} | IN} 


Table-1, neutrosophic triplet H,-LA-group 
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Here all elements of X satisfy the weak left invertive law. Also left invertive law is not hold in 
N, Le. 


N = (b1 & ba) *b3 & (bg * ba) *b1 = {b1, ba}. 
Alike, associative law is not hold in & ice. 
= hae) eb hee yp) = bal 
Even, weak associative law is not valid here 
(is) (hs eb ee hen SS. 
Here (b1,91,51), (b2,91, 52), (b3,b1,3) are left NT sets. Hence (X, +) is a NT H,-LA-group. 


Proposition 3.3. Let (&,*) be a pure right NT H,-LA-group. Then neut (b1) *b2 = neut (b1) * 
D3 if anti (b,) * bo = anti(b1) * b3 for all by, 2,03 EX. 


Proof. Suppose (%, *) is a pure right NT H,-LA-group and anti (b,) * bg = anti(b,) * b3 for 
D1, 02,03 € X. Multiply b; to the left side of (b1 * anti (D1) * bg = (b1 * anti(b1)) * ds, 


(D4 * ante (D1)) *k D9 = (by *k anti(d,)) *k D3 


neut (b1) * bg = neut (b1) *b3 (because neut(b1) = by * anti (D1) ). 


Therefore, neut (91) * bg = neut (b1) *b3. 5 


Theorem 3.4. Let (%,*) be a pure right NT H,-LA-group. Then neut(b,) * neut(b1) = 
neut (1). 


Proof. Consider neut(b,) * neut (b1) = neut (b1). Multiply first with >; to the right, i.e., 


(by * (neut(b1)) * neut (b1) = by * neut (91) 
((by * neut (b1)) * neut(b1)) = 4 


D1 * neut (b1) = dy 





D1 = Dj. 


This shows that neut(b1) * neut (b1) = neut (b1). 


Theorem 3.5. Let (N,*) be a pure right NT H,-LA-group. Then neut(b,) * anti(b1) = 
anti (b1). 
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Proof. Let (&, *) be a pure right NT H,-LA-group. Multiply »; to the left of both side neut(b,) x 
anti (b1) = anti (bz), ie. 





This shows that neut(b1) * anti (b1) = anti (b1). 5 


Theorem 3.6. Let (X,*«) be a pure left NT H,-LA-group. Then neut (anti (b1)) = neut (1) . 
Proof. Let neut (anti (b1)) = neut (b,). If we put anti (b1) = ba, then 
neut (be) = 


D1). Post multiply by be 





Do = neut (p1) * de 


ut (D1). 
neut (b2) * bg = neut (dz) * D2 

(01) 

(01) 





anti(b,) = neut (b1) * anti(b,), as do = anti (1) 


anti (b1) = anti (b1), By Theorem [3.5] neut (b1) * anti(b1) = anti(d1). 


Hence neut (anti (b1)) = neut (b1). 4 


Definition 3.7. A non-empty subset B of a left NT H,-LA-group (&, *) is called a left NT 
H,,-LA-subgroup of &, if B itself form N’T H,-LA-group under same hyperoperation defined in 
N. 


Example 3.8. Let 8 = {)1,02,03,b4} and the hyperoperation is defined in the Table-2 


{h1, ba. ba} 


Table-2, neutrosophic triplet H,-LA-group 














Here ()1, 01,01), (b2, 21,02) , (D3, 22,02) and (b4,03,04) are NT sets. As all elements of § satisfy 


the weak left invertive law but & do not satisfies the left invertive law, associative law and 
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weak associative law 1.e. 


* 


D3 =e (b3 kK D2) kK D9 = {b1, D9, D3 } 
D3 oe D9 >K (b2 kK D3) = {b1, D9, D3}. 
01 De * (4 * D1) = {b3} =. 


{b1, D3 } = (b2 > D2) 
and {b1, D3 } = (bo *k D2) 
Also {bo } = (b2 *k D1) 


a 














* 


So (X,*) is a NT H,-LA-group. Here b = {b1, 92,03} is a NT H,-LA-subgroup of X. 


Lemma 3.9. Jf (&,*) is a NT H,-LA group, then 


(by * ba) * (b3 * D4) M (D1 * D3) * (Do * D4) F O, 
hold for all by, b2, 03,04 EN. 


Proof. Let 


(by * ba) * (b3 * ba) 
D1 * bo) * g, where g = (b3 * ba) 
D1 * D2) * gM (g * D2) «by by the weak left invertive law 


D1 * D2) * gM (g * D2) * by by the weak-left invertive law 








D1 * D2) * (b3 * ba) M {((b3 * D4) ¥ DQ) xd, }, where g = (b3 * dg) 
D1 * DQ) * (b3 kK D4) () {{((d3 kK D4) kK D2) al (b2 kK D4) “kK D3 } kK D1 } 
D4) () {((b3 *k D4) k D2) *k D1 } () {((b2 *k D4) k D3) k D1 }} 














re 


(D1 * ba) 
(b1 * ba) 
(D1 * ba) 
= (by *b2) *g M{(g *b2) *b1} by the weak-left invertive law 
(D1 * ba) 
(D1 * ba) 
(D1 * ba) 


D1 * D2) * (b3 


((b3 * ba) * ba) *b1 M (by * ba) * (bg * ba)} <i 


= (b1 * D2) * (b3 *D 
, “< eae ne ae 
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(by * D3) * (D2 * D4) 
D1 *b3) * g, where g = (b2 * bg) 


D1 *b3) * gM (g * d3) *b, by the weak left invertive law 








D1 *b3) * gM (g *d3) * by by the weak-left invertive law 


D1 * D3) * (D2 * D4) NM {((d2 * D4) * D3) xd, }, where g = (bo * d4) 








D1 * D3) * (d2 kK D4) () {{((be kK D4) kK D3) () (b3 kK D4) kK Do } kK D1 } 
D1 * D3) * (d2 kK D4) () {((b2 kK D4) kK D3) kK D1 } () {((b3 kK D4) kK D2) kK D1 }} 








(D1 * b3) 
(D1 * b3) 
(D1 * b3) 
= (b1 *b3) *g A {(g *b3) *b1} by the weak-left invertive law 
(D1 * b3) 
(D1 * b3) 
(D1 * b3) 








= (4s) * Bann} (ba ba) *b3) «D1 9 (1 * bg) * (bo * ba)} hoe 


A{((b3 * b4) * D2) *b1 M (dD, * D2) * (b3 * Da) } 
From (1) and (2) we have ()1 * b2)*(b3 * ba) (b1 * D3) (bg * ba) # @, hold for all by, b2,03,b4 EX. 


This law is known as weak medial law. 5 


Proposition 3.10. Let (&,0) be a NT H,-LA-group with left identity e and @ # ACR. If 
(Ao (Aobd1)) ob2N (Ao (A0b2)) by 4b Vb1,b2 EX and we define a hyperoperation AZ on & 
as >, ASbg = (bi 0 bg) 0 A, then (X, AZ) become a NT H,-LA-group. 


Proof. Let D1, 02,03 € &, we have 
(by ASb2) ASbs = ((b1 0 bg) 0 A)ABD3 


( 

= (((b1 0bz) 0 A)ob3) 0A 
((b3 0 A) 0 (b1 0b2)) 0A 
=a 
b9 0 


0 (A 0b3)) 0 (bz ob1) 
0 ((A0 (A0b3)) 01) 


and on the other hand 


(bs ASby) A&by = ((b3 0 ba) 0 A) AS, 
((b3 0 ba) 0 A) obs) 0A 


( 
= 
((b1 0 A) 0 (b3 0ba)) 0 A 
= 4 
= bg 0 


0 (Ao b1)) 0 (bg 0 b3) 
0 ((A0 (A0b1)) 03) 
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but 
b2 0 ((A0(A0d3)) 001) bg 0 ((A0(A0D1)) 03) FD 
for all b1,b2,b3 € N. It follows that 
(by ASby) ASb3 M (bg ASb2) ASH, F @. 
Next, we have 
bD, AEN = (b, oN)OoA=N also HAG) = (Nobi)oA=N. 


Hence (NX, AS) become an H,-LA-group. 4 


Definition 3.11. Let (X1,°0) and (No, *) be two NT H,-LA-groups. The map f : 8; — No is 
called neutro homomorphism, if for all )1,b2 € N1, the following conditions hold, 

1. f(b, 0b2)N f(b1) * f(b2) # ¢, 

2. f (neut (b1)) O neut (f (r1)) # &, 

3. f (anti (b1)) N anti (f (b1)) # ¢. 


Example 3.12. Let &y = {v1,v2,v3} and No = {b1,)2,03} are two finite sets, where (Nz, *) 


and (N2,0) are NT H,-LA-groups, the hyperoperation is defined in following tables 3,4: 


Table-3, neutrosophic triplet H,,-LA-group 





and 


le 


Table-4, neutrosophic triplet H,,-LA-group 











The mapping f : 8; —> Ng is defined by f(v1) = b1 , f(v2) = b2 , f(v3) = b3. Then clearly f 


is a neutro homomorphism. 
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4. Construction Of Neutrosophic triplet(NT) H,-LA-groups 


In this section we provide the construction of NT H,-LA-groups and develop two Math- 
ematica Packages which help us to check the left invertive law, weak left invertive law and 


reproductive axiom. 





Consider a finite set 8, such that |X| > 2. Define the hyperoperation o on & as follows 


D fori = 1 
Sci b, for 7 = land b = 2—i mod |X| 
jOdj = 
: \ fori=j,i4#1j#l 


>; Otherwise, for i ~ 7 or i> 7 


and if neut (b;) and anti (b;) exist in &. Then ® under the hyperoperation o forms a NT H,- 
LA-group. 


The above construction can be explained with the help of an example. 


Example 4.1. Let 8 = {b1b2,03} under the binary hyperoperation o defined in Table-5 














Table-5, neutrosophic triplet H,-LA-group 


Here (b1, 01,01), (b2, 01,92) and (53, 1,03) are NT set. One can see that o satisfy the weak left 


invertive law, also o is non-left invertive and non-associative i.e. 


N = (b3 0b3) 0 bg F (b2 03) Ob3 = dg 
and X = (bg 0 dg) 0by # bg 0 (b2 01) = da. 


Also it is not WASS(b2 0 b1) 0 by M bg o (by 0b) = d. Hence (X, 0) is a NT H,-LA-group. The 


result of table can easily be generalized to n elements. 


Remark 4.2. In NT H,-LA-group, the property of H,-LA-group can be checked 
by using the mathematica packages. The mathematica package(A) used to check 
the left invertive property and mathematica package(B) is used to check the 


weak non associative hypergroups. We paste the mathematica packages as under: 
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BeginPackage ["LeftAlmostHyperGroupTest'"] ; 
Clear ["LeftAlmostHyperGroupTest’«"] ; 
Begin["'Private’"]; Clear ["“LettAlmostHyperGroupTest'Private'’s"]; 
LeftAlmostHyperGroupTest [LookUpTable List] := 
Table [If [ReproductivityTest[LookUpTable[[j3]]], 
If [LeftInvertiveTest [LookUpTable[[3]]], True, False], 
False], {3, 1, Length[LookUpTable]}]; 
LeftInvertivelest [LookUpTablel_ List] := Module[{i, j, k, len, test}, 1=1; 
j=l; 
k=1; 
test = True; 
len = Length[LookUpTablel] ; 
While [test &&i < len, test = Union[Flatten[Union[Extract[LookUpTablel, 
Distribute [{LookUpTablel[[i, j]], {k}}, List]]]]] = Union [Flatten [Union [ 
Extract [LookUpTablel, Distribute [{LookUpTablel[[k, 3]], {2}}, Last]]]]]; 
kK=ke¢ei1; If[k> len, k=1; Jj =3+1; 
If[j > len, 2 =i+1; 3 =1])3]3];3 
Return [test] ] ; 
ReproductivityTest [LookUpTablel List] := 
Union [Apply [Union, LookUpTablel1, 1]] = {Range[1, Length[LookUpTablel1] ]} && 
Union [Apply [Union, Transpose[LookUpTablel], 1]] = {Range[1, Length[LookUpTablel1] ]}; 
End[] 5 
EndPackage[]; 


Mathematica Package (A) 
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and 
BeginPackage ["“WeakLefttAlmostHyperGroupTest'"]; 
Clear ["WeakLefTtAlmostHyperGroupTest'«"] ; 
Begin["'Private’"]; Clear ["“WeakLeftAlmostHyperGroupTest' Private'«"] ; 
WeakLeftAlmostHyperGroupTest[LookUpTable List] := 
Table [If [ReproductivityTest [LookUpTable[[3]]], 
If [WeakLeftInvertiveTest [LookUpTable[[j3]]], True, False], 
False], {3, 1, Length[LookUpTable]}]; 
WeakLeftInvertiveTest [LookUpTablel List] := Module[{i, j, k, len, test, 0}, i=1; 
3=1; k=1; 
test = True; 
len = Length[LookUpTablel] ; 
@ = NullSet; 
While [test 2&1 <4 len, 
test = Union[ Flatten [Union[Extract [LookUpTablel, Distribute [{LookUpTablel[[i1, 3]], 
{k}}, List] ]]]] [Union [Flatten [Union [Extract [LookUpTablel, 
Distribute [{LookUpTablel[[k, 3]], {2}}, List]]]]] # {}; 
k=k+1; If[k > len, k = 1; j = 3+1; 
If[j > len, 2=i1¢41; j =1]3)3]3 
Return([test] ]; 
ReproductivityTest [LookUpTablel List] := 
Union [Apply [Union, LookUpTablel, 1]] = {Range[1, Length[LookUpTablel1] ] } && 
Union [Apply [Union, Transpose[LookUpTablel], 1]] == {Range[1, Length[LookUpTablel] ]}; 
End[); 
EndPackage [ ] ; 


WeakLefttAlmostHyperGroupTest.m; 


Mathematica Package (B) 


5. Application of Our proposed Structure 


In the universe, the femininity, masculinity and neutrality exist. If we take the small particle, 
the small particle is an atom. The atom consists of three particle electrons, proton and neutron. 
So, from the above idea of the universe gave the concept of NT set. (Masculine, Neutral, 
feminine) and (Proton, Neutron, Electron) are the example of NT set. 

There are three workers working in a factory. All three workers are disabled. The first 
worker has the right hand and no left hand. Factory made such a machine on which he can 
work with his right hand. The second worker has left hand but no right hand. Such a machine 
is made for him, on which he worked with his left hand. The third worker has an issue working 


with both of his hand. Such a machine is made for him, he works with his legs. All of these 
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three worker’s working performance is shown by the following ‘Table-6. 


Table-6, neutrosophic triplet H,-LA-group 





In this table L represents the performance the worker, who work with his left hand. R 
represents the performance of the worker, who work with his right hand and N represents the 
performance of the worker, whose both hand are not functioning properly. Let F = {L,R,N} 
be a finite set the hyperoperation is defined in the above table, and (L,.N, R),(R,N,L) and 
(N,L,L) are left NT set. (F,@®) is a NT Hv-LA group. 


5.1. Chemical example of Neutrosophic Triplet(NT) Hy-LA- group 


The best example of NT H,-LA-group in chemical reaction is a redox reaction. 

Redox reaction: The chemical reaction in which one specie loss the electron and other 
specie gain the electron. Oxidation mean loss of electron. Reduction mean gain of electron. 
The redox reaction is a vital for biochemical reaction and industrial process. The electron 
transfer in cell and oxidation of glucose in the human body are the example of redox reaction. 


The reaction between hydrogen and fluorine is an example of redox reaction 1.e. 
No —> 2NT + 2e7 ( Oxidation) 
Fy + 2e” —> 2F (Reduction) 
Each half reaction has standard reduction potential (E°) which is equal to the potential 
difference at equilibrium under the standard condition of an electrochemical cell in which the 


cathode reaction is half reaction considered and anode is a standard hydrogen electrode (SHE). 


For the redox reaction, the potential of cell is defined as 
E* cell = Ie earhede = ede 


where EF cathode 18 the standard potential at the anode and EF cathode 1S the standard potential 
at the cathode as given in the table of standard electrode potential. Now consider the redox 
reaction of Mn 

Mn? +2Mn**+2Mnt? — 3Mnt?+2Mnt* 


Mn? —> Mn*? 4+ Mnt4 4+ 9e7 +2Mnt? EVE Pe: 
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Manganese having a variable oxidation state of 0,+1,+2,+3,+4,+5,+6,+7. If we take 
Mn?, Mn**, Mnt?, Mnt* together we will get pure redox reaction. The flow chart is given 


as 





- 2es 


2Mn*? Mn‘4 


Flow chart 


Mn species with different oxidation state react with themselves. All possible reactions are 


presented in the following Table-7 


EE 6 6c 
(un an} 


(atm) | {atm MP | {Mtn Min} 
(tu ain) (9, ain) 
(eT atm | {atm an} | (tn, in) 


Table-7, All possible reactions 





The standard reduction potentials (E°) for conversion of each oxidation state to another are 


E® (Mnt*/Mn*?) = +0.95, 


(M = 

E® (Mn*?/Mn**) = +1.542, 
E® (Mn**/Mn*") = —0.59, 
Bo (M be 


nt*/Mnt°) = 0.296. 


If we replace 
Mn? =b1,Mn*! = bo, Mn*? = b3, Mn? = by, Mnt* = ds, 
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then we obtain the following ‘Table-8 
ae eee 
ol Sate | ube 
1,2} 


Da} ba} | 4 





Table-8, NT H,-LA-group 


























{b1, 
{D1, 
{b2, bs} 
{D D2; Da} ,D 
{b2, 








As all elements of 8 satisfy the weak left invertive law but & do not satisfy the left invertive 


law, associative law and weak associative law 


{b1, 03} = (bo B bo) Bhi F¥ (1 G dg) GB do = {)1, da, ds}, 
{D1, D2, b3, ba} = (b2 @ ba) B dg F da @ (b2 © d3) = {b1, da, d3}, 
and (bo @b4) @ b4 = {ba, 5} Mb3 = da @ (04 @ da) = @ 








Here (61, 21,21) , (02, 04, 03), (3, 04, 02), (D4, 25,03) and (b5,b4,b4) are NT sets. Hence (X,@) is a 
NT H,-LA-group. 


Remark 5.1. NT set, which helps the chemist to take the state of M,, which react or not react 
easily with other state or themselves. M,;*° plays the role of neuta with different oxidation 
state and themselves. If the M,, have the same neuta and anti, it means that Mn having equal 


chances of loss or gain of electron. 


6. Difference between the proposed work and existing methods 


Our proposed structure has two main purpose, 
1) This structure generalize the structure of groups, LA-groups, semigroups, LA-semigroup 
and as well as the hyper versions of above mentioned structures. 
2) As NT set has the abelity to capture indeterminacy in a much better way so our proposed 
stricture of NT’ LA-semigroups can handle the uncertanity in a better way as we have seen in 


the Redox reaction. 


7. Conclusions 


In this article, we have studied and introduced NT H, LA- groups. We presented some 
result on NT H, LA-groups and construction of NT H,-LA groups. We defined the neutro 





homomorphism on NT H, LA groups. Also, we use the Mathematica packages to check the 
properties of left invertive and weak left invertive. Our defined structure have an interesting 


application in chemistry redox reaction. 
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1. Introduction 


The concept of fuzzy sets was introduced by Zadeh in 1965 to overcome the uncertain- 
ties in various problems in environment, economics, engineering etc. As an extension of it, 


Atanassov introduced intuitionistic fuzzy set in 1986, where a degree of non-membership 





was considered besides the degree of membership of each element with (membership value + 


non-membership value) < 1. 





After that several generalizations such as, rough sets, vague sets, interval-valued sets etc. are 
considered as mathematical tools for dealing with uncertainties. In 2005, F. Smarandache 
introduced Neutrosophic set in which he introduced the indeterminacy to intuitionistic 
fuzzy sets. So, the resultant can be taken as a tri-component logic which can be applied to 
non-standard analysis such as decision making (for example, result of games (win/tie/defeat), 
votes, from no/yes/NA), control theory etc.. Since then several researchers has applied this 
concept in many practical fields such as multi-criteria decision making, signal processing, dis- 
aster management etc.. Some of its recent applications can be found in (1}15}(9}[18]/20]. 

In 2011, Majumder introduced and studied the concept of @-fuzzifcation of ideals of I’- 
semigroup. Akram et al (6, Lekkoksung (11][12], Mandal [14], Qamar et al extended 
this concept in case of I-semigroup, ordered semigroups [10], ordered I’-semiring, soft fields, 
eroup theory and investigated some important properties. 


Motivated by this idea and combining the concept with neutrosophic set, in the paper we 
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have studied the ideal theory of semirings since it has several applications in graph theory, 


automata theory, mathematical modelling etc. [3]. 


2. Preliminaries 


At first let us remember some definitions which will be used in the discussion of the paper. 


Definition 2.1. A semiring is a nonempty set S on which two operations + and - have been 


defined such that ($,+) and (S,-) form monoid where - distributes over + from any side. 


Definition 2.2. A nonempty subset X(4 S$) of semiring S' is said to be an ideal if for all 
x,yeX andpe S,x+yEeX, px € X. Similarly we can define a right ideal also. An ideal 
of S is a nonempty subset which satisfies both properties of left ideal and right ideal. 


Definition 2.3. A neutrosophic set N on the universe U is defined as N = {< 
u, A* (u), A’ (u), A” (u) >,u € U}, where A’, A’, A* :U >]-0,17[ and ~0 < A*(u)4+ A’ (u) + 
A*(u) < 3+ . For practical purposes, it is difficult to consider ]~0,1*[. So, for studying 


neutrosophic set we consider the set which takes the value from the subset of [0, 1]. 


Definition 2.4. For a non-empty set Q, a mapping v : S x Q —> [0,1] is said to be a Q-fuzzy 
subset of S and 4 = {(s,q) € S x Q|v(s,q) > 1} where | € [0,1] is its level subset. 


3. Main Results 


Definition 3.1. Let v = (v’,v’,v") be a non empty neutrosophic subset of a semiring S. 


Then v is called a @-neutrosophic left ideal of S if 
(i) v* (s1 + s2,p) > min{v* (s1,p),v* (82,p)}, v* (8182, p) > v* (se, p) 
vt S a S 
(ii) v1 (81 + 82,p) > SSEPe CaP) I (5189,p) > v" (82,0) 
(iii) vy (81 ate 89, Pp) < max{v" (s1,p),v" (s2,p)}, v* ($182, p) = v* (82,7). 


for all 51,59 € S and pe Q. 


Theorem 3.2. Any Q-neutrosophic set v of a semiring S is a left ideal iff its level subsets 


y= {(x,p)€ Sx Q:v"(a,p) > 1, Le (0,1, p € Qh, yf = {(@,p) © Sx Q: vu" (a,p) > 
l, 1 € [0,1]} and v7 := {(2,p)€ Sx Q:v*(z,p) <1, Le [0,1]} are left ideals of S x Q. 


Proof. Suppose v of S is a Q-neutrosophic left ideal of S. Then anyone of v7, v/ or v"’ is not 


equal to zero for some (s,p) € S x Q. Without loss of generality we consider, all of them are 


not equal to zero. 
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Suppose a,b € y= (vF Di Tae s€ Sand pe€Q. Then 


vy? (at+b,p) > min{v? (a, p),v* (b,p)} > minfl, 1} =1 
v'(a+b,p) > ap py > ue — | 
vy" (a+b,p) < max{v" (a, p),v" (b,p)} < max{l,1} =1 


which implies (a+ b,p) € v7 ,47,47 ie., (a+b,p) € 4. Also 


v™(sa,p) >v"(a,p) >1 
v'(sa,p) >v"(a,p) >! 
vy" (sa,p) <u" (a,p) <1 

Hence (sa, p) € 14. 

Therefore 1; is a left ideal of S. 

Conversely, let (4 ¢) is a left ideal of S x Q and v is not a Q-neutrosophic left ideal of S. 

Then for a,b € S and p € Q anyone of the following inequality will hold. 


vt (a+b,p) < min{v" (a, p),v* (b, p)} 

v¥(a+b,p) < Zep eeD) 

v'(a+b,p) > max{v*" (a, p),v* (b, p)} 
For the first inequality, choose ly = [v7 (a+b, p)+min{v" (a, p), v7 (b,p)}]. Then v7 (a+b, p) < 
ly < min{v" (a, p),v7 (b,p)} => (a,p), (b,p) € Vj. but (a+ b,p) ¢ vie - contradiction. 
For the second inequality, choose tg = $[v’(a + b,p) + min{v’(a,p),v‘(b,p)}]. Then v4 (a + 
b,p) <lg< v Cap)" (bp) => (a,p),(b,p) € yj. But (a+b,p) ¢ j, - contradiction. 
For the third inequality, choose t3 = |v" (a+ b, p) + max{v* (a,p),v"(b,p)}]. Then v’ (a + 
b,p) > Ig > max{v" (a, p),v" (b,p)} = (a,p), (b,p) € 44, but (a+ b,p) ¢ vg, - contradiction. 


Hence the theorem. 5 





Definition 3.3. For two @-neutrosophic subsets vy and o of S x Q, define their intersection 
by 





(v* No" )(a,p) = min{v* (a,p), 07 (a, p)} 
(Vv! No" )(a,p) = min{v"(a,p), 0° (a, p)} 
(v" No" )(a,p) = max{v" (a,p),0" (a, p)} 
for allac S and pe Q. 


Proposition 3.4. Intersection of any number of Q-neutrosophic left ideals of S is also a 


(-neutrosophic left ideal. 
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Proof. Assume that {14% :c € C} be a collection of Q-neutrosophic left ideals of S and a,b € S, 
p€Q. Then 


( NYe )(a +b,p) = inf ve (a +b, p)> inf f {min{v¢ (4, p): vz (b,p)}} 
ce Ce 
— min{inf v¢ (a,p), in inf Vo 0, p)} 
cE 
ee T 
= “ee vee (ny C *)(b, p)} 
Coy ubla-bbsp) ~ inf pla yp) > nk eae 
E-: Ve l(a ayp)+int Vo Gaye 


— 2 
n vi A vil(b 
= cea ¢ a ee P) 
2 


(nv \(at+b,p) =sup vF(atb,p) < sup {max{vF (a, p), vF (b, p)}} 
ceC cEC EEC 


= max{sup v* (a, p), oe ve (b,p)} 
cEC cEeC 


= max{( Ove )(a,P), Cae c : )(b, p)} 


( 1.v2 )(ab,p) = inf ve (ab, p) > inf ve (b,p) = (Ove )(bP). 
(9 y2)(ab, p) = inf, vf (ab,p) > int v£(0,p) = (0.ve)(0,p). 
(ve )(ab, p) = sup Me (ab, p) < SUD Ve > (bp) = (1H )(b,P). 


Therefore Ye is a Sonviencctdi left ideal of $ oO 
ce 


Definition 3.5. For two @-neutrosophic subsets v and o of S, define their cartesian product 





by 
("x o*)((a,b),p) = min{v* (a,p), 0° (b,p)} 
ta , a’ \((a b) p) = vy’ (a, p) +o" (b,p) 
e 2 
(v" x 0° )((a,b),p) = max{v" ((a,p), 0° (b, p)} 
VYa,be S, ped. 


Theorem 3.6. For two Q-neutrosophic left ideals v and ao of S, v x o is a Q-neutrosophic 


left ideal of S x S. 


Proof. Let (a1, a2), (b1,b2) € S x S and pe Q. Now 


(v* x o*)((a1, a2) + (b1, b2),p) = (vt x o*)((a1 + b1, a2 + ba), p) 

= minfy? (a, + b1,p), o* (ag + bo, p)} 

min{min{v" (a1,p),v7(b1,p)},min{o" (a2, p), 07 (bz, p)}} 
= min{min{v" (a1,p), 0" (a2, p)}, min{v” (bi, p), 07 (be, p) }} 
min{(v* x o*)((ay,a2),p),(v* x o* )((b1, b2), p)}. 
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(v" x 0”) ((a1, a2) + (b1, 62),p) = (v* x a") ((a1 + b1, a2 + b2), p) 
_ vi (ait+b1,p)+o7 (a2+b2,p) 


5{7 ao b1,p) + ey 


a 


=i Haupleo"( (a2,P) v (ba p)to" (be,) y 


= 5{(v' x o)((a1,42),2) + (uv? x o°)((b1, bz), p)}- 


(v" x 0” )((a1, 42) + (b1, b2),p) = (v" x o*)((a1 + b1, a2 + be), p) 

= max{v" (a, + b1,p),v* (a2 + bo, p)} 
< max{max{v" (a1,p),v" (b1,p)}, max{o" (az, p), 0" (ba, p) }} 
= max{max{v" (a1,p),0" (a2, p)},max{v" (b1,p),0" (b2,p)}} 
max{(v" x o*')((a1,42),p),(v* x 0” )((b1, b2), p)}- 


aS 


(vt x o* )((ay, a2)(b1, ba), p) = (ie mn o* )((ayb1, a2b2), p) = min{v? (a,b1,p), 07 (agbe, p)} 
> minfv? (b),p), 07 (be, p)} = (Vv? x a7 )((b1, be), p). 


yl a ot a 
(1 x o!)((a1, 42)(b1,b2),p) = (v! x 01) ((arb1, agba),p) = eure (eae) 


) 
> ale Jaca 22 = (v7 x o')((b1, b2), p). 


(v" x 0” )((a1,42)(b1, b2),p) = (v" x o”)((a1b1, a2b2),p) = max{v" (a1b1,p), 0" (a2b2, p)} 


< max{v"' (by, p),v" (bo, p)} = (v* x o*) (by, be, p). 


Therefore v x o is a @-neutrosophic left ideal of S x S. 5 


Theorem 3.7. A Q-neutrosophic set v of S is a Q-neutrosophic left ideal iff v x v is a 
()-neutrosophic left ideal of S x S. 


Proof. If a Q-neutrosophic subset v of S is a @-neutrosophic left ideal then by Theorem |3.6} 
vy Xv is a Q-neutrosophic left ideal of S x S. 

Conversely, suppose v x v is a @-neutrosophic left ideal of S x S and aj, a2,b1,b2 € S, pE Q. 
Then 


min{v" (a, + b1,p),v" (a2 + b2,p)} = (v* x v*)((ai + b1, a2 + 62), D) 
= (v" x v")((a1, a2) + (b1, 62), p) 
> minx x v)((a1,a2),), (0 x »7)((b1,b2),P)} 
= min{min{v" (a1, p), v7 (a2, p)}, min{v? (b1, p), v* (be, p)}}. 


yl yt 
cae eae, — = (vy? x v")((a, + by, a2 + b2), p) 


=(v v x v")((a1, a2) + (b1, bz), p) 


(vi xv? )((a1, 02) pyr" xv" ){ (bn ba).P) 


= LY eC aes (a2,p) 4 v (bap) tv" (bap) 


IV 
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max{v* (a1 + b1,p),v" (a2 + b2,p)} = (v" x v")((a1 + b1, a2 + be), p) 
= (v" x v")((a1,a2) + (b1, 62), p) 
< max{(v" x v")((a1, a2), p), (U" x uv") ((b1, 62), P)} 
= min{max{v" (a1,p),v" (a2, p)}, max{v" (b1,p),v" (bz, p) }}- 
Now, putting aj = a,ag = 0,6; = 6 and bo = O, in the above inequalities and noting that 
vy? (0) >v* (x), v'(0) =0 and v* (0) < v* (a) for all a € S' we obtain 
v"(a+b,p) > min{v" (a,p),v" (b, p)} 
v! (a,p)+v! (b, 
vl (a+b,p) > ( Be (b,p) 
vy" (a+b, p) < max{v" (a,p),v" (b, p)}. 


Next, we have 


min{v* (a1b1),v* (azb2)} = (vt x v*)(aib1, a2b2) = (v* x v*)((a1, a2) (b1, b2)) 
> (vt x v*)(b,, b2) = minfv* (61), v* (b2)}. 
Corb gy (ante) = (yt x v!) (a1, a2)(b1, 62), 4) 


V 


> (v' x v*)((b1, b2), g) 
= v! (b1,q)+v" (b2,q) 
eee 


max{v"'(a,b,,q),u*" (agbe,q)} = (v* x v")((ayb1, agb2), q) = (v* x v")((a1, a2) (b1, b2), q) 
< (v* x v*)((by, b2), g) = max{v" (by, q), v" (be, g)}. 
Taking a; = a, 6, = b and bo = 0, we obtain 
vy" (ab, p) =v" (b,p) 
v* (ab, p) = v"(b, p) 
v™ (ab, p) < v" (b,p). 


Hence v becomes a @)-neutrosophic left ideal of S. 5 





Definition 3.8. For two @-neutrosophic sets v and o of a semiring S, define their composition 


by 
yoo" (a,p) = sup {min{v* (ae,p), 07 (be, p)}} 
mm 
a= acbe 
c=1 
= 0, otherwise 
Viool(a,p) = sup ym, Holter" bew) 


m 
a= Acbe 
c=1 


= 0, otherwise 
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yoo" (a,p) = inf {max{v"(ac,p),o~ (be, p)}} 
a= > Gede 
c= 


= 0, otherwise 


where p € Q, a,a.,6.E S ,m € N-the set of natural number. 


Theorem 3.9. For two @Q-neutrosophic left ideals v and o of S, voo also forms a Q- 


neutrosophic left ideal of S. 


Proof. Consider two Q-neutrosophic left ideals v, 0 of S with a,b € S,p € Q. If (a+6,p) has 
the expression ()7,", debe, p), where de, be € S and p € Q, then the proof is immediate from 


the definition. So, assume that a+ 6 can be expressed in the said form. ‘Then 


(v' oa" )(a +b, p) 
sup {min{v* (ac,P), o* (be, p)}} 


a+b= Acbe 


c=1. 
sup{min{v* (ce, p), o* (de, p),V" (€e, DP); o* (fe, p)}} 
a= S Cede, 6 = S Cove 
c=1 C=) 


ani, sup mint U (expo (dap). sup mint PCD) oC phy 


m m 
a= Code b= Ce ie 
c=. c=1 


= min{(v* 00% )(a, p), (v* oa" )(b, p) } 


(v4 00")(a + b, p) 
m aaa (be,p) 


— ae Desi 


mm 
a+b= S Acbe 
c= 
m v! (cep) tot (de,p)+v! (ec,p) +o! (fe,p) 
a 
w= >= Cid 0 =): Cage 
c=1 c=1 
1 mv! (ce,p)+o" (des) mv" (€c,p)+o" (fesP) 


m mm 
a= Code b= Cede 
c= c=1 


— (woo!) asp) (too!) (bp) 
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(v* oo" )(a +b, p) 
= int {max{v" (ae, p), a" (be, p)}} 


a+b= Acbe 
c=1 


inf e {max{v" (Ce, p), 0" (des p),U" (Ce P p),o Ga P)S} 


a= Cede, b = > Ect 
= 


G=—1 


= max{inf{max{v¥ (¢.,p),0" (dep)}},inf{max{v" (¢e,p).0 (fosP)}3) 


IA 


m 


a= » Coe = S eefe 
= max{(v" 00 Py(a p), (v* 0a” )(b, p) } ~ 
(Too )(ab,p) = sup {min{v" (ae,p), 07 (be P)}} 
ad= ) debe 
> Sup {ain (aee,p),o7 Ferd) 


ab= S- aecfe 


e=l 


sup {min{v* (ec, p),o" (fe, p)}} = (vt 00% )(b, p) 


= S ecfe 


c=). 


IV 


Po _ v! (ac,p) +07 (be,p) 
(v'o00" )(ab,p) = sup oo 


ab= S Acbe 
c=1 
m vt (aec,p) +o" (fe :P) 
mm 


ab= ye aéche 
c= 


> sup ym, Sear ee lee) — (loo!) (b,p) 


m 


= S ecfe 


(v* oo" )(ab,p) = inf {max{v" (ac, p), 0" (be, p)}} 


ab= S Abe 


e=1 


inf {max{v" (ae€c, p),¢ ae G ie P)S} 


ab= > aecfe 


¢=1 


inf — {max{v* (ec,p),0" (fe,p)}} = (Uv ov") (b, p) 


b= Decl 
‘eal 


IA 


IA 
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Therefore vog is a Q-neutrosophic left ideal of S. 5 


Conclusion: In this paper, we have defined @-neutrosophic ideals of a semiring and studied 


some its elementary properties. Here also we obtain its characterizations by label subset 


criteria, cartesian product and composition of two @-neutrosophic ideals. Our next aim to 


extend the idea in case of Q-neutrosophic bi-ideals, @-neutrosophic quasi-ideals and investigate 


some properties of regular semirings. 





Acknowledgement: The author is thankful to the referees for their valuable comments to 
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Abstract. This paper is an introduction of neutrosophic minimal structure space and addresses properties of 


neutrosophic minimal structure space. Neutrosophic set has plenty of applications. This motivates us to present 





the concept of neutrosophic minimal structure space. We defined neutrosophic minimal structure space, closure 
and interior of a set, subspace. Some properties of neutrosophic minimal structure space are also studied. 


Finally, Decision making problem solved using score function. 


Keywords: Neutrosophic minimal structure; N,,-closure; N»-interior; N,-connectedness. 


1. Introduction 


Zadeh’s Fuzzy set laid the foundation of many theories such as intuitionistic fuzzy set 
and neutrosophic set, rough sets etc. Later, researchers developed K. T. Atanassov’s in- 
tuitionistic fuzzy set theory in many fields such as differential equations, topology, computer 
science and so on. F. Smarandache found that some objects have indeterminacy or 
neutral other than membership and non-membership. So he coined the notion of neutrosophy. 
Researchers applied the concept of neutrosophy when object has inconsistent, in- 
complete information. The universal set X and forms a topology (Munkrer [11}). Popa 





introduced minimal structures and defined separation axioms using minimal structure. M. Al- 
imohammady, M. Roohi |5) introduced fuzzy minimal structure in lowen sense. 5.Bhattacharya 


(Halder) (6) presented the concept of intuitionistic fuzzy minimal space. 
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1.1. Motivation and Objective 


In general topology, the whole set and empty set forms a space with minimal structure. 
Supra topological space is also a space with neutrosophic minimal structure. These are all 
the generalization of topological spaces. Our objective is to introduce neutrosophic universal 
set and neutrosophic null set with neutrosophic minimal structure. It is a generalization of 
neutrosophic topological space. ‘This paper consisting of basic definitions such as interior, 


closure, open, closed, subspace with minimal structure and its properties. 


1.2. Limitations 


Neutrosophic topological space, neutrosophic supra topological space are space with neu- 
trosophic minimal structure. The converse is not true that is space with neutrosophic minimal 


structure is not a neutrosophic supra topological space or neutrosophic topological space. 





In section 1, the basic definitions are presented which are useful for our paper and in section 





2, the basic definitions of neutrosophic minimal structure space are presented. In further sec- 
tions some properties of neutrosophic minimal structure space are also investigated. Finally, 
we introduced an algorithm to solve some applications of neutrosophic minimal structure 
space. Note that neutrosophic topological space, neutrosophic supra topological space are 


neutrosophic minimal structure space but converse is not true. 


2. Preliminaries 


In this section, we presented the basic definitions developed by 
Definition 2.1. A neutrosophic set(in short NS) U on a set X 4 @) is defined by 
U = {(a,Ty(a),Iu(a), Fu(a)) : a € X} where Ty : X > [0,1], Iy : X — [0,1] and 


Fy : X — [0,1] denotes the membership of an object, indeterminacy and non-membership of 





an object, for each a € X to U, respectively and 0 < Ty(a) + Iy(a) + Fy(a) < 3 for each 
ac xX. 


Definition 2.2. Let U = {(a, Ty (a), Iy(a), Fy(a)) : a € X} be a neutrosophic set. 


(i) A neutrosophic set U is an empty set i.e., U = Ov if 0 is membership of an object 
and 1 is an indeterminacy and non-membership of an object respectively. i.e., OV = 
{x,(0,1,1):2E€ xX} 

(ii) A neutrosophic set U is a universal set i.e., U = 1. if 1 is membership of an object and 
0 is an indeterminacy and non-membership of an object respectively. 1. = {x, (1,0, 0) : 
xe x} 

(iii) Uy UU, = {a, max{Ty, (a), Ty, (a)}, min{Iy, (a), Iu, (a)}, min{ Fy, (a), Fu,(a)}:ae xX} 
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(iv) Uy NU2 = {a,min{Ty, (a), Ty, (a)}, maxt{Iy, (a), Iv,(a)}, maxr{ Fy, (a), Fy,(a)} : a € 
xX} 
(v) UE = {a, Fy(a),1— Iy(a), Ty (a): a € X} 
Definition 2.3. A neutrosophic topology (NT) in Salama’s sense on a nonempty set X 


is a family tT of NSs in X satisfying three axioms: 


(1) Empty set ( 0.) and universal set( 1.) are members of 7. 
(2) U, VU, € tT where U;, U2 € T. 
(3) U2, Ui € 7 where each U; € 7. 


Each neutrosophic sets in neutrosophic topological spaces are called neutrosophic open sets. 


Its complements are called neutrosophic closed sets. 


Definition 2.4. Let NS U in NTS X. Then a neutrosophic interior of U and a neu- 
trosophic closure of U are defined by 

n-int(U) = max {F': Fisan Neutrosophic open setin X and F < U} and 

n-cl(U) = min {F': Fis an Neutrosophicclosed setinX and F > U} respectively. 


Definition 2.5. A neutrosophic supra topology (in short, NST) on a nonempty set X is 


a family tT of NSs in X satisfying the following axioms: 


(1) Empty set ( 0.) and universal set( 1.) are members of T. 


(2) U2, Ui € 7 where each U; € 7. 


3. Neutrosophic Minimal Structure Spaces 


Neutrosophic minimal structure space is defined and studied its properties in this section. 


Definition 3.1. Let the neutrosophic minimal structure space over a universal set X be 
denoted by Nm. Nm is said to be neutrosophic minimal structure space (in short, NMS) over 
X if it satisfying following the axiom: 
() Og he sy ie 

A family of neutrosophic minimal structure space is denoted by (X, Nmx) 
Note that neutrosophic empty set and neutrosophic universal set can form a topology and it 
is known as neutrosophic minimal structure space. 

Fach neutrosophic set in neutrosophic minimal structure space is neutrosophic minimal 
open set. 


The complement of neutrosophic minimal open set is neutrosophic minimal closed set. 
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Remark 3.2. Each neutrosophic set in neutrosophic minimal structure space is neutrosophic 
minimal open set. 


The complement of neutrosophic minimal open set is neutrosophic minimal closed set. 





In this paper, we refer definition 2.2 for basic operations. 


Example 3.3. We know that 0. = {x,(0,1,1)} & 1. = {a, (1,0,0)} are neutrosophic mini- 
mal open sets. Lets find out their complements. 
Of = {x,(1,0,0)} = 1, and 19 = {x,(0,1,1)} = Ov. This clears that 0. and 1. are both 


neutrosophic minimal open and closed set. 


Remark 3.4. From Definition 3.1. the following are obvious 


(1) Neutrosophic supra topological spaces are neutrosophic minimal structure space but 
converse not true. 
(2) Similarly, Neutrosophic topological spaces are neutrosophic minimal structure space 


but converse is not true. 


The following Example 3.5 proves the above Remark 3.4. 


Example 3.5. Let A = {< 0.6,0.4,0.3 >: a}, B = {< 0.6,0.5,0.1 >: a} are neutro- 
sophic sets over the universal set X = {a}. Then the neutrosophic minimal structure space 
is Nm = {0,1, A,B}. But Nj, is not a neutrosophic topological space and not a neutrosophic 


supra topological space, since arbitrary union and finite intersection doesn’t hold in Ny. 


Definintion 3.6. A is N,,-closed if and only if N,,cl(A) = A. 
Similarly, A is a N,,-open if and only if Nint(A) = A. 


Definintion 3.7. Let N,, be any neutrosophic minimal structure space and A be any neu- 
trosophic set. Then 
(1) Every A € Nj,» is open and its complement is closed. 
(2) N-closure of A = min{F : F is a neutrosophic minimal closed set and F > A} 
and its denoted by Nj cl(A). 
(3) N,-interior of A= max{F': F is a neutrosophic minimal open set and F < A} and 
it is denoted by Nint(A). 


In general N,,int(A) is subset of A and A is a subset of N,,cl(A). 


Proposition 3.8. Suppose A and B are any neutrosophic set of neutrosophic minimal struc- 


ture space N,,, over X. ‘Then 
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i. NO = {0,1, AY} where AY is a complement of neutrosophic set Aj. 

ii. X — Nyint(B) = Npncl(X — B). 

iii. X — Nmcl(B) = Nmint(X — B). 

iv. Nmecl( Al) = (Nmel(A))o = Nmint(A). 

v. Nm closure of an empty set is an empty set and JN,, closure of a universal set is a 
universal set. Similarly, N,, interior of an empty set and universal set respectively an 
empty and a universal set. 

vi. If B is a subset of A then N,,cl(B) < Nmcl(A) and Nmint(B) < Nmint(A). 

vii. Nmcl(Nmel(A)) = Nmcl(A) and Nyint(Nmint(A)) = Nmint(A). 
viii. Nmcl(A V B) = Nmcl(A) V Nmcl(B) 
ix. Nmcl(A A B) = Nmcl(A) A Nmcl(B) 


Proof. (i) We know that AY = X — A. Then Njcl(X — A) = Nmel(AC) = (Nmel(A))° = 
Nmint(A), from (iv). 

Similarly for (ii). 

(vi) Let B < A. We know that B < Npcl(B) and A < Nypc(B). So B< Npc(B) < A 
Nmcl(A). Therefore Nicl(B) < Nmel(A). 

Proof of (vii) is straight forward. 

(viii) We know that A < AV Band B < AV B. WNycl(A) < Nmel(A V B) and 
Nmcl(B) < Nmcl(A V B) this implies N,,cl(A) V Nmcl(B) < Nmcl(A V B).— (*) 

Also A < Npel(A) and B < Nycl(B) > AV B < Npel(A) V Nncl(B). Nmcl(A V B) < 
Nmcl(Nmcl(A) V Nmcl(B)) = Nmcl(A) V Nmel(B) — (x). 

From (*) and (**), we have N,,cl(A V B) = Npel(A) V Nncl(B). 


IA 


Example 3.9. Consider Example 3.5, the complement of N,» is {0,1,A°%,B°} where 
AC Sie = 06 l= 041=03.>Ja2o¢e X= te 04,0607 > Jae a ce X\ and 
Bo Ste 1061-05101 Saree xX =1- 0405.09 aoe Xx). 


Definintion 3.10. A function f : (X,Nmx) — (Y,Nmy)) is called neutrosophic minimal 


continuous function if and only if f~'(V) € Nmx whenever V € Ny . 
Definintion 3.11. Boundary of a neutrosophic set A (in short Bd(A)) of neutrosophic mini- 
mal structure (X, Nx) is the intersection of N,,closure of the set A and N,,closure of X — A. 


i.e., Bd(A) = Nmel(A) NM Nmcl(X — A) 


Theorem 3.12. If (X, Nmx) and (Y, Nmy) are neutrosophic minimal structure space . Then 





M. Karthika, M. Parimala, FP. Smarandache, An introduction to neutrosophic minimal 
structure space 


Neutrosophic Sets and Systems, Vol. 36, 2020 383 


(1) Identity map from (X, Nmx) to (Y, Nmy) is a neutrosophic minimal continuous func- 
tion. 
(2) Any constant function which maps from (X,Nmx) to (Y,Nmy) is a neutrosophic 


minimal continuous function. 


Proof. ‘The proof is obvious. 


Theorem 3.13. Let the map f from neutrosophic minimal structure space (X, Nmx) to 


neutrosophic minimal structure space (Y, Nmy). Then the following are equivalent, 


(1) The map f is a neutrosophic minimal continuous function. 
(2) f-*(V) is a neutrosophic minimal closed set for each neutrosophic minimal closed set 
Ve Nmy- 

(3) Nmel(f—1(V)) < f-*(Nmel(V)), for each V € Ny - 

(4) Nmel( f(A)) => f(Nmel(A)), for each A € Nn x. 

(5) Nmint(f~t(V)) > f7t(Nmint(V)), for each V € Nx. 
Proof. (1) > (2): Let A be a Njn-closed in Y. Then f~1(A)° = f-1(A°) € Nx. 
(2): (3): Ned Ay SDs Al DD eax) 2M PD) tae DD Se 
Nav Sf D2 AS Do € Nev = FP UN a(A): 
(3) > (4): Since A < f-'(f(A)), then Nyel(A) < Nmelf~'(f(A)) < f7'(Nmel(f(A))). 
Therefore f(Nmcl(A)) < Nmel(f(A)). 
(4) = (5): f(Nmint(f-(A)))° = f(Nmel(FO(A))S) = f(Nmel(f(A)%)) 
Nmel(f (f-1(A%))) < Nmel(AP) = (Nmint(A))°. This implies that Nmint(f-!(B))° < 
fl (Nppint(A))© = (fl (Nint(A)))C 
Taking complement on both sides, f~(Npint(A)) < Nmint(f7+(B)). 


IA 


Definition 3.14. Let (X, Nx) be neutrosophic minimal structure space. 


i. Arbitrary union of neutrosophic minimal open sets in (X, Nmx) is neutrosophic mini- 
mal open. (Union Property) 
ii. Finite intersection of neutrosophic minimal open sets in (X, Nmx) is neutrosophic 


minimal open. (intersection Property) 


4. Neutrosophic Minimal Subspace 


In this section, we introduced the neutrosophic minimal subspace and investigate some 
properties of subspace. 
Definition 4.1. Let A be a neutrosophic set in neutrosophic minimal structure space 
(X,Nmx). Then Y is said to be neutrosophic minimal subspace if (Y, Nmy) = {ANU : 
U € Nmy}. 
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Lemma 4.2. If neutrosophic set b in the basis B for neutrosophic minimal structure space 
X. Then the collection By = {bN Y: Y C X} is a basis for neutrosophic minimal subspace 
on Y. 

Proof. Given a neutrosophic set A in X and C is a neutrosophic set in both A and subset Y 
of X. Consider a basis element b of B such that C in b and in Y. ThenC Ee BONY CUNY. 


Hence By is a basis for the neutrosophic minimal subspace on the set Y. 


Lemma 4.3. Let (Y,Nmy) be a subspace of (X,Nmx). If A is a neutrosophic set in Y 
and Y Cc X. Then A is in (X, Nx). 

Proof. Given that neutrosophic set A in (Y,Nmy). A= Y MB for some neutrosophic set 
BeX. Since Y and B in X. Then A is in X. 


Proposition 4.4. Suppose (Y, Nmy) is a neutrosophic minimal subspace of (X, Tx). 


(1) If the neutrosophic minimal structure space (X, Nmx) has the union property, then 
the subspace (Y, Niny) also has union property. 
(2) If the neutrosophic minimal structure space (X,Nmx) has the intersection property, 


then the subspace (Y, Nmy) also has union property. 


Proof. Suppose the family of open set {V; : 7 © Y} in neutrosophic minimal subspace(Y, Nmy ) 
then there exist a family of open sets {U; : 7 € X} in neutrosophic minimal structure space 
(X,Nmx) such that Vi = U;M A,Vi € Y where A € Nmy. Uviey) Vi = Uvjex (Uj VA) = 
Utiey) Uj A. Since (X,Nmx) has union property then (Y,Nmy) also has union property. 
The proof of (ii) is similarly to (i). 


Definition 4.5. Suppose (B,Nmgp) and (C,Nmc) are neutrosophic minimal subspaces of 
neutrosophic minimal structure spaces (Y, Nmy) and (Z, Nmz) respectively. Also, suppose 
that f is a mapping from (Y,Nmy) to (Z,Nmz) is a mapping. We say that f is a mapping 
from (B, Nmp) into (C, Nmc) if the image of B under f is a subset of C. 


Definition 4.6. Suppose (A, Nna) and (B,Nmgp) are neutrosophic minimal subspaces of 
neutrosophic minimal structure spaces (Y, Nmy) and (Z, Nmz) respectively. The mapping f 
from (A, Nma) into (B, Nmzp) is called a 


(1) comparative neutrosophic minimal continuous, if f'(W) A.A € Nma for every neutro- 
sophic minimal structure set W in B, 


(2) comparative neutrosophic minimal open, if f(V) € Nmp for every fuzzy set V © Nima. 
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> 


TABLE 1. Attributes and Alternative 


). Applications 


The application of neutrosophic minimal structure space is based on the minimal element 
and maximal element. In neutrosophic minimal structure space, O~ is the minimal element 
and 1. is the maximal element. The application of neutrosophic minimal structure space 
used in consumer theory where the customer has only two objective. In consumer theory, 
the customer has either minimize purchase cost and maximize the quantity or maximize the 


durability. 





The following steps are proposed to take better decision. 
Step 1. 

Input m Attributes and n alternatives (See TABLE 1). 
Step 2. Construct the neutrosophic minimal structure from the data. 7, = {O.,1.,U;,} where 
Ue = dik dom cdg} 
Step 3. compute the neutrosophic score function (in short, NF) using the following simple 
formula, NF (Ug) = [04 [2+ 7; — Li — Fl 
Step 4. Arrange the score function U; which we calculated in step 3 in ascending order. Choose 
the largest score value U; for better decision. 
Lets consider the following example. Let the set of variety of cars be X = {C1,C2,C3} and 
the parameter set EF = {a = cost of the car,b = safety, c = maintenance}. A customer will 
assign minimum value of 0~ to bad features,smaximum 1. to the best feature of the product. 
Membership, indeterminacy and non-membership values taken from customer’s review rating. 
Membership referred to cost of the car is worth to the model, safe and low maintenance cost. 
Non-membership referred to cost of the car is not worth to the model, not safe due to break 
failure or some other reason and high maintenance cost. Indeterminacy referred to neutrality 
of cost of the car, safe if drive safe and maintenance is neutral. Let us assume TABLE 2. 
values are taken from customer review rating for the models C1, C2 and C3 with parameters 
a, b and c. 
Step 2. The neutrosophic minimal structure 
T = {Or,1.,U,} where U; = {(0.6, 0.2, 0.4), (0.7, 0.3, 0.4), (0.6, 0.3, 0.4)} 
Similarly, 72 = {Ov, 1., U2} where U2 = {(0.6, 0.3, 0.4), (0.6, 0.3, 0.4), (0.5, 0.2, 0.4) } 
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KE] Cr | 
pa 
pb 


0.7,0.3,0.4) | (0.6,0.3,0.4) | (0.8,0.2,0.2) 
(0.6,0.3,0.4) | (0.5,0.2,0.4) | (0.6,0.2,0.3) 


TABLE 2. Input matrix 





C; C5 
(0.7,0.3,0.4) | (0.6,0.3,0.4) 
,0.3,0.4) ,0.2,0.4) 


73 = {0.,1.,U3} where U3 = {(0.7, 0.3, 0.4), (0.8, 0.2, 0.2), (0.6, 0.2, 0.3)} 


Step 3. Neutrosophic score functions are 


NS(U,) = 0.6556 

NS(U2) = 0.6333 

NS(U3) = 0.7222 
Step 4. The neutrosophic score functions are arranged in ascending order as follows Ug < 
U, < U3. Based on score function, U3 is the largest score function. U3 related to the model 
C’3. Hence Model C3 is best to buy. 
Comparison Analysis: The existing and proposed notion of neutrosophic minimal structure 


space is compared in the below table. 


Spaces Uncertainty | Truth value | Uncertainty | False value 

of parameter | of parameter | of | parame- 
ter. 

Minimal 

structure 

space 

Fuzzy min- | Present Present 

imal  struc- 

ture space 


Intuitionistic| Present Present Present 
Minimal 

structure 

space 

Neutrosophig Present Present Present present 
minimal 

structure 

space 


TABLE 3. Comparison ‘Table 
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6. Conclusions 


In this paper, Neutrosophic minimal structure space is introduced and some of its prop- 


erties investigated along with this. Neutrosophic minimal continuous and subspace are also 


investigated with few properties. Finally, application of neutrosophic minimal structure space 


is discussed. Future work of this paper is to investigate and study various open sets and sep- 


aration axioms in neutrosophic minimal structure space. Also the application part discussed 


in this work leads to analyze in weak structure. 
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Abstract: Decision making is a complex issue due to vague, imprecise and indeterminate 
environment specially, when attributes are more than one, and further bifurcated. To solve such type 
of problems, concept of neutrosophic hypersoft set (NHSS) was proposed [1]. The purpose of this 
paper is to provide the extension of NHSS into: Interval Valued, m-Polar and m-Polar interval valued 
Neutrosophic Hypersoft sets. The definitions of proposed extensions and mathematical operations 
are discussed in detail with suitable examples. Finally, concluded the present work with the future 


direction. 


Keywords: MCDM, Uncertainty, Soft set (SS), Neutrosophic Soft set (NS’s), Hypersoft set (HS’s), 
Neutrosophic Hypersoft set (NHSS) 


1. Introduction 


The concept of membership was initiated by Zadeh [2] known as fuzzy set (F’s). This, concept was 
extended by Atanassov [3] and known as intuitionistic fuzzy set (IF’s) and this concept was extended 
by Smarandache [4] who proposed the theory of neutrosophic set (N’s) with the addition of 
indeterminacy value along with membership, and non-membership values. The Hybrid within 
neutrosophic theory was suggested by [5], the hybrids consists of; single-valued neutrosophic set 
(SVNS), Interval-valued neutrosophic set (IVNS) [6], multi-valued neutrosophic set (MVNS) [7]. 
After these generalizations many researches related to SVNS have been conducted [8-17]. Broumi et 
al. [18] merged the concept of N’s and multi-valued and proposed the new idea; knowns as; multi- 
valued interval neutrosophic set (MVINS). Many other developments within this structure has been 
discussed by [19-21]. One of the most important development in the field of fuzzy was made by 
Molodtsov [22] who provided the idea of soft set (SS), that is very useful to deal with uncertain and 
vague information. In recent years, the SS theory is extended to many other theories Firstly, Fuzzy 
soft set theory and its properties was developed by Cagman et al. [23]. The key role in these theories 
was made by Maji [24] who extended the theory of NS by combining with soft set, named as 
neutrosophic soft set (NSS). Within this set [25] introduced some basic definitions, operations, and 
decision-making approaches called as IVNSS. After this, these hybrids were extended to multi- 
valued neutrosophic soft set (MVNSS) by [26]. Some definitions, operations and applications of 
MCDM approach-based problems using MVNSS was introduced [27]. Utilizing this idea a few 
mathematicians have proposed their examination work in various scientific fields [28-37] and this 


idea is likewise utilized in advancing decision-making calculations [38-42]. 
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Smarandache [43] generalized the concept of soft set (SS) to hypersoft set (HSS) by converting 
the function into multi-attribute function to deal with uncertainty along with all the hybrids like crisp, 
fuzzy, intuitionistic and neutrosophic. Saqlain et al. [44] proposed the aggregate operators and 
similarity measure [45] on NHSS. Also, Saqlain et al. [46] developed the generalization of TOPSIS for 
the NHSS, by using accuracy function they transformed the fuzzy neutrosophic numbers to crisp 
form. 

The purpose of this paper is to overcome the uncertainty problem in more precise way by 
combing Interval-Valued Neutrosophic set IVNSS, m-Polar Neutrosophic set mpand m-Polar 


Interval-Valued Neutrosophic set with Hypersoft set. 


The paper presentation is as follows. Section 2, provides the basic definitions and major relation with 
the extension Interval-Valued, multi-polar and multi-polar Interval-valued from NHSS are 
presented. Section 3, proposes the basic definitions along with: subset, null set and Universal set of 


each type. Finally, conclusion and future direction is presented in section 4. 


1.1 Motivation 

From the literature, it is found that Interval Valued, m-Polar and m-Polar Interval Valued 
Neutrosophic Hypersoft Set respectively has not yet been studied so far. This leads us to the present 
study. 
2.Preliminaries 
Definition 2.1: IVNSS [6] 
Consider Uand E be universal and set of attributes respectively and consider A € E . The mapping 
(F, A) is called anIVNSS over U and is given as; 

F:A > P(U) and (f,A) = {< u,T(F(A)), I(F(A)), F(F(A)) > u € Uf 

Where T(F (A)) € [0,1], 1(F (A)) € [0,1] and F(F (A)) € [0,1] are the intervals with side conditions 
O< supT (F (A)) + sup 1(F (A)) + sup F(F (A)) < 3. The terms T(F (A)), 1(F (A)), F(F (A)) represent 


the truthiness, indeterminacy and falsity of u to A respectively. For our convenience, 
we assume that A=<|T(F(A)) ,1(F(A))'], [1(F@)) .1(F@))"|, [FE@) FE) |> 


where; 


T(F(A)) = |T(F(A)) , T(F (A))"| ¢ [0,1], 1(F@)) = [CF ()) 1 (F (A))"| ¢ [0,1] and 


F(F(A)) = |FE(A) )F(F (A))"| c [01 


Definition 2.2: m-Polar Neutrosophic Soft Set [26] 
Consider Uand E be universal and set of attributes respectively and consider A € E . The mapping 
(F, A) is called an MVNSS over U and is given as; 


F:A > P(U) and (f,A) = ea 


Uu 


ue] 


Where T(F (A)) € [0,1], 1(F (A)) [0,1] and F(F (A)) [0,1] are the multi-valued numbers and they 
are given as; 


T*(F(A)) = T1(F(A)), T?(F(A)) ... T*(F(A)), 
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IY(F(A)) = FP (F(A)), P(FA))... P'(F)), 

F7(F(A)) = F(F(A)), F?(F(A)) ... F2(F(A)). 
T(F (A)), 1(F (A)), F(F (A)) represent the truthiness, indeterminacy and falsity of u to A respectively. 
Definition 2.3: MVINSS [18] 
Consider Uand E be universal and set of attributes respectively and consider A € E . The mapping 


(F, A) is called an MVINSS over U and is given as; 


<T* (F(A)),IY (F(A)),F2(F(A))> 
uU J 


F:A > P(U) and (A) ={ ue 


Where T(F (A)) € [0,1], 1(F (A)) € [0,1] and F(F (A)) € [0,1] are the multi-valued numbers and they 


are given as; 


T*(F(A)) = (TF) TE) | .[TPE@),T(F@)']...1E@) TFA) | 
P(F@)) = (FEW) .LE@)’ | .[PE@) .2E@)’].. |[P@@), Pa)’ ], 


F*(F(A)) = [F*(F(A)) J (F(A) "| . JF°(FAD) . F(F@))'] -.. [FX @) (FAD) |. 


T(F (A)), 1(F (A)), F(F (A)) represent the truthiness, indeterminacy and falsity of u to A respectively. 
Definition 2.4: Neutrosophic Hypersoft Set [44] 
Let U = {u’,u?,... u*} and P(U) be the universal set and power set of universal set respectively, also 
consider L,,L2,... Lg for &=1, & well defined attributes, and corresponding attributive values 
are the set L¢,L3,... L2 and their relation L® x L? x ... L3Z where a,b,c,...z = 1,2,...n then the pair 
(F,L¢ x L2 x ... LZ) is said to be Neutrosophic Hypersoft set over U where F:(L¢ x L? x ... LZ) > 
P(U) and it is define as 
F: (IL? x L? x ... LZ) > P(U) and 

FeCl? XL? Xan 1) = f= 1 TG), 1, Fi) Se € Ue Le Xe & cL 2)} where T,1,F 
represent the truthiness, indeterminacy and falsity of u to A respectively such that T, I, F: U > [0,1] 
also 0 < T,(u) + Ip(u) + F,(u) S 3. 


3. Calculations 
In this section, NHSS is extended into the following: 


Notions: Following abbreviation will be used throughout the article, 


e Interval-valued Neutrosophic Hypersoft Set (IVNHSS) 
e m-Polar Neutrosophic Hypersoft Set (m-Polar NHSS) 
e m-Polar Interval-valued Neutrosophic Hypersoft Set (m-Polar IVNHSS) 


Example 1: (Following formulation and assumptions will be considered throughout as an example) 
Let U be the set of different schools nominated for best school given as; 
U={S";S",S° S597} 


also consider the set of attributes as; 
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Assumptions: 
A, = Teaching standards, A, = Organization, Az = Ongoing Evaluation, A, = Goals 
And their respective attributes are given as 
= Teaching standards = {high, mediocre, low} 
A’ = Organization = {good, average, poor} 
As = Ongoing Evaluation = {yes,no} 
A? = Goals = {ef fective, commited, upto date} 
Formulation: 
F: At x AD x AS x AZ > P(U) 

Let’s assume F(high, average, yes, ef fective) = {S',S°} 
Then one of, Neutrosophic Hypersoft set NHSS of above assumed relation is 

F(high , average, yes, ef fective) 

= {§', (high {0.9, 0.3, 0.1}, average {0.8, 0.2, 0.4}, yes {0.4, 0.9, 0.6}, ef fective {0.6, 0.4,0.5}) >, 

< S°(high {0.5, 0.3, 0.8}, average {0.6, 0.1, 0.2}, yes {0.6, 0.4, 0.7}, ef fective {0.4, 0.5, 0.3}) >} 
In this Example, 
Case 1: Substituting attributive values as; interval values in the form of neutrosophic, call it, IVNHSS. 
Case 2: Substituting attributive values as; m-neutrosophic values, call it, m-polar NHSS. 


Case 3: Substituting attributive values as; m-neutrosophic interval values, call it, IVNHSS. 


3.1 Interval-valued Neutrosophic Hypersoft Set (IVNHSS) 
Definition 3.1.1 IVNHSS 


Let U = {u’,u?,... u*} and P(U) be the universal set and power set of universal set respectively, also 
consider L,,L2,... Lg for &=1, & well defined attributes, and corresponding attributive values 
are the set L?,L2,... L2 and their relation L® x L? x ... LZ where a,b,c,...z = 1,2,...n then the pair 
(F,L¢ x L2x ....L%) is said to be Interval-Valued Neutrosophic Hypersoft set IVNHSS, over U 
where F: (IL? x L? x ... LZ) > P(U) and it is define as 
F: (IL? x L? x ... LZ) > P(U) 

And, F:(L¢ x L3 x ... L2) = {< u,T,(u), Ip(u), Fp(u) > u € U,é € (L? x L2 x ... L2)} 

Where T>,(u) & [0,1], Ip,(u) S [0,1] and F,(u) € [0,1] are the interval numbers and 0 < supT,(u) + 
sup Ip(u) + sup Fp(u) < 3. The intervals T,(u), Ip(u), Fe(u) represent the truthiness, indeterminacy 


and falsity of u to A respectively. For convenience, we assume that: 


A=<|(Te@) (Te) "|,[(e@D), (e@d)"],| (EQ), (Fe@)"| > where 
T,(u) = |( Te) .(Te@))"] € [0,1], eu) = [(Ue@)), (Wed) "] S [0,1] and 


Fe(u) = |(Fe(u)) (Feu) | € [0,1 


Example: 
F: At x AD x AS x AZ > P(U) 
Let’s assume F(high, average, yes, ef fective) = {S',S°} 


Then Interval-Valued Neutrosophic Hypersoft set of above assumed relation is 
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high < [0.4,0.9], [0.3,0.5], [0.1, 0.7] >, 
average < [0.3,0.7],[0.3,0.4], [0.01, 0.17] >, gs 
yes <[0.41,0.49], [0.03,0.15], [0.18, 0.28] >, 
effective < [0.12,0.54], [0.23,0.75], [0.51, 0.81] > 


F(high , average, yes, ef fective) = {< S', 


high < [0.6,0.86], [0.53,0.65], [0.71, 0.89] >, 
average < [0.3,0.4],[0.31,0.55], [0.01, 0.03] >, 

yes < [0.83,0.9], [0.23,0.59], [0.05, 0.09] >, j 
ef fective < [0.23,0.58], [0.03,0.3], [0.01, 0.1] > 


(high , average, yes, ef fective) = {< S°, 


Definition 3.1.2. Subset of IVNHSS 


Let w,,w, € IVNHSS(U). Then, w, for all x € F is anIVNHSS subset of w, , denoted by w, © w,.If 
w(x) © w,(x) forall x € F. 


Definition 3.1.3 Empty IVNHSS 
Let w, € IVNHSS(U). If w, = @ forall x € F then N is called an empty IVNHSS, denoted by @. 
Definition 3.1.4 Universal Set of IVNHSS 


Let wy, € IVNHSS(U). If wy, =F for all x € F then N is called universal set of IVNHSS, denoted by 
K. 


3.2 m-Polar Neutrosophic Hypersoft Set (m-Polar NHSS) 
Definition 3.2.1. m-Polar NHSS 


Let U = {u’,u?,... u*} and P(U) be the universal set and power set of universal set respectively, also 
consider L,,Lj,... Lg for &=1, & well defined attributes, and corresponding attributive values 
are the set L?,L3,... L% and their relation L? x L? x ... LZ where a,b,c,..z = 1,2,...n then the pair 
(F,L¢ x L2x ...L%) is said to be m-Polar Neutrosophic Hypersoft set m-Polar NHSS, over U 
where F: (IL? x L? x ... LZ) > P(U) and it is define as 

FPL? <1) © wl) PW) 
And, 


<u, Tp'(u), 1 (wu), Fe“(u) > we Ul € (LE xX LB x ... 14): 
i,j,k =1,2,3,... 


T 


Fi(he <1 Ct LZ) = Also 


Pp q 
0<) THM) <1, 0<) 1m) <1, 0<) FeK(u) <1 
i=1 j=1 k=1 


Where T,‘(w) & [0,1], I,/(u) € [0,1] and F,“(w) € [0,1] are the numbers and 


q Tr 
0< ». Tp! (1) +), 1p! (u) +) Few <3 


i=1 j= 


For our convenience, we assume that 


TQ) STA) @), Tp Gen Tn @ 
If (u) = Tey" (u), Leo” (w), Tes °(w), -., pq? (u) 
Fye*(u) = Fo1(u), Fyp?(u), Fes? (u), -»., Fey” (u). 
Example: 
F: AY x AP x AS x AZ > P(U) 
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Let’s assume F(high, average, yes, ef fective) = {S',S°} 


Then in Neutrosophic Hypersoft set of above assumed relation is, 


F(high , average, yes, ef fective) 


high < (0.01,0.003,0.1,0.023,0.07), (0.092,0.073,0.08,0.2,0.4), (0.2,0.017,0.06,0.13,0.3) >, 
average < (0.2,0.1,0.5,0.019,0.051), (0.21,0.14,0.27,0.009,0.1), (0.113,0.35,0.25,0.12,0.03) >, 
yes < (0.12,0.13,0.14,0.15,0.39), (0.17,0.20,0.24,0.15,0.1), (0.2,0.1,0.5,0.019,0.051) >, 
effective < (0.2,0.017,0.06,0.13,0.3), (0.12,0.025,0.07,0.22,0.074), (0.01,0.003,0.1,0.023,0.07) > 


=<§! 


F(high , average, yes, ef fective) 


high < (0.09,0.08,0.7,0.0260.05), (0.04,0.03,0.02,0.1,0.09), (0.32,0.51,0.06,0.03,0.12) >, 
average < (0.12,0.13,0.14,0.15,0.39), (0.17,0.20,0.24,0.15,0.1), (0.2,0.1,0.5,0.019,0.051) >, 
yes < (0.09,0.08,0.7,0.0260.05), (0.04,0.03,0.02,0.1,0.09), (0.32,0.51,0.06,0.03,0.12) >, 
effective < (0.12,0.13,0.14,0.15,0.39), (0.12,0.025,0.07,0.22,0.074), (0.12,0.025,0.07,0.22,0.4) > 


=<§, 


Definition 3.2.2. Subset of m-Polar NHSS 


Let ¢,,6, € m— Polar NHSS(U). Then, ¢, V x € F isan m-Polar NHSS subset of 6, , represented 
by ¢, € 6,.lf ¢,(x) S 6,(x) forall x € Ff. 


Definition 3.2.3. Empty m-Polar NHSS 


Let ¢, € m— Polar NHSS(U). lf ¢(,=@ V x €F then N issaid tobe anempty m-polar NHSS, 
represented by @. 


Definition 3.2.4 Universal Set of m-Polar NHSS 


Let (, € m— Polar NHSS(U). If (, = Vx €F then N is called universal set of m-Polar NHSS, 
represented by G. 


3.3. m-Polar Interval-Valued Neutrosophic Hypersoft Set (m-Polar IVNHSS) 


Definition 3.3.1: m-Polar IVNHSS) 


Let U = {u’,u?,... u*} and P(U) be the universal set and power set of universal set respectively, also 
consider L,,L2,... Lg for &=1, & well defined attributes, and corresponding attributive values 
are the set L?,L3,... L% and their relation L? x L? x ... LZ where a,b,c,...z = 1,2,...n then the pair 
(F,L¢ x L2 x ... L2) is said to be Interval-Valued Neutrosophic Hypersoft set IVNHSS, over U 
where F: (IL? x L? x ... LZ) > P(U) and it is define as 
F: (IL? x L? x ... LZ) > P(U) 
— 5 u, Tp*(u), Ip” (u), Fe”(u) > u € U,£ € (LE x LB x ... 12) ; 
x,y,z = 1,2,3,... 


Where, 
T,*(u) = [(Te*(w)) .(Te*(u))"] ¢ [0.1] 
Ip” (u) = [(e” (wu), (Ie ())"] ¢ [0.1] 
F,7(u) = [(Fe7(u)) .(Fe7(u)) | ¢ [0.1] 
Also 
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Ss t Vv 
O< z Sup {Tp* (u)} < 1, 0< » Sup{lp” (u)} < 1, 0 < ) (F,"(u)} <1 
x=1 y=1 z=1 
And, 


0< ) sw (Te*(u)} + 2, Selle") : ) (Feo) <3 


For our convenience, we assume that: 


TAM) =<|(T2@) (Tt) ].](T2@0) (72) |, [(TE@)Y. (Te @)'] > 
Iu) =<|(te@d) . (teen) "|, [(ue2@0) .(12@0)"] .--,|(tet@n).(ae'@n) "| > 


Fa) =<|(F'@o) (Feed) |.|(F2@0) .(F2@D) |.-.[CRean)”, (Fe ao)"] > 
Example: 
F: A? x AD x AS x AY > P(U) 
Let’s assume F(high, average, yes, ef fective) = {S',S°} 


Then m-Polar Interval-Valued Neutrosophic Hypersoft set of above assumed relation is 


F(high , average, yes, ef fective) 


average < ([0.2,0.21], [0.15,0.19], [0.02,0.03]), ([0.11,0.14], [0.27,0.39], [0.1,0.11]), ([0.113,0.35], [0.11,0.12], [0, 0.3) >, 
yes < ([0.12,0.13], [0.14,0.15], [0.39,0.4]), ([0.17,0.20], [0.14,0.15], [0.1,0.2]), ([0.1,0.11], [0.15,0.19], [0.01,0.09]) >, 


high < ([0.01,0.03], [0.1,0.23], [0.07,0.5]), ([0.072,0.073], [0.08,0.2], [0.14,0.32]), ({0.12,0.017], [0.06,0.13], [0.3,0.4]) >, 
effective < ([0.15,0.17], [0.06,0.13], [0.3,0.31]), ([0.12,0.25], [0.07,0.22], [0.07,0.09]), ([0.01,0.03], [0.1,0.23], [0.17,0.19]) > 


F (high , average, yes, ef fective) 


high < ([0.01,0.03], [0.1,0.23], [0.07,0.5]), ([0.072,0.073], [0.08,0.2], [0.14,0.32]), ([0.12,0.017], [0.06,0.13], [0.3,0.4]) >, 
jogs { erage < ({0.2,0.21], [0.15,0.19], [0.02,0.03}), ({0.11,0.14], [0.27,0.39], [0.1,0.11}), ([0.113,0.35], [0.11,0.12], [0, 0.3) >, 
aa a yes < ([0.12,0.13], [0.14,0.15], [0.39,0.4]), ([0.17,0.20], [0.14,0.15], [0.1,0.2]), ([0.1,0.11], [0.15,0.19], [0.01,0.09]) >, 
ef fective < ([0.15,0.17], [0.06,0.13], [0.3,0.31]), ([0.12,0.25], [0.07,0.22], [0.07,0.09]), ([0.01,0.03], [0.1,0.23], [0.17,0.19]) > 
Definition 3.3.2. Subset of m-Polar IVNHSS 


Let w, B, € m— Polar IVNHSS(U). Then, w,V x € F isan m-Polar IVNHSS subset of B, , 
represented by w, © B,.If w(x) S B(x) forall x EF. 


Definition 3.3.3 Empty IVNHSS 


Let w, € m— Polar IVNHSS(U). lf 0, =o V xe€F then N is said to be an empty m-Polar 
IVNHSS, represented by @. 


Definition 3.3.4 Universal Set of IVNHSS 

Let w, € m— Polar IVNHSS(U). If wo, =F Vx EF then N iscalled universal set of m-Polar 
IVNHSS, represented by Q. 

4. Conclusions 


In this paper, the concept of Interval Valued NHSS, m-Polar NHSS and m-Polar interval-valued 
NHSS are proposed. The proposed sets have several significant features. Firstly, they emphasize the 


hesitant, indeterminate and uncertainty and can be used more practical to solve decision-making 
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problem. Secondly, some basic types of the proposed sets such as; universal set, empty set and subset 


of each type is defined. 


Since this study has not yet been studied yet, comparative study cannot be done with the 
existing methods. 

Further, this proposed can be applied immensely in various fields of research. In future, the 
present work may be extended to other special types of neutrosophic set like neutrosophic 
rough set etc. 

The sets which are proposed in this paper can be applied in solving supply chain, time series forecasting 
and decision-making problem such as partner selection, wastewater treatment selection and renewable 
energy selection, by defining the following: 

the aggregate operators, 

distance measures, 

matrix theory and 


Algorithms. 
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